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Abstract 

This paper proposes a nonlinear Economic Model Predictive Control 
(eMPC) strategy for the airpath management of diesel engines with dual-
loop Exhaust Gas Recirculation (EGR) and Variable Nozzle Turbocharger 
(VNT). The controller directly controls the VNT and dual-loop EGR 
valves to simultaneously minimise NOx, soot and pumping loss. The 
novelty of this management strategy is to use a merged controller to re-
place a conventional combination of supervisory and tracking controllers, 
as well as eliminating the offline determination of the intake manifold 
pressure and cylinder oxygen concentration set points. The eMPC com-
putes the set points online based on the engine operating condition, state 
feedback and the weightings of each economic objective, namely NOx, 
soot and fuel economy. The eMPC is simulated with an experimentally 
validated EURO 6 2L four-cylinder engine model. The performance of the 
eMPC is compared to a production controller over the Worldwide harmo-
nized Light vehicles Test Cycles (WLTC). Compared to the production 
controller, the eMPC demonstrates NOx and soot emission reductions as 
well as improved torque tracking and fuel economy. 
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Acronyms 

BMEP Brake Mean Effective Pressure 

BS Brake Specific 

BSFC Brake Specific Fuel Consumption 

DOC Diesel Oxidation Catalyst 

DPF Diesel Particulate Filter 

ECU Electronic Control Unit 

EGR Exhaust Gas Recirculation 

eMPC Economic Model Predictive Control 

FGT Fixed Geometry Turbocharger 

HIL Hardware-in-Loop 

HP High Pressure 

LP Low Pressure 

LUT Look-up Table 

MIMO Multiple Inputs Multiple Outputs 

MIPS Million Instructions per Second 

MOOP Multi-objective Optimisation Problem 

MPC Model Predictive Control 

NMPC Nonlinear Model Predictive Control 

NPD Non-positive Definite 

OCP Optimal Control Problem 

OFR Oxygen Fuel Ratio 

RMSE Root Mean Square Error 

SCR Selective Catalyst Reduction 

VNT Variable Nozzle Turbocharger 

WLTC Worldwide harmonized Light vehicles Test Cycles 
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Nomenclature 

N diagonal matrix containing pumping loss 
scaling factors to normalise T2, Tco intake manifold and coolant 

objective function terms temperature 
Q, R diagonal matrices containing ts, t{h,l,v} sampling time, valve time 

non-negative weightings for constant of {HP EGR, LP 

objective function terms EGR, VNT}
λO the ratio between Oxygen u{h,l,v}, ũ{h,l,v} commanded and ac-

Fuel Ratio (OFR) and its tual valve position of {HP 

stoichiometric value EGR, LP EGR, VNT}
bmep brake mean effective pres- uv,eff most efficient VNT valve po-

sure sition (operating point spe-
J , J∗ objective function, minimum cific) 

value of objective function w weightings for objective 
L stage cost function function terms 
Mair, Mo2 molar mass of air and xO, xnox, xsoot cylinder oxygen con-

oxygen centration before combus-
mcyl,mfuel cylinder mass intake, tion, cylinder NOx and soot 

mass fuel injection per stroke concentration after combus-
Nc, Np control horizon, prediction tion 

horizon OFR, OFRstoich oxygen fuel ratio, 
ne engine rotary speed Stoichiometric oxygen fuel 
p2, ploss intake manifold pressure, 

ratio 
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1 Introduction 

Legislation calling for cleaner compression ignition engines with better fuel econ-
omy has been resulting in significant emission reductions. Engine downsizing 
with VNT and dual-loop EGR has improved fuel economy and reduced emis-
sions including NOx and soot [21]. VNT adjusts its nozzle position to respond 
quickly to higher boost pressure demand at lower engine speed which results in 
a higher specific efficiency compared to a Fixed Geometry Turbocharger (FGT) 
[31]. Increasing EGR reduces NOx emission by lowering cylinder peak com-
bustion temperature and oxygen concentration [21]. However, increasing EGR 
also generates more soot leading to the need to find an appropriate trade-off 
between reducing NOx or reducing soot [22]. Dual-loop EGR supplements the 
conventional High Pressure (HP) EGR with the incorporation of a Low Pres-
sure (LP) route which comes from downstream of the Diesel Particulate Filter 
(DPF) and joins the air intake upstream of the compressor. The filtered LP 
EGR further reduces soot formation at higher engine loads [9]. It also results 
in more appropriately cooled and homogeneous mixture of exhaust and fresh 
air whilst preserving higher pressure differential for the VNT, compared to the 
HP EGR. However, LP EGR has slower dynamics and could contain condensed 
water that could damage the compressor [27]. Controlling the dual-loop EGR 
is usually implemented via a split ratio/index that is operating point specific. 
The split ratio aims to achieve optimal emission trade-off and fuel economy [26]. 

The downsized engine airpath presents strongly coupled Multiple Inputs Multi-
ple Outputs (MIMO) nonlinear dynamics as well as physical constraints such as 
VNT choking and surging limits. Whilst the system to be controlled is complex, 
the controller is required to operate under 20 milliseconds to accommodate the 
fast dynamics [14, 20, 19]. Conventional control strategies for the engine airpath 
track the intake manifold (boost) pressure and oxygen concentration (or EGR 
rate) set points. The set points are determined offline and are specific to the 
engine operating point, which is normally defined by engine speed and torque. 

