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Information geometry and non-equilibrium thermodynamic 

relations in the over-damped stochastic processes 

Eun-jin Kim 

Fluid and Complex Systems Research Centre, 

Coventry University, Coventry CV1 2TT, UK 

Abstract 

An advantageous method for understanding complexity is information geometry theory. In 

particular, a dimensionless distance, called information length L, permits us to describe time-

varying, non-equilibrium processes by measuring the total change in the information along the 

evolution path of a stochastic variable or the total number of statistically different states the 

variable passes through in time. Here, we elucidate the meaning of information length L and 

information rate Γ = dL in light of thermodynamics (entropy production rate ṠT , non-equilibrium dt 

free energy F , microscopic chemical potential µ, etc). In particular, the average h∂tµi gives the 

average rate of work (power) while the second moment h(∂tµ − ∂tV )2i is proportional to Γ2 . Here, 

the angular brackets denote average and V is the potential. The upper bound on the entropy 

production rate ṠT is set by the product of Γ and the RMS value of the fluctuating part δµ = µ−hµi. 

Specifically, in the case of the non-autonomous Ornstein-Uhlenbeck process for a stochastic variable 

x, we show that ṠT is bounded above by Γ2 up to the fluctuation normalization σ2 = h(δx)2i where 

σ is the standard deviation and δx = x − hxi is the fluctuating component of x. The equality p
σΓ = DṠT holds in the (isothermal) case where σ and the temperature D are constant. We 

discuss the implications of L as a proxy for the entropy production along an evolution path and 

understanding self-organization. 
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I. INTRODUCTION 

Non-equilibrium processes are ubiquitous in complex systems in nature and laboratories. 

Unlike equilibrium statistics [1, 2], one of the challenges in non-equilibrium statistics is link-

ing different statistical quantities (e.g., Shannon information entropy) to thermodynamics 

(e.g., heat). Much progress on this issue has been made by the development of stochas-

tic thermodynamics, information theory, or different non-equilibrium fluctuation theorems 

(including the local breakdown of thermodynamic rules) [3–16]. Notable examples include 

Landauer’s principle relating information loss to the ability to extract work [17, 18], resolving 

the famous Maxwell’s demon paradox [19], black hole entropy/information theory [20, 21], or 

various thermodynamic inequality/uncertainty relations [22–29] utilizing the Fisher informa-

tion [30], relative entropy [34], mutual information [35, 36], etc. The Fisher information was 

also used in connecting non-equilibrium statistical measures and the Schrödinger equation 

[31] and assessing the ‘quantumness’ of a parameter estimation model in quantum mechan-

ics [32, 33]. Readers being referred to previous publications for details (especially, [14, 15]), 

the aim of this paper is to focus on information geometry for time-varying non-equilibrium 

processes in complex systems in the light of some of these previous work, as explained later 

(§II). 

Information geometry refers to utilizing techniques of differential geometry in probability 

and statistics where the metric tensor and the notion of length are defined in the statistical 

space [37–60]. There has been a growing interest in a probability metric (information geome-

try) from theoretical and practical considerations, with different metrics proposed depending 

on the question of interest (e.g., see [41–45]). Theoretically, the assignment of an appropriate 

metric to probability or Probability Density Function (PDF) enables us to mathematically 

quantify the difference among different PDFs, providing a beautiful conceptual link between 

a stochastic process, complexity and geometry. At a practical level, it can also be utilized 

for comparing different data in complex systems or optimizing of desired outcomes (e.g., 

[45–47]). 

In a series of recent works [47–60], we have proposed the concept of a dimensionless 

distance, called information length, to describe time-varying non-equilibrium processes in 

complex systems. In a nutshell, information length measures the total change in the infor-

mation along its evolution path of a stochastic variable or the total number of statistically 
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different states the variable passes through in time. It is proportional to the summation 

of the square root of an infinitesimal distance based on infinitesimal relative entropy [67] 

(see §II D and Appendix A). For example, for a time-dependent PDF p(x, t) of a stochastic 

variable x, the information length L is defined by Z t 
L(t) = dt1Γ(t1), (1) 

0 Z Z 
Γ2(t) = E = dxp(x, t)(∂t ln p(x, t))2 = 4 dx (∂tq(t))

2 . (2) 

√ 
Here, q = p and E and Γ are non-negative by definition. The utility of the second expression 

√ 
in terms of q in Eq. (2) is that it is well-defined for q = p = 0. We call Γ = E the 

information rate in this paper. While E can be viewed as the Fisher information [30] by 

considering the time as a parameter (e.g. [29]), we refrain from using such a terminology 

in this paper to avoid the confusion. Note that L is dimensionless while E and Γ have 

the dimensions of (time)−2 and (time)−1, respectively. L and Γ are invariant under (time-

independent) change of variables (see Appendix B), permitting us to compare the evolution 

of different stochastic processes having different units. An alternative expression for Γ and 

some inequality relations are given in Appendix C. 

