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Abstract 

Adequate interfacial bond performance of Bonded Concrete Overlay (BCO) systems 

requires novel integration of material mixture design, compatibility model development, and 

interfacial bond design. This entails the use of the right materials, on the right substrate, in 

the right way, in order to secure the best possible composite behaviour. The overall 

composite performance of BCOs depends largely on achieving the right proportion of blend 

for the overlay material. The use of mixture experiments provides a flexible, easy, and quick 

way of optimizing multi-component materials of this nature. This study describes the use of 

optimization techniques within the concept of material mixture experiments for proportioning 

and designing the material constituents of a Bonded Roller Compacted Fibre Reinforced 

Polymer Modified Concrete (BRCFRPMC). By constraining the range of variability of the 

constituents, a feasible design space was created with 13 experimental points treated 

based on the required structural and elastic properties of the overlay. The optimum 

consistency-time for full consolidation and composite behaviour with the substrate ordinary 

Portland cement concrete (OPCC) was established between 34.05 and 34.87 seconds, 

while the resulting apparent maximum density achieves between 97.11% - 98.03% of the 

theoretical air-free density. In addition, compressive strength response at early and matured 

ages of 3 and 28 days were satisfied at 100% desirability. The elastic modulus response at 

age 3 showed 0% desirability, but attains about 99.96% of the target response by 28 days. 

The verification experiments conducted on each response property shows that positive 

correlations exist between the measured responses and the predicted values from the 

optimization analysis. Also, the bond capability of the optimum designed overlay material 

was evaluated using both tensile and shear bond strengths parameters. The overall 

assessment results showed that the overlay material exhibits good bonding with the 

substrate OPCC and would be able to withstand substantial stresses where sufficient 

surface texture is provided for aggregates interlocking. Other material properties included in 

the evaluation process of the overlay material included its tensile strength, coefficient of 

thermal expansion, and drying shrinkage. Stresses in the overlay, substrate, and at the 

interface were assessed analytically under various differential movement related conditions. 

Though the interface and the overlay material exhibited sufficient