This set point tracking strategy can be implemented with feed-forward con-
trollers [10] and PI/PID controllers [11]. Industry solutions for airpath control 
commonly combine both feed-forward and PI/PID [12]. Feed-forward allows 
the direct use of nonlinear physical and/or empirical models but are usually 
determined on a steady-state basis. Using PI/PID for MIMO systems requires 
specific design and tuning approach to accommodate coupled dynamics and con-
straints. Robust control including nonlinear Lyapunov based [34] and switched 
linear H∞ [24] control directly considers the coupled dynamics whilst the state 
constraints are not explicitly handled. A promising control method is Model 
Predictive Control (MPC) which solves an Optimal Control Problem (OCP) 
at each sampling interval and applies the immediate optimal control in a re-
ceding fashion [5]. MPC systematically accounts for both model dynamics and 
state constraints whilst requiring significantly more online computations which 
limits its production use. An experimentally validated Linear MPC uses 192 
linear models and reports good tracking and constraint handling ability at 20 
ms sampling time [8]. Compared to PI/PID, linear MPC has potential for faster 
response and less overshoot [36]. The design of linear MPC can also consider 
average emission limits as shown in [30]. By taking into account nonlinearities in 
the system, Nonlinear Model Predictive Control (NMPC) use fewer models but 
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is more computationally challenging. NMPC with polynomial models combined 
with a variety of constraint handling strategies has been shown to be solvable 
in real time [13]. Approximating NMPC control law with an artificial neural 
network also offers computationally feasible alternatives [23]. 

MPC offers a systematic framework for constrained nonlinear tracking problems. 
Meanwhile, it could be used for supervisory control when formulating its objec-
tive functions with high-level performance indices, known as eMPC [28]. For 
the airpath control, an eMPC can directly minimise conventional set point cal-
ibration criteria including emissions, fuel economy and driveability (measured 
by torque tracking error). This translates to a Multi-objective Optimisation 
Problem (MOOP) which can be solved using a number of alternatives [6]. One 
strategy is to find all possible trade-offs and choose the point of desired trade-off. 
Another strategy is to weigh the importance of each objective and consider the 
summed objectives as a single optimisation problem. Nature inspired evolution-
ary methods may be applied to solve the MOOP. However, classical approaches 
including weighted-sum and �−constraint are more appropriate due to the real 
time requirements and problem dimensions. The �−constraint method min-
imises one objective whilst converting others to constraints. In the context of 
airpath control, the NOx and soot emission can be constrained to legislative 
limit whilst maximising fuel economy [20, 17, 19]. However, this often requires 
carefully determined upper bound over a time horizon. Alternatively, this work 
adopts the weighted-sum method. 

Compared to conventional set point tracking, the formulation of economic objec-
tives has two systematic advantages. First, online set points calculations, con-
sidering model dynamics, result in better transient performance than adopting 
set points calibrated offline at steady-state. Second, future controllers develop-
ment become simpler and more flexible as the calibration policy can be changed 
via objective weightings during run-time. This simplifies the time consuming 
calibration process and the management of the associated updates. Meanwhile, 
an inner MPC is required to track the computed set points. This presents signif-
icant computational challenge as the Electronic Control Unit (ECU) is required 
to solve two optimisation problems during the control interval. To solve this 
problem, the experimental work presented in [19] uses a supervisory controller 
that adjusts the EGR set point alone. The computational analysis, as well as 
the performance comparison to a production controller demonstrated promising 
results. Meanwhile, [19] presents considerable work on the development and 
implementation of the controllers. Another supervisory controller in [17] con-
siders engine and aftertreatment system altogether. It determines a NOx set 
point that is optimal for tail-pipe emission which considers the aftertreatment 
system dynamics that are much slower. Whilst the real time problem formula-
tion is not given, its offline optimisation was based on a slow sampling rate at 1 
second. This paper proposes a merged control strategy that is computationally 
promising. The contributions are outlined as follow: 

1. Simultaneous control of NOx, soot, and fuel consumption of engines using 
a novel eMPC to control airpath. The eMPC solves a multi-objective 
problem and directly controls the EGR and VNT valves. 

2. A simpler development of the optimal controllers for engines. The pro-
posed control strategy determines the optimum trajectories of the pressure 
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2 

Figure 1: An illustration of the EURO 6 engine studied in this research which 
is a 2L four-cylinder turbocharged compression ignition engine with dual-loop 
EGR and VNT. The LP EGR routes from downstream DPF to upstream of the 
compressor. A pressure & temperature sensor is installed at the intake manifold. 
The after-treatment system consists the DOC, DPF and SCR respectively. 

of intake manifold and in-cylinder oxygen concentration online instead of 
by offline extensive experiments. 

3. A significant improvement of the performance of engines with dual EGR 
and turbocharger. Simulation results demonstrate a simultaneous im-
provement of NOx and soot emissions, fuel economy and torque tracking 
error by, respectively, 4.2%, 3.3%, 1.2% and 20.6%, compared to the per-
formance of the EURO 6 production-line controller adopted in [16, 32] 
over the WLTC driving cycle. 

The remainder of the paper is organised as follows. Section II describes the 
EURO 6 engine configuration, the production-line controller and the prediction 
model for the eMPC. Section III formulates the economic OCP that simulta-
neously minimises NOx, soot and fuel consumption. Section IV describes the 
controller implementation as well as its tuning. Section V presents the simula-
tion results of the eMPC’s performance, compared against the production-line 
controller over the WLTC. Finally, section VI concludes this paper and sug-
gests areas of future work. 