Since Γ ≥ 0, L(t) in Eq. (1) increases with time unless a system is in a stationary 

state where Γ = ∂tp = 0. For instance, in a relaxation problem where p(x, t) approaches 

a stationary PDF, Γ(t) → 0 and L(t) → const as t → ∞. L(t) is a path-dependent 

dimensionless length and is uniquely defined as a function of time for fixed parameters and 

initial condition. This property permits us to utilize L(t) to map out an attractor structure 

in a relaxation problem by measuring L∞ = L(t →∞) against the mean position x0 of the 

initial PDF [47, 48, 50, 54, 60]. For a stable equilibrium with the equilibrium point x = 0, 

L∞ increases monotonically with x0. In contrast, for a chaotic system, L∞ abruptly changes 

with x0, revealing the sensitive dependence of L∞ on the initial condition (like the Lyapunov 

exponent) [48, 60]. Furthermore, Γ and L are useful for elucidating hysteresis (e.g., in phase 

transitions), correlation, and self-regulation [51, 55, 57], forecasting phase transitions [55, 57] 

or sudden events [59]. On the other hand, the minimization of information length can be 

used for optimal control of population growth [47]. However, the physical implications of 

these results remain quite abstract. 

The main aim of this paper is to address this issue and to elucidate the physical meaning 

of Γ and L in relation to several other statistical measures such as entropy production, dis-
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sipation, non-equilibrium free energy, etc. After reviewing some of the important statistical 

and thermodynamic quantities, we derive some general results involving entropy production, 

relative entropy, etc, introduce a microscopic chemical potential, demonstrate the link be-

tween the time-derivative of the chemical potential and information rate, derive the upper 

bounds on thermodynamic quantities in terms of information rate, and apply results to the 

(non)autonomous Ornstein-Uhlenbeck (O-U) processes to gain a key insight. 

The remainder of this paper is organized as follows. §II provides and reviews key ex-

pressions including information rate Γ and length L. §III introduces a microscopic chemical 

potential and relates it to thermodynamical quantities and information rate. §IV provides 

the analysis of the non-autonomous Ornstein-Uhlenbeck (O-U) processes with specific ex-

amples of the autonomous and driven relaxation problems. Discussion and conclusions are 

found in §V. Appendices A-B contain some detailed derivations of the key properties of Γ 

and L while Appendix C presents an alternative expression for Γ and inequalities. 

II. KEY STATISTICAL AND THERMODYNAMICAL QUANTITIES 

We consider over-damped stochastic processes governed by the following Langevin equa-

tion 
dx 
= f(x, t) + ξ = −∂xV (x, t) + ξ. (3)

dt 

Here, in general, V (x, t) can involve an internal potential as well as an external force; ξ is a 

delta-correlated Gaussian noise satisfying 

hξ(t)ξ(t0)i = 2Dδ(t − t0), (4) 

where the angular brackets denote averages over ξ; D is the amplitude (temperature) of 

the stochastic noise ξ. An exact time-dependent PDF for Eqs. (3)-(4) can be obtained by 

solving the following Fokker-Planck equation [61] 

∂p(x, t) ∂ h i ∂2p(x, t) 
= − f(x, t)p(x, t) + D = −∂xJ(x, t), (5)

∂t ∂x ∂x2 

where J = fp − D∂xp is the probability current. 

To make this paper self-contained, the following provides a summary of the important 

statistical and thermodynamic quantities, some of which are well-known. 
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A. Entropy production rate and flow 

For a PDF p(x, t), a differential entropy S measuring the disorder or the lack of infor-R 
mation [30] is defined by S(t) = − dx p(x, t) ln (p(x, t)). By using Eq. (5) [ ̇p = −∂xJ , 

dS(x,t)˙J = fp − D∂xp], and integrating by parts twice (in t and x), we can express S = 
dt as Z Z Z 

Ṡ = − dxṗ ln p = dx[∂xJ ln p] = − dx[J∂x ln p] = ṠT − Ṡm. (6) 

˙ ˙Here, ST and Sm represent the total entropy production rate (which is non-negative by 

definition) and entropy flux to the environment: Z � � 

ṠT = 
dST 

dt 
= Z 

1 
J2dx ,

Dp � � 

Ṡm = 
dSm 

dt 
= dx 

1 
Jf 

D 
. (7) 

˙Here, Sm represents the entropy in the environment (heat bath). Thus, Sm is positive when 

the entropy flows from the system to the environment, while it is negative when the entropy 

˙flows from the environment to the system. In an equilibrium reversible process ST = 0, 

˙Eq. (6) establishes an equilibrium thermodynamic relation between the entropy S and heat 

Q = DSm (see below) as Ṡ = −Ṡm = − Q . On the other hand, in a non-equilibrium 
D 

˙ ˙ ˙ ˙stationary state where S = 0, ST = Sm. ST = 0 signifies irreversibility. 6

B. Non-equilibrium thermodynamics 

Key characteristics of complex systems are irreversibility and energy dissipation (heat). 

To relate the entropy above to thermodynamics, we consider how the average potential 

energy U = hV i changes in time: 

dU d ˙ ˙= hV i ≡ W − Q. (8)
dt dt 

˙Here, W is the power (the rate of the work done to the system) due to the explicit time-

˙dependence of V while Q is the rate of dissipated heat, respectively, defined by Z 
Ẇ = dx(∂tV )p = h∂tV i, (9) Z Z 
˙ xi = D ˙Q = − dxV (∂tp) = dxJf = hf ˙ Sm. (10) 
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˙Note that the power W represents the average (the first moment) of ∂tV and the average R t
work during the time [t0, t] is given by W = 

t0 
dt0Ẇ (t0). 

Eq. (8) gives our non-equilibrium thermodynamic relation U̇ = Ẇ − Q̇ that the potential 

˙energy U increases due to W while decreasing because of the dissipated heat to the environ-

˙ment Q. From Eqs. (6), (8), and (10), we can then define a non-equilibrium (information) 

free energy F(t) = U(t) − DS(t) [24] so that 

Ḟ = U̇ − DṠ = Ẇ − DṠT . (11) 

˙Using that ST ≥ 0, we then rewrite Eq. (11) as 

˙ ˙ ˙DṠT = W −F ≡ WD ≥ 0, (12) 

˙where WD is the dissipated power which is lost to the environment. The time-integral of Eq. 

(12) in [t0, t] gives us the well-known result that the average work performed on the system 

is bounded below by W − ΔF = WD ≥ 0 [1]. 

C. Relative entropy 

Relative entropy is a way of comparing two PDFs as the former takes the value of zero 

for two identical PDFs while becoming larger as the difference between the PDFs increases. h iR 
Relative entropy D[p1|p2] = dxdvp1 ln p1 ≥ 0 between the two PDF p1 and p2 or its sym-p2 

metric version measures the statistical distinguishability between p1 and p2. Previous works 

[22–28] invoke the relative entropy in setting bounds on non-equilibrium thermodynamic in-

equalities such as dissipated work by comparing PDFs in the forward and reverse protocols. 

Here, the forward and reverse protocols are defined by controlling the time-dependence of a 

model parameter; the model parameter in the reverse protocol is the mirror image of that in 

the forward protocol. In particular, WD was shown to be linked to the relative entropy [30] 

between the PDFs in the forward and reverse protocols, serving as a measure of irreversibil-

ity (the arrow of time) [23]. Note that the concept of a reversal protocol exists only in the 

control problem where a model parameter changes according to the prescribed forward and 

reverse protocols. 

Furthermore, the non-equilibrium free energy can be shown to exceed its stationary value 

by considering the relative entropy between an arbitrary non-equilibrium state and an in-

stantaneous equilibrium (non-equilibrium stationary) state ps(t). Here, the latter ps(t) is a 
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long-time limit solution obtained using the fixed parameters at that time. Specifically, we 

utilize Eq. (11) and write a non-equilibrium stationary state ps(x, t) in terms of V and the 
V (x,t)−Fs(t) 

Dstationary free energy Fs as ps(x, t) = e− . By taking the average of ln ps(t) in a 

non-equilibrium state p(x, t), we have Z Z 
1 1 

dxp(x, t) ln ps(x, t) = − dxp(x, t)(V (x, t) −Fs(t)) = − (U(t) −Fs(t)), (13)
D D Z � � 

p(x, t)F(t) −Fs(t) = D dxp(x, t) ln ≡ DD[p(x, t)|ps(x, t)] ≥ 0. (14) 
ps(x, t) 

Eq. (14) is similar to the one in the Hamiltonian system [24]. Since the relative entropy is 

non-negative, the non-equilibrium free energy exceeds the equilibrium one F ≥ Fs. 

Furthermore, the irreversible work Wirr between time [t0, t] can be defined [24] as 

Wirr ≡ W − ΔFs = DΔST + Δ(F −Fs) = DΔST + DΔ[p(x, t)|ps(x, t)], (15) 

where we used Eq. (14) and ΔD[p(x, t)|ps(x, t)] = D[p(x, t)|ps(x, t)] − D[p(x, t0)|ps(x, t0)], 

etc. Eq. (15) was derived for the open driven Hamiltonian system under certain conditions 

in [24] (see their Eq. (38)). 