System and Modelling 

The target engine is an EURO 6 compliant, 4-cylinder, 2L compression ignition 
engine. The schematic representation of its airpath is given in Fig 1. The 
engine is equipped with a dual-loop EGR and VNT. Both HP and LP EGR 
are intercooled. Note that the LP EGR routes the exhaust downstream of the 
DPF and joins the air intake upstream of the compressor. The after-treatment 
system includes the DOC, DPF and SCR. Apart from engine speed and coolant 
temperature sensor, the production version of the engine is equipped with an 
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integrated pressure and temperature sensor at intake manifold. The proposed 
controller utilises these feedback signals as they are available in production 
engines. 

A model of the production-line engine with a resolution of 10 ms is provided by 
FEV GmbH [3, 32], referred to as the ’plant model’. The plant model utilises 
physics-based airpath and combustion models. The design of the software archi-
tecture is scalable to accommodate a flexible choice of hardware components. 
The model parameters are determined empirically and are operating points 
dependent. The parameters are stored in Look-up Tables (LUTs) that were 
experimentally calibrated and validated. The production controller associated 
with this model, provided by FEV GmbH [16, 32], is referred to as the ’reference 
controller’. The reference controller accepts an engine-out NOx emission target 
calibrated and stored in LUT. The NOx target translates into the cylinder oxy-
gen concentration and boost pressure targets to be tracked by its inner PI and 
feed-forward controllers, respectively. Additionally, a feed-forward fuel injec-
tion controller is provided to meet the requested Brake Mean Effective Pressure 
(BMEP). The reactive fuel controller cuts excessive fuel considering the OFR. 
The torque tracking is negatively impacted if the airpath controller does not 
deliver enough oxygen and cylinder mass intake. 

A data-driven prediction model is identified to capture the airpath dynamics 
and emission characteristics. The prediction model is employed by the proposed 
eMPC and utilises multi-parametric polynomials followed by a pruning process. 
The following states are used to construct the prediction model: 

1. three control inputs, u = [uh, ul, uv ]
T representing the desired HP EGR, 

LP EGR and VNT valve position percentage, respectively. 

2. three dynamic actuator states, ũ = [ũh, ũl, ũv]
T denoting the actual valve 

position for HP EGR, LP EGR and VNT, respectively. 

3. two dynamic states, x = [p2, xO]
T comprised of intake manifold (boost) 

pressure p2 [kPa] and cylinder oxygen concentration xO as the molar mass 
fraction [mol/mol]. 

4. four algebraic states: the cylinder mass intake mcyl [g] used to model 
the oxygen fuel ratio; the cylinder NOx [parts-per million (ppm)] and 
soot concentration after combustion [kg/kg], denoted by xnox and xsoot, 
respectively; the engine pumping loss, ploss, defined as the pressure differ-
ence between exhaust and intake manifold in kPa. The last three states 
are conveniently grouped in the output states vector y = [xnox, xsoot, 
ploss]

T . 

5. four parameters grouped within the vector ρ = [ne, 
bmep, Tco, T2]

T , representing engine speed ne [rpm], BMEP bmep [bar], 
coolant temperature Tco [K], intake-manifold temperature T2 [K], respec-
tively and the fuel mass [milligram (mg)] injection per stroke mfuel for all 
cylinders. 

The variables in the following sections use subscript h, l, v to represent HP, LP 
EGR and VNT respectively. ts denotes sampling time and I is an identity 
matrix of size 3 × 3. 
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In addition, the prediction model utilises two estimated states including BMEP 
and cylinder oxygen concentration (xO). The estimation is calculated from the 
LUTs that are used in the reference controller. The intake manifold pressure 
(p2), oxygen concentration (xO) are the primary elements to predict emission 
(xnox, xsoot) and pumping loss (ploss). Additionally, the model uses coolant 
temperature (Tco) to consider engine thermal condition, e.g. cold or warm 
engine start. 

2.1 Valve and Airpath Dynamics 

The actuator valves are modelled in discrete time as: 

ũk+1 = tsTuk+1 + (I − tsT )ũk (1) 

where T = diag(th, tl, tv ) is a diagonal matrix embedding the time constants of 
each valve. The resulting valve dynamic states ũ are the actual valve positions 
under the desired position input u. The valve dynamics (1) is modelled as a 
first order filter which is the same model than the plant model. 

The dynamic models for intake manifold pressure p2 and oxygen concentration 
xO are: 

p2,k+1 = f2,p2(p2,k, xO,k) + f3,p2(ũk; ρ) (2a) 

xO,k+1 = f2,O(p2,k, xO,k) + f2,O(ũk; ρ) (2b) 

The function of the form fd(·) is a multi-parametric polynomial that is the span 
of any number of input elements multiplied up to the order d plus a constant 
term. For example, for a = [a1, a2]T , d = 2, fd(a) is given by: 

fd(a) = θd
T Φd(a) (3a) 

where 

2 2Φd(a) = [1, a1, a2, a1a2, a 1, a 2]
T (4a) 

with θd being a vector of real valued coefficients to be identified. 

The first part of each model fd(p2,k, xO,k) in (2) introduces a quadratic relation 
between the two dynamic states. The subsequent polynomial fd(ũk; ρ) contains 
the predicted valve positions and the operating conditions. 