˙An interesting relation between the entropy production ST and the relative entropy 

D[p(x, t)|ps(x, t)] is found by taking the time-derivative of the latter: �Z � h id 1 d 1 ˙D[p(x, t)|ps(x, t)] = −Ṡ + dxV p −Fs = −ṠT + W − Ḟs , (16)
dt D dt D 

V (t)−Fs(t) R R 
Dwhere ps(x, t) = e− , ST = S + dxp∂tV = W and Q = − ˙ = Sm

˙ ˙ Ṡm, ˙ ˙ pV D ˙ , and 

Wirr = W − Fs (Note that equating Eq. (16) to 
D 
1 F − Fswere used. [ ˙ ˙ ] (from Eq. (14)) 

simply recovers Ẇ − Ḟ = DṠT .) 

˙ ˙ ˙Since Wirr = W −Fs, Eq. (16) is recasted as 

Ẇirr d
ṠT = − D[p(x, t)|ps(x, t)]. (17)

D dt 

Eq. (17) corresponds to a differential form of Eq. (15). 

D. Information rate and length 

A key characteristic of non-equilibrium processes is a time-varying PDF which changes 

with time. For such a PDF, the main interest is the comparison of two (temporally) adjacent 
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PDFs along the evolution path, say, p(x, t) and p(x, t + δt) in the limit δt → 0. Thus, we 

calculate an (infinitesimal) relative entropy between p(x, t) and p(x, t+δt) in the limit δt → 0 

as follows (see Appendix A for details): Z � � 
1 1 p(x, t + dt)

lim D[p(x, t + dt)|p(x, t)] = lim dxp(x, t + dt) ln 
dt→0 (dt)2 dt→0 (dt)2 p(x, t)Z 

=
1 

dxp(x, t)(∂t ln p(x, t))2 = 
1
Γ2 

2 2 
1 

= lim D[p(x, t)|p(x, t + dt)], (18)
dt→0 (dt)2 R 

where we used Γ2 = E = dxp(x, t)(∂t ln p(x, t))2 ≥ 0 (Eq. (1)). As noted in §I, Γ 

represents the information rate at which a new information is revealed (a new statistical 

state is accessed) due to time-evolution, Γ−1 = τ being the characteristic time scale over 

which information changes. τ is linked to the smallest time scale of fluctuations [29]. Eq. 

(18) states that Γ2 is proportional to the average of an infinitesimal relative entropy between 

adjacent PDFs [47–60]. 

III. CHEMICAL POTENTIAL 

In §II, thermodynamic quantities are given in terms of the average (first moment) and 

the first time derivative. In particular, it is important to note that the average and time 

derivatives do not commute, and the work is defined by the time integral of the (averaged) 

power. While PDFs of work or entropy production could be of interest (e.g. [62]), for the 

purpose of elucidating the meaning of E in this paper, it suffices to explore implications 

˙of the second moment and provide alternative expressions for ST , F , etc. To this end, 

it is convenient to work with the chemical potential µ = V + D ln p. In terms of µ, the 

probability current is J = −p∂xµ. It then follows that hµi = U − DS = F . Thus, the 

chemical potential µ can be viewed as microscopic free energy. We aim to demonstrate that 

the fluctuation in the microscopic chemical potential is related to information geometry and 

entropy production. 

To this end, we first calculate the time-derivative of µ and its average 

ṗ˙µ̇ = V + D , (19) 
p 
˙hµ̇i = hV̇ i = W. (20) 
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˙hµ̇i = W states that the rate at which the chemical potential changes (in time) on average 

is the power. On the other hand, we have Z 
h(µ̇ − V̇ )2i = D2 dx

ṗ2 

= D2Γ2 . (21) 
p 

Eq. (21) gives us an important link between the chemical potential (microscopic free en-

ergy) derivative and the information geometry. As Γ2 is related to the entropy production 

as shown below, Eq. (21) is ultimately linked to the entropy production and thus irre-

versibility/dissipation (reminiscent of the well-known fluctuation-dissipation theorem [63]). 

It is also of interest to observe Γ2 is related to the average of the second derivatives as 

¨ hµ̈− V i = −DΓ2 . 

On the other hand, the time-derivative of F gives us ZZ 
d˙ ˙F = hµi = hµ̇i + dxµṗ = W + dxµp.˙ (22)
dt 

˙By equating Eq. (22) to Eq. (12), we have ST in terms of µ as Z 
Ẇ − Ḟ = DṠ  

T = − dxµp.˙ (23) 

We now use the Schwartz inequality [29] to obtain 

˙DṠ  
T = |Ẇ − F| = 

���� Z 
dxµṗ

���� = 

���� Z ���� �Z �1/2 

dx(δµ) 
√ ṗ
√p ≤ Γ dxp(δµ)2 , (24) 
p �ZZZ �1/2 

|Q̇| = | dxV ṗ| = | dx(δV )ṗ| ≤ Γ dxp(δV )2 , (25) ZZ �Z �1/2 

|Ṡ| = | dxṗ ln p| = | dxṗ(δ ln p)| ≤ Γ dxp(δ ln p)2 , (26) 

RR 
where we used that dxṗhgi = hgi dxṗ = 0 for any g = g(x, t). Eqs. (24) and (25) show 

how entropy production and heat are related to/bounded by the fluctuations in chemical 

energy and potential energy, respectively, up to the normalization factor Γ. 

Since δµ = δV + D(δ ln p) in Eq. (24), we have 

h(δµ)2i = h(δV )2i + D2h(δ ln p)2i + 2DhδV δ ln pi. (27) 

These relations will be used in §IV for analyzing the O-U process. 
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IV. THE ORNSTEIN-UHLENBECK (O-U) PROCESS 

To gain a key insight into the meaning of the general relations derived in §II-III, we 

consider a non-autonomous O-U process where V = γ 
2 (x − v(t))2 and f = −γ(x − v(t)) 

where v(t) is a prescribed function of time. A time-dependent PDF for this process is 

Gaussian, satisfying r 
β −β(x−hxi)2 

p(x, t) = e , (28)
π 

−2γt)1 e−2γt D(1 − e
= + , (29)

2β(t) 2β0 γ Z t 
−γt −γ(t−t1)hx(t)i = x0e + γ dt1 e v(t1). (30) 

0 

1 = σ2Here, x0 = hx(t = 0)i and β0 = β(t = 0); h(δx)2i = 
2β where β and σ are the inverse 

temperature and the standard deviation, respectively. Since β is heavily used in our previous 

works (e.g. [47, 49, 54, 58–60]), both β and σ are used in this paper. 

From Eqs. (28)-(30), we can show in general � � 
∂tβ 

J = [f + 2Dβ(δx)] p = [(2Dβ − γ)(δx) + hfi] p = − (δx) + ∂thxi p,
2β Z 

J2 (∂tβ)
2 

DṠ  
T = dx = + (∂thxi)2 = σ̇2 + (∂thxi)2 , (31) 

p 8β3 

= −∂tβ ∂tβ = −2∂tσwhere we used ∂xp = −2β(δx)p, f = −γ(x − v), ∂thxi = hfi, 2Dβ − γ 
2β , β σ . h i 

Furthermore, we can easily show that S(t) = 1
2 1 + ln π

β and 

∂tβ ∂tσ
Ṡ = − = . (32)

2β σ 

On the other hand, for the O-U process, it can be shown [47, 49, 58–60], 

(∂tβ)
2 1 � � 

E = Γ2 = 2β(∂thxi)2 + = 2(∂tσ)
2 + (∂thxi)2 . (33)

2β2 σ2 

Therefore, Eqs. (31)-(33) give us 

D 
Γ2 ˙ Ṡ2 = ST + . (34)

σ2 

Eq. (34) establishes the relation between the information geometric measure Γ and thermo-

dynamic quantities ṠT and Ṡ. Interestingly, the entropy production rate is normalized by the 

fluctuating energy σ2 . The physical reason is that, unlike Γ or Ṡ, ṠT is an extensive quantity 
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which changes under the rescaling of x (e.g., under the transformation of x → y = αx for 

a positive constant α). An interesting limit is where β(t) is constant ( Ṡ = 0), in which 

case Eq. (34) is simplified as σ2Γ2 = DṠT (= (∂tσ)2). That is, the information rate Γ2 

represents the normalized entropy production rate. In this case, the mimimizing the total R t R t˙entropy production dt1ST along an evolution path is equivalent to minimizing dt1Γ(t1) R t 
or L = dt1Γ(t1) (see §V for further discussions). 

It is useful to rewrite Eq. (34) in terms of the speed of fluctuations c = σΓ [29] h i
c = σΓ = DṠT + σ2Ṡ2 . (35) 

Eq. (35) explicitly demonstrates that the speed of fluctuations is directly linked to entropy p
˙ D ˙production rates and thermal bath temperature (D); when β = 0, c = σΓ = ST . 