2.2 Emission, Pumping Loss and Cylinder Mass Intake 

The NOx and soot emissions are modelled with their cylinder concentration 
after combustion. They are modelled algebraically as the exponential of multi-
parametric polynomials (4a) in (5a), (5b). The same multi-parametric poly-
nomials are used to model pumping loss (5c) and cylinder mass intake (5d). 

xnox,k = exp(f2,nox(p2,k, xO,k; ρ)) (5a) 

xsoot,k = exp(f2,soot(p2,k, xO,k; ρ)) (5b) 

ploss,k = f2,ploss(p2,k, ũk; ρ) (5c) 
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Table 1: Accuracy of the developed prediction model measured by RMSE, nor-
malised RMSE (NRMSE), and coefficient of determination R2 with respect to T 
an experimentally validated model 

Negative 
/Total 

Model Unit RMSE NRMSE R2 
TPolynomial 

Terms 
p2 kPa 7/29 6.94 0.72 0.94 
xO mol/mol 10/26 0.01 0.45 0.79 

ln(xnox) ln(ppm) 5/33 0.22 0.73 0.95 
ln(xsoot) ln(g/g) 5/43 0.77 0.59 0.85 
ploss kPa 2/27 8.07 0.55 0.71 
mcyl mg 0/4 10.04 0.92 0.99 

mcyl,k = f2,mcyl(p2,k; ρ) (5d) 

The emissions are modelled as concentration whereas the control objective is to 
minimise emission mass, which is the product of the cylinder mass or volume and 
the concentration. A positive correlation between pumping loss and cylinder 
mass suggests that reducing pumping loss reduces cylinder mass and hence 
emission mass. To ensure a sufficient amount of oxygen mass is available for 
combustion to meet the torque demand, a minimum stoichiometric oxygen fuel 
ratio is enforced when formulating the control problem. 

2.3 Identification of the Prediction Model 

The system is identified with artificially generated data and is validated with 
the WLTC simulation data using the reference controller. Both modelling and 
validation data have warm engine start. The identification data are generated 
by simulating the plant model’s responses to specifically designed inputs signals 
for ne, bmep and u. These input signals are created by applying a sequence of 
random numbers, following a uniform probability, within the nominal range of 
each input signal. Each randomly generated input is held constant over a time 
interval suitable for the system to settle, namely 8 seconds for ne, bmep and 4 
seconds for u. 

The model is then repeatedly identified with a pruning procedure by solv-
ing a bounded value least square problem using the MATLAB® command 
quadprog. The pruning of the model iteratively deletes the least statistically 
significant polynomial term until the model reaches the desired trade-off between 
accuracy and complexity. The desired trade-off requires the coefficient of deter-
mination R2 to be greater than 0.70. Further accuracy improvement is assessed T 
numerically for each model leveraging model complexity. The resulting model 
complexity and goodness of fit is summarised in Table 1. A time series evalu-
ation of the prediction model is shown in Fig 2. The dynamic states including 
boost pressure and cylinder oxygen concentration, share identical initial values 
to the plant model at time 0. All predictions are then made with previously 
predicted values. The emissions are algebraic states modelled in their natural 
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Figure 2: Validation of the identified prediction model against plant model over 
representative time intervals within the WLTC. The boost pressure and cylinder 
oxygen concentration are dynamically modelled. Their predicted values rely 
on previous prediction with the initial values (at time 0) given. The cylinder 
emission concentration (NOx and soot) are algebraic states modelled in their 
natural logarithm. Data are normalised for the whole WLTC. 

logarithm form, see Table 1 rows 3, 4. The validation of emission prediction 
uses plant model signals, namely p2, xO, ρ. 

Remark 1 The plant model signal of oxygen concentration is upper bounded 
to the ambient concentration (about 0.21). However, this bound is not strictly 
captured by the identified model which shows over-estimated values. In the for-
mulation of the OCP, an upper bound of predicted oxygen concentration is set 
to approximately 0.23 corresponding to this over-estimation. This value also 
prevents any higher concentration resulting in infeasible state trajectory. 

Remark 2 Note the plant model soot concentration shows many ’undershoot-
ing’ spikes which cannot be well estimated by the prediction model. This is 
because these values are located extremely close to 0, which correspond to 0 
soot emission during motoring. The natural logarithm of 0 returns NaN (Not a 
Number) data type which is omitted during system identification. 

2.4 Convexity of the Prediction Model 

Non-convex optimisation problems can result in a sub-optimal solution, poor 
convergence and premature solver termination. Ideally, the convexity of the 
models can be guaranteed by enforcing all polynomial coefficients to be positive 
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during system identification. Since other model inputs (including engine speed, 
torque, valve positions) are inherently non-negative due to their physical mean-
ings, the cost function has positive second order derivatives within the Hessian 
matrix. An Hessian matrix comprising only positive elements will be positive 
definite, resulting in an easily solvable convex problem. 

During practical implementation, some polynomial coefficients, when allowed 
to have very small negative value, have been found to considerably improve 
the prediction model accuracy. The small negative values are required to be 
greater than -1, so that during states evolution, any multiplication resulting in 
negative value has a decaying magnitude towards 0. Allowing these negative 
polynomial coefficients is decided on a case by case basis. The resulting number 
of negative coefficients are counted in Table 1. Although they improved the 
model accuracy, their presence negatively affects the convexity and gives rise of 
Non-positive Definite (NPD) Hessian matrix. Treatment of the NPD Hessian 
matrix is discussed in section 4.1. 

Controller Design 

The control objective of the eMPC is to simultaneously minimise NOx, soot and 
Brake Specific Fuel Consumption (BSFC). The fuel consumption is minimised 
via minimising pumping loss. Lower pumping loss results in a higher engine 
mechanical efficiency, hence improved fuel economy. This differs from the work 
in [20] which modified fuel injection to maximise engine efficiency. 