A. Upper Bounds 

To obtain the upper bound in Eqs. (24)-(26), we first calculate � � � � 
γ 1 γ 1 

δV = (x − v(t))2 − hx − v(t)i2 − = γhx − v(t)iδx + (δx)2 − 
2 2β 2 2β � � 

1 γ2 σ4 σ4 

h(δV )2i = γ2hx − v(t)i2 + = γ2 hx − v(t)i2σ2 + = (∂thxi)2 + γ2 ,
2β 8β2 2 2 

δ ln p =
1 − β(δx)2 ,
2 

h(δ ln p)2i = 1 
,
2 *� +�2

γ 1 γ h(δ ln p)(δV )i = − − β(δx)2 = − , (36)
2β 2 4β 

where we used h(δx)2i = 1 , h(δx)4i = 3h(δx)2i = 3 and ∂thxi = −γhx − v(t)i.
2β 4β2 

1 
2 
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Eqs. (24)-(26) then give us 

1 |Ṡ| ≤ √ Γ, 
2 � �

σ4 

|Q̇| ≤ Γγ hx − v(t)i2σ2 + 
2 

1 
2 

, � �
DṠT ≤ Γ h(δV )2i + 2Dhδ ln pδV i + D2h(δ ln p)2i 

1 
2 � �

γ2 γD D2 

= Γ (∂thxi)2σ2 + − + 
8β2 2β 2 

1 
2 

� � � �
(∂tβ)

2 
1 
2 

1 

(∂thxi)2σ2 + 
1
(2βD − γ)2 

2 

(∂thxi)2σ2Γ = Γ += 
8β2 32β4 � � 1 

2 

Γ (∂thxi)2σ2 +
1 
σ2(∂tσ)

2 (37)= ,
2 

= −∂tβ = −2∂tσ ≤ σ2Γ2where we used 2Dβ − γ , ∂tβ . Note that DṠT .
2β β σ 

It is instructive to explore the limiting cases of Eq. (37). First, in the case where ∂tβ = 0, 

the equality in Eq. (37) holds as DṠT = (∂thxi)2 = σ2Γ2 . Second, when ∂thxi = 0, similar q
equality holds as DṠT = (∂tσ)

2 and Γ
2
1 σ2(∂tσ)2 = (∂tσ)

2 . These observations suggest that 

the coexistence of ∂tσ 6 6= 0 and ∂thxi = 0 reduces the entropy production for a given Γ (E). 

This further implies the possibility of minimizing the entropy production by simultaneous 

control of the evolution of σ and hxi. Delaying further discussion on this to §V, in the next 

two subsections, we provide a detailed analysis of the O-U process without/with external 

control, respectively. 

B. Relaxation problem: V = −1 γx2 
2 q

˙ ˙W = 0, Fs = 0 and ps(x, t) = ps(x) = βs 2 γ−βsxWhen f = −γx, where βs = whilee
π 2D 

Eq. (30) is simplified as 

hx(t)i = hx0ie −γt . (38) 

In the long time limit t → ∞, a PDF reaches a stationary state which is also (thermal) 

equilibrium. From Eqs. (31) and (36), we have a simple relation ṠT = − d D[p(x, t)|ps(x, t)].dt 
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We can confirm this by calculating � � 
1 1 D[p(x, t)|ps(x, t)] = [−1 + ln (β/βs)] + βs hxi2 + (39)
2 2β 

d 1 � � 
D[p(x, t)|ps(x, t)] = ∂thxi)2 + (∂tσ)

2 = −ṠT
dt D � � 

−2γt = − 
1 

γ2hx0i2 e + 
1
(2βD − γ)2 , (40)

D 2β 

where hxi and β are given in Eqs. (38) and (29). 

On the other hand, Z 
Q̇ = dxJf = (∂thxi)2 − 

γ 
(2βD − γ) = D(ṠT − Ṡ). (41)

2β 

Eqs. (40) and (41) show how the initial values hx0i and β0 (σ(t = 0)) affect dissipation and 

entropy production. For instance, for constant β(t), the dissipation and entropy production 

occur as a PDF moves from the initial mean value x0 to the equilibrium PDF as (σΓ)2 = 

˙ − d −2γt DṠT = Q = D[p(x, t)|ps(x, t)] = γ2hx0i2e . Furthermore, in the long time limit, 
dt 

˙ ˙ ˙hxi → 0 and 2β → γ , ST → 0 S → 0, and Q → 0 as t → ∞. Therefore, in a relaxation 
D 

˙ ˙ ˙problem, Q = ST = S = 0 as t →∞ as a PDF settles into equilibrium. 