An independent feed-forward fuel controller from the reference controller is used 
to calculate the fuel mass injection mfuel based on the driver’s torque request 
as illustrated in Fig. 3. The plant engine model provides sensor feedback on 
[ne, p2, Tco, T2]. These signals, along with fuel mass injection mfuel, are checked 
against LUTs to estimate the delivered torque bmepest and cylinder oxygen 
concentration xO,est. The eMPC utilises the feedback estimation to compute 
the optimal control action that minimises its economic objective function. 

The OCP is formulated as follow. The subscript mea and est indicate measured 
and estimated signal respectively. The stoichiometric oxygen fuel ratio (OFR) 
by mass OFRstoich, the oxygen molar mass Mo2 and the air molar mass Mair 

are constants defined numerically as 3.35, 32 and 28.97 g/mol respectively. λO 

is the ratio between OFR and OF Rstoich shown in (6c). Its inverse (6g) is used 
for inequality constraint since mfuel may result in a zero valued denominator. 

npX 
{u}∗ = arg minimize Li(yi, ui; ρ) (6a) 

u∈U 
i=1 

s.t. (1), (2), (5) (6b) 
Mo2(mcyl,k xO,k Mair 

) 
λO,k = (6c) 

mfuel OFRstoich 

p2,0 = p2,mea, xO,0 = xO,est, ũ0 = ũmea (6d) 

umin ≤ u ≤ umax (6e) 

xmin ≤ x ≤ xmax (6f) 
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Figure 3: An illustration of the control loop including the eMPC, an independent 
fuel controller and the engine. The eMPC manipulates the HP, LP EGR and 
VNT valves (uh, ul, uv). The fuel controller is feed-forward to control fuel mass 
injection (mfuel). mfuel is used by the eMPC to enforce sufficient oxygen mass 
by enforcing λO limit. The state feedback from the engine include engine speed 
(ne), intake manifold pressure(p2), temperature (T2) and coolant temperature 
(Tco). The brake engine torque (bmepest) and cylinder oxygen concentration 
(xO,est) are estimated from LUTs. 

(λO,k)
−1 ≤ 1 (6g) 

k ∈ {0, 1, ..., np − 1} 

where yi = [xnox,i, xsoot,i, ploss,i]
T are the output states, x = [p2,i, xO,i]

T are 
the dynamic states, ui = [uh,i, ul,i, uv,i]

T are the manipulated variables, and 
ρ = [ne, bmep, 
Tco, T2]

T are the parameters. The stage cost function Li is defined as: 

Li := (Nyyi)
T Q(Ny yi) 

+ (NuE uE,i)
T R1(NuE uE,i) (7) 

+ (NΔuΔui)
T R2(NΔuΔui) 

where Q, R1, R2 ∈ R3×3 are diagonal matrices of non-negative weightings. The + 
values and tuning of the weightings are discussed in section 4.2. The control 
energy vector is defined as uE = u − [0, 0, uv,eff]

T with uv,eff being the most effi-
cient VNT valve position which is operating condition specific. Δu is the control 

∈ R3×3variation written as (ui − ui−1). Diagonal matrices Ny , NuE , NΔu con-+ 
tains the normalisation factors to scale each control objective to unit value. 
Their values are decided based on the maximal value of the term observed over 
the WLTC with an exception of the soot concentration. The soot concentra-
tion exhibits significant transient behaviour and is normalised by a value that 
is larger than 85% of the measured values. 

Remark 3 OFR or its equivalent, has been modelled in [20, 35]. The OFR is 
used to ensure that the fuel combustion process has sufficient oxygen and to sup-
press soot spikes. Sufficient oxygen can be considered by meeting stoichiometric 
OFR whilst soot spike is often considered by the term ’soot limit’. The soot limit 
varies upon operating condition and typically requires OFR to be slightly higher 
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than the stoichiometric value. In the cost function design, the soot limit is con-
sidered implicitly via the weighting between NOx and soot which automatically 
attenuates soot spike. 

Remark 4 Dual-loop EGR control with MPC in [4] tracks the target EGR mass 
flow for each EGR loop. The EGR mass delivered by the HP and LP route is 
calculated from the EGR split [25]. The cost function proposed in this paper 
enables the optimal split to be calibrated offline and implemented in the eMPC by 
adjusting each EGR valve control energy weighting. However, the construction 
of the eMPC allows an automatic search of optimal EGR split online. This 
can be done by assigning equal weighting to both HP and LP EGR valve control 
energy penalties. 

Remark 5 Box constraints of the VNT valve position are used to prevent the 
turbocharger from choking and surging. Additionally, the cost function encour-
ages an efficient valve position by penalising the (uv − uv,eff)

2 term where uv,eff 

is the most efficient valve position of the VNT. 

Implementation and Tuning 

4.1 Online Implementation 

Before being solved online, a technique known as ”condensing” is used to convert 
dynamic and algebraic states into functions of control inputs u hence eliminat-
ing equality constraints. This reduces the decision variables to the controls 
and results in a denser but smaller Hessian matrix. The use of condensing is 
shown to reduce computational time in [33] for an OCP of similar size. Follow-
ing condensing, the inequality constraints are converted into exterior penalties. 
The penalties use exponential functions that are tuned offline to give similar 
value range (i.e. (0,1]) to other objective function terms when not being vio-
lated. Using fixed exterior penalty could result in minor bound violation with 
an exponentially increasing penalty. However, it mitigates the computational 
overheads in the case where inequality constraints are iteratively tightened on-
line using the interior point method [2]. The exterior point penalty has been 
shown to be effective in handling inequalities in [13] and has therefore been 
adopted in this work. 