C. Driven and relaxation problem: V = −γ (x − ut)2 with constant u (v(t) = ut)2 

In this case, f = −γ(x − ut), and Eq. (30) becomes 

u � �−γt −γt hx(t)i = x0e + ut − 1 − e . (42)
γ 

On the other hand, the non-equilibrium stationary state is given by r 
βs −βs(x−ut)2 

ps(x, t) = e , (43)
π 

where βs = 
2
γ
D . This stationary state is not an equilibrium, in contrast to the relaxation 

problem considered in the previous subsection. Nevertheless, βs = γ is constant ( ˙ = 0) 
2D Fs 
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since γ and D are fixed. Then, we have � � 
1 1 D[p(x, t)|ps(x, t)] = [−1 + ln (β/βs)] + βs (hxi − ut)2 + , (44)
2 2β 

(∂tβ)
2 � � 

DṠT = (∂thxi)2 + = (∂thxi)2 + (∂tσ)
2 

8Dβ3 � � � � ��2 1−γt −γt = −γhx0ie + u 1 − e + (2βD − γ)2 , (45)
2β � � ��2 γ−γt −γt Q̇ = −γhx0ie + u 1 − e − (2βD − γ) , (46)
2βZ � � 

2 −γt Ẇ = −u dxγ(x − ut)p = −uγhx − uti = u 1 − e , (47) 

d 1 � � 1 ˙D[p(x, t)|ps(x, t)] = − (∂thxi)2 + (∂tσ)
2 − u∂thxi = −ṠT + W. (48)

dt D D 

˙Here, we used hxi and β given in Eqs. (42) and (29) and W = h−γu(x − ut)i = u∂thxi. 

In the long time limit t → ∞, hxi → u(t − γ−1), 2β → γ = 2βs, DṠT = Q̇ = Ẇ → u2 
D 

˙while S → 0 and d D[p(x, t)|ps(x, t)] = 0. This is an example showing non-zero entropy 
dt 

production and dissipation in a non-equilibrium stationary state. 

It is instructive to consider the isothermal case where β(t) = β0 (Ṡ = 0) and hx0i = 0 in 

Eqs. (44)-(48) and (33) . In this case, DṠT = Q̇ = u2(1 − e−γt)2 = (σΓ)2 , Ẇ = u2(1 − e−γt), 

DD[p(x, t)|ps(x, t)] = u
2 
(1 − e−γt)2 , D d D[p(x, t)|ps(x, t)] = u2(1 − e−γt)e−γt .

2γ dt 

V. DISCUSSIONS AND CONCLUSIONS 

In a Langevin model of an over-damped stochastic process x(t) with the potential V (x, t), 

we have investigated the thermodynamic meaning of the information rate Γ and information 

length L, exploring the role of Γ and fluctuations in setting the upper bound on thermo-

˙ ˙ ˙ ˙dynamics (the total entropy production rate ST = Sm + S, entropy flow rate Sm, internal 

˙entropy production rate S, etc). We showed that the first moment of time-derivative of 

microscopic chemical potential µ gives the power (Eq. (20)) while the second moment is 

related to Γ2 (Eq. (21)). Alternatively, Γ2 quantifies fluctuations in the time-derivative of 

˙ ˙the microscopic chemical potential. In general, the upper bounds on ST and Sm are set by 

the product of Γ and fluctuating components of µ and V , respectively (Eqs. (24)-(25)). q 
D ˙ Ṡ2In the case of the O-U process, the exact relation Γ = 
σ2 ST + (Eq. (34)) holds p

where σ = h(δx)2i is the standard deviation of x. This result suggests that the total 

entropy production rate is bounded above by Γ2 up to the fluctuation normalization σ. 
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p
In the isothermal case where σ is constant, a simpler relation c = σΓ = DṠT follows. R t
Consequently, the information length L(t) = 

0 dt1 Γ(t1) gives a useful proxy for the total 

entropy production along an evolution path. We note that dealing with L has an advantage 

since it is a dimensionless number (distance) in information geometry. 

These results can have interesting implications for self-organization, which refers to a 

novel emergence of order from disorder in complex systems [64–69]. Accompanied by the 

appearance of a coherent structure, pattern formation, etc., self-organization implies the 

reduction in complexity/disorder/entropy. In fact, the minimum entropy production was 

advocated for self-organizing systems (e.g. [66], [68]). While most previous works considered 

the minimum of entropy production (or entropy) in a stationary state, or at one point in 

time, we recognize that self-organization is a non-equilibrium, time-varying process rather 

than a stationary one. Therefore, it may be more appropriate to minimize the total entropy 

˙production ST over a finite time. The link between ST and Γ alluded above suggests that R 
the total normalized entropy production along the path is related to 

t

t 

0 
dt1 Γ(t1) = L(t). 