Having condensed the problem and applied exterior point penalties, the Jaco-
bian and Hessian of the cost function are analytically computed via the algorith-
mic differentiation tool CasADi [1]. A custom routine written in MATLAB® is 
used to solve the unconstrained problem online. The solver routine implements 
the exact Newton’s method with a line search strategy [2]. During implementa-
tion, the treatment of NPD Hessian matrix is critical. The NPD Hessian matrix 
is also ill-conditioned. This results in a difficult linear system to solve and may 
result in premature solver termination or local optimum. The combined compu-
tational effort to examine and modify the Hessian matrix motivates a switching 
strategy that resorts to the gradient descent method described in [18]. The 
first detection of NPD matrix leads to a switch from exact Newton to gradient 
descent method. Gradient descent has been found to have slower convergence 
but allows fast iterations for real-time application [29]. 
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Table 2: Weightings of the objective function without normalisation. Each set 
of weightings is tuned for a part of the WLTC. The weightings are supplied to P9
the eMPC with normalised values such that i=1 wi = 1. 

wi 

Objective 
Function 
Term 

L M H EH 

w1 

w2 

w3 

w4 

w5 

w6 

w7 

w8 

w9 

2uh 
2ul 

(uv − uv,eff)
2 

2xnox 
2xsoot 
2ploss 

(Δuh)
2 

(Δul)
2 

(Δuv )
2 

0 
0 

0.1200 
0.7000 
3.0000 
0.0050 
0.4000 
0.6000 
0.2000 

0 
0 

0.1300 
0.8100 
3.0000 
0.0035 
0.2000 
0.6000 
0.2000 

0 
0 

0.1200 
1.0100 
1.4500 
0.0020 
0.2000 
0.5000 
0.2000 

0.0100 
0.0200 
0.1000 
0.9500 
1.0000 
0.0016 
0.1000 
0.0500 
0.1000 

4.2 Tuning for each Duty Cycle within the WLTC 

The formulation of the objective function is a composition of 9 individual penalty 
terms. A different set of weightings is selected for each part of the WLTC, 
namely Low (L), Medium (M), Heavy (H) and Extra Heavy (EH), see the last 
four columns of Table 2. Each penalty term is normalised with a constant value 
throughout the WLTC. The values are not given due to confidentiality reason. 

The following gradient based method is used to tune the objective weightings 
of the eMPC. First, an initial guess is supplied where both w4, w5 are set to 1 
(since they are normalised) for a competitive trade-off between NOx and soot. 
w{1,2} are both set to 0 or some small identical value for an automatic search 
for the appropriate split between the HP and LP EGR. w{3,7,8,9} are initialised 
to a small value around 0.2 due to their low priority. The initial value of w6 

is set to 0. An empirical tuning of the three main objectives (i.e. w{4,5,6}) 
is then performed. This is done by increasing w6 with small steps along with 
further adjustment of w4, w5 to iteratively improve fuel economy whilst ensuring 
a competitive trade-off between NOx and soot. After the empirical tuning, a 
gradient descent procedure is performed to further fine tune all weightings. The 
objective of the gradient descent is to find the weightings that achieve similar 
percentage emission advantage to the reference controller. Whilst w4, w5 are set 
to 1, the initial values for other weightings may be changed for several different 
trials. Once a satisfactory weighting combination is achieved for one of the 
duty cycle, it can be adjusted for the other duty cycles. Finally, note that 
the weightings supplied to the eMPC are normalised against each other so thatP9 

i=1 wi = 1. 

Having described the implementation and tuning of the controller, the next sec-
tion demonstrates its performance against the reference controller over WLTC. 
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5 Simulation Results & Discussion 

The eMPC is simulated with the experimentally validated plant model from 
[3, 32]. To evaluate the approach, the controller was originally implemented 
on a desktop computer (Intel Xeon E5-1620 CPU, 3.60 GHz clock rate, 12 GB 
RAM memory with a 64-bit Windows 10 operating system (OS)). Subsequently, 
the eMPC was implemented on a dSPACE DS1104 R&D board (250 MHz) [7] 
followed by an evaluation of the computational requirement for the eMPC. 

The eMPC runs with 10 steps prediction and control horizon. It is compared 
against the reference controller using the WLTC. Both controllers run at 10 ms 
with a warm engine start. The values shown in the figures within this section 
are normalised for confidentiality. 

The engine speed and torque are taken from WLTC test data from a vehicle 
equipped with the target engine. The controller’s performance is evaluated for 
each WLTC part against 6 criteria, namely Brake Specific (BS) NOx emission, 
soot emission, engine out NOx, soot mass, BSFC and torque tracking RMSE. 
During idling, both controllers use zero EGR so that the idling emissions are 
identical. This is because idling may not be representative in realistic driving 
due to start-stop strategies, for example. Therefore, the resulting overall emis-
sion compares the two controllers during transient operation. This is done in 
eMPC by setting both upper and lower limit to 0 for the EGR valves. Through-
out the WLTC, eMPC uses 4 sets of weighting values Q, R1, R2 tuned for each 
WLTC part where diagonal elements are filled by w(·) in Table 2. All other 
parameters (uv,eff, Ny, NuE , NΔu) remain constant. 

The performance improvements offered by the eMPC are summarised in Table 
3. The eMPC demonstrates better performance in all aspects compared to the 
reference controller, including NOx emissions, soot emissions, fuel economy and 
torque tracking. Additionally, BS emissions are presented to give an unbiased 
statistic to torque tracking (engine brake power) variation. The trade-off be-
tween NOx, soot is adjusted by the cost function weightings. Selecting cost 
function weightings that favour better fuel economy results in deterioration in 
both NOx and soot. The best improvement was achieved in the light duty part 
since it has the least variance in engine speed and torque as well as the highest 
estimated model accuracy. In the extra-heavy duty part, the use of a single 
set of weighting across the large engine speed and torque variance may have 
limited further performance advantage. This highlights that the selection of 
the controller weightings should be based on online identification of the engine 
operating conditions as opposed to determining weightings based on different 
sections of the drive cycle. The overall performance advantage by eMPC is also 
presented in a radar chart (Fig. 4). 

Fig. 5 (a) and (b) show how eMPC gains advantage in terms of cumulative 
NOx and soot emission mass, respectively. The eMPC emission masses are 
consistently lower (better) than the reference controller. The cumulative fuel 
mass in (c) shows very minor differences and indicates very little torque tracking 
variations. The overall performance is evaluated by the stage cost function 
calculated with the signal values from the simulation model. A lower value 
indicates a better performance as defined by the weighted cost function, which 
considers both emissions and pumping loss reductions. The stage cost function 
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Table 3: Improvement (%) from eMPC against the reference controller calcu-
lated for each WLTC section (L: Light; M: Medium; H: High; EH: Extra-High 
duties). 

Test Percentage Improvement (%) 
Cycle 
Part 

NOx 
Mass 

Soot 
Mass 

BS 
NOx 

BS 
Soot 

Mean 
BSFC 

Torque 
Tracking 
RMSE 

L 11.11 8.01 11.43 8.34 1.96 12.16 
M 1.51 0.47 2.12 1.09 0.99 25.76 
H 3.23 4.12 3.99 4.87 1.91 33.18 
EH 1.99 1.98 1.94 1.91 0.73 9.75 
Total 4.18 3.28 4.51 3.62 1.24 20.64 

is cumulatively summed in (d), showing that the eMPC has outperformed the 
reference controller according to the defined economic stage cost function. Note 
that the reference controller is not designed to minimise the same costs as the 
eMPC. However, to ensure a fair comparison, the same costs are calculated for 
both controllers. 

Fig. 6 shows the time series signals with selected time periods for each WLTC 
part. Fig. 6 (a) shows the engine speed and demanded torque. (b) and (c) show 
the oxygen concentration and the boost pressure facilitated by each controller, 
respectively. The resulting engine-out NOx and soot emission mass are shown 
in (d) and (e), respectively. Engine motoring can be observed during 170-190s. 
During motoring, the reference controller closes both EGR. The eMPC, however, 
keeps both EGR valves open. This is due to the valve variation penalty which 
aims to reduce large and frequent valve variations. Under the same engine 
speed and similar torque, the two controllers’ choice of oxygen concentration 
and boost pressure are the dominating factors to the generation of NOx and 
soot whilst fuel economy depends on the boost pressure. The eMPC shows less 
aggressive boost pressure response resulting in less pumping loss but potential 
torque tracking infeasibility. The eMPC overcomes the torque tracking issue 
with a higher choice of oxygen concentration as shown at time 610s. To achieve 
a feasible OFR for the fuel request, the reference controller increases boost 
pressure and lowers oxygen concentration, whereas the eMPC chooses a much 
lower boost pressure and higher oxygen concentration. This results in a similar 
amount of oxygen mass and none of the controller violates the lambda limit 
shown in (g). The eMPC hence achieves lower pumping loss and an emission 
trade-off with higher soot but lower NOx. Slightly before 610s, as the torque 
demand increases, the reference controller recovers the oxygen concentration to 
a higher value whereas the eMPC remained at a lower value. The eMPC avoids 
the NOx spike for a negligible soot increase compared to the reference controller, 
resulting in a better overall NOx-soot trade-off which is also observed at 1065s 
and 1500s. 

The violation of λ limit as shown in Fig.6 (g) has only occurred with the reference 
controller. The lambda limit enforced by the exterior penalty in eMPC allows 
minor violation. This violation is allowed since it is physically possible. This is 
because building up the cylinder mass could take longer than 1 second which 
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Figure 4: A graphical representation of Table 3 evaluating both controllers 
against each performance criteria. Data are normalised for the whole WLTC. 
Note that smaller values are better. 

Table 4: Measured execution time of the eMPC on desktop computer and 
dSPACE DS1104 R&D board [7] of 250 MHz clock rate. The execution time is 
measured using WLTC. 

Platform 
Execution Time (ms) 

Best 
Case 

Mean 
Value 

Worst 
Case 

Standard 
Deviation 

Desktop 
DS1104 

0.33 
3.62 

1.13 
10.61 

3.47 
26.56 

0.69 
5.69 

is much slower than the rapidly increasing torque request and also exceeds the 
controller’s prediction horizon. As a result, the controller cannot guarantee 
sufficient oxygen mass in rapid acceleration cases. In order to facilitate maximal 
possible cylinder oxygen mass when λ−1 approaches 1, the eMPC actuates VNT 
sharply whilst closing all EGR to maximise oxygen concentration. Taking such 
control demonstrates better torque tracking than the reference controller. 