Therefore, self-organization may follow a particular path [47] – the so-called geodesic – that R t
minimizes L or 

t0 
dt1 E(t1) between given initial and final PDFs. It remains as future work 

to test this hypothesis by applying our method to different (nonlinear) models and data as 

well as analyzing implications of higher moments of µ and ∂tp in information geometry. 
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Appendix A: Relation between L and relative entropy 

We show that Γ and L(t) in Eqs. (1)-(2) are related to the relative entropy (Kullback– 

Leibler divergence) [47, 49] by considering two nearby PDFs p1 = p(x, t1) and p2 = p(x, t2) 

at times t = t1 and t2. We consider the limit of a very small δt = t2 − t1 and Taylor expand R 
D[p1, p2] = dx p2 ln (p2/p1) by using Z 

∂ ∂t1 p1D[p1, p2] = − dx p2 , (A1)
∂t1 p1Z � � 
∂2 ∂2(∂t1 p1)

2 
t1 
p1 

D[p1, p2] = dx p2 2 − , (A2)
∂t21 p1 p1Z � � 
∂ � � 

D[p1, p2] = dx ∂t2 p2 + ∂t2 p2 ln p2 − ln p1 , (A3)
∂t2 Z � � 
∂2 (∂t2 p2)

2 � � 
D[p1, p2] = dx ∂t

2 
2 
p2 + + ∂t

2 
2 
p2 ln p2 − ln p1 . (A4)

∂t22 p2 

In the limit t2 → t1 = t (p2 → p1 = p), Eqs. (A1)–(A4) give us Z 
∂ ∂ 

lim D[p1, p2] = lim D[p1, p2] = dx∂tp = 0, 
t2→t1 ∂t1 t2→t1 ∂t2 Z 

∂2 ∂2 (∂tp)
2 

lim D[p1, p2] = lim D[p1, p2] = dx = Γ2 . (A5) 
t2→t1 ∂t1

2 t2→t1 ∂t2
2 p 

Up to O((dt)2) (dt = t2 − t1), Eq. (A5) and D(p1, p1) = 0 lead to �Z � 
1 (∂tp(x, t))2 

D[p1, p2] = dx (dt)2 , (A6)
2 p(x, t) 

and thus the infinitesimal distance dl(t1) between t1 and t1 + dt as sZ p 1 (∂t1 p(x, t1))2 

dl(t1) = D[p1, p2] = √ dx dt. (A7)
2 p(x, t1) 

By summing dt(ti) for i = 0, 1, 2, ..., n − 1 (where n = t/dt) in the limit dt → 0, we have sZn−1 n−1 p Z tX X (∂t1 p(x, t1))2 

lim dl(idt) = lim D[p(x, idt), p(x, (i + 1)t)] dt ∝ dt1 dx = L(t), 
dt→0 dt→0 0 p(x, t1)i=0 i=0 

(A8) 

where L(t) is the information length in Eq. (18). We note that unlike a path-dependent L, 

the relative entropy D[p(x, 0), p(x, t)] depends only on PDFs at time 0 and t for a finite t 

and thus does not tell us about intermediate states between initial and final states. 
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Appendix B: Invariance of Eqs. (1)-(2) 

To show the invariance of Eq. (1)-(2) under a change of variables, let us consider y = F (x). 

Then, we have 

p(y, t) = p(x, t) 

���� dx 
dy 

���� 1 
= p(x, t) , (B1)

|F 0(x)|
dF (x)where F 0(x) = 
dx . Since F 0(x) is independent of time t, we have ∂tp(y, t) = 

[∂tp(x, t)] |F 0
1
(x)| . Using this and dy = dx|F 0(x)|, we have Z � �2 Z 

dx 
1 

� 
∂p( )x, t 

�2
1 ∂p(y, t)

dy . (B2)= 
p(y, t) ∂t p(x, t) ∂t 

Thus, we obtain the identical Γ2(t) from p(x, t) and p(y, t). 

Appendix C: Inequalities 

It is useful to interpret τ using the Cramér-Rao bound which gives the lower bound 

on the variance of an estimator µ by the inverse of the Fisher information Iij = R 
dxp(x, t)∂µi [ln p(x, t)]∂µj [ln p(x, t)] ≥ Cij 

−1 . Here Cij ≡ hδµiδµj i is the covariance ma-

trix where δµi = µ1 − hµii denotes fluctuation and angular brackets denote the average. 
∂ ln pUsing d ln p = µ̇i, E = τ−2 in Eq. (2) can be put in the following form 

dt ∂µi 

Γ2 = µ̇iIij µ̇j ≥ µ̇iCij 
−1 µ̇j . (C1) 

If there is only i = 1, Eq. (2) simply becomes 

|µ̇| ≤
p
h(δµ)2iΓ, (C2) 

showing that the rate of change of µ (e.g., speed) is bounded by the product of the rms 

fluctuation and the information rate. For the diagonal Iij , we have � �2X 1 dµi ≤ Γ2 . (C3)
h(δµi)2i dt 

i 

Thus, µi normalized by its rms value cannot change faster than Γ. Alternatively, Γ gives 

the upper bound on the rate at which the parameter can generate a new information taking 

into account of the uncertainty due to fluctuations. 
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