Fig. 7 shows the VNT’s compressor operating points. The eMPC operates 
the compressor within a similar range than the reference controller. All VNT 
operating points were simultaneously checked against its model based VNT 
limit and reported no surge and choke boundary violation. During the H and 
EH parts, eMPC operated the VNT with higher compressor pressure ratio but 
overall less mass intake. 

Both eMPC and reference controller were executed and timed in Simulink® in 
rapid accelerator mode. The worst and mean computing time for the eMPC 
shown in Fig. 8 (a) are 3.47 and 1.13 ms respectively. The reference controller 
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Figure 5: A comparison between the eMPC and the reference controller in 
terms of cumulative engine-out (a) NOx , (b) soot mass; (c) cumulative fuel 
mass injected; and (d) cumulative stage cost function. The stage cost function 
is defined in (7), calculated with simulated measured signal value. A lower value 
indicates improved performance according to the weighted objective function. 
*Red dotted lines (· ·) separates the four duty cycles (L, M, H, EH) within the 
WLTC . 
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consistently operates around 0.8 ms. The iteration count for the eMPC solver is 
shown in (b). The maximum number of iterations allowed for the exact Newton’s 
and gradient descent method are 6 and 10, respectively. The occurrences of NPD 
Hessian matrices accounts for 17.9% cases throughout the WLTC as shown in 
(c). 

The DS1104 board [7] is competitive to a conventional automotive ECU with 
250 MHz clock rate. The mean and worst computation time of the eMPC on 
the DS1104 board are 10.61 and 26.56 ms, as shown in Table 4. The average 
computational time is close to the desired control interval (10 ms). The worst 
case computational time corresponds to the case that the optimisation solver 
terminates with maximum allowed iterations. The exact Newton methods takes 
approximately 4 ms for each iteration on the DS1104 board. The worst case 
computing time can be further reduced by: i) setting maximum allowed iter-
ations to 4 at a cost of performance degradation; ii) compiling controller code 
more optimally for run-time efficiency. In addition, newer generation of automo-
tive ECU can be used. For example, the Infineon® Aurix TriCore [15] provides 
up to doubled processing power measured by Million Instructions per Second 
(MIPS) whilst offering multi-cores capabilities. This makes the production use 
of the eMPC potentially feasible on a high-end ECU. 

Finally, the results of this work is compared to that of [19]. Reference [19] 
presented an experimental evaluation of a supervisory and an inner NMPC 
against a production controller over WLTC. The controller in [19] improved 
NOx and soot, at the cost of fuel economy and torque tracking. The eMPC 
presented in this paper improves emission without the trade-off of fuel economy 
and torque tracking. In terms of computational requirement, [19] reported worst 
case execution time at about 1 ms on a dSPACE DS1006 board of 2.6GHz, and 
estimated about 10 ms on an ECU of clock rate competitive to the DS1104 
board. The eMPC proposed in this work, which allows for a variable number of 
iterations, exhibits higher variability in terms of computational time, with the 
worse case scenario taking up to 2.6 times longer. 

Conclusions 

This paper proposes a novel eMPC design for engine airpath control which si-
multaneously minimises NOx, soot and fuel consumption. The design differs 
from conventional controller in that set points are no longer determined of-
fline at steady-state, but rather, computed online based on internally modelled 
dynamics. This design has a potential to simplify conventional controller devel-
opment since only a number of objective weightings are to be decided, thereby 
saving time and resources that would otherwise have been required to calibrat-
ing a set of LUTs. In contrast to other supervisory controllers, the proposed 
design formulates one single OCP that has direct control over valve positions 
without need of an additional tracking controller. 

The eMPC was implemented, using simulation, on an experimentally validated 
and published plant model. It is compared to a reference controller, provided 
with the plant model, which combines PI and feed-forward control with LUTs 
exploited to accommodate the system complexity. The proposed eMPC outper-
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forms this reference controller in NOx, soot mass and fuel economy throughout 
the WLTC with a worst computing time of 3.47 ms against 0.8 ms of the ref-
erence controller on a desktop computer. The execution on the DS1104 board 
suggests the controller is feasible to run, at a lower sampling time of 20ms or 
on an high-specification ECU or with reduced maximum number of allowed op-
timisation solver iterations. Finally, this study uses a fixed weighting for each 
WLTC duty cycle. The controller’s performance may be further improved with 
an operating point specific weighting scheme. 

Future work includes the development of an appropriate adaptive weighting 
scheme as well as validation of the eMPC on an automotive ECU in a Hardware-
in-Loop (HIL) setup. 
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Figure 6: Simulation results of a selected period from each WLTC duty cycle 
including (a) engine speed and torque (dashed line); (b) oxygen concentration 
and (c) boost pressure realised by each controller; instantaneous engine out 
(d) NOx and (e) soot mass; (f) pumping loss, i.e. pressure difference between 
exhaust and intake manifold; (g) λ defined in (6c) whose inverse is constrained 
to be no greater than 1; and finally, valve positions for (i) HP EGR, (j) LP 
EGR and (k) VNT. Each time period is selected to show both acceleration and 
deceleration. 
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Figure 8: Operational details of the controllers over WLTC including: (a) the 
execution time of the eMPC and reference controller on a desktop computer 
with Xeon E5 1620 processor of 3.6 GHz clock rate, running on Windows 10 
OS; (b) the iteration count of the solver; (c) the flag indicating the occurrence 
of the NPD Hessian matrix (1=true) for the eMPC. 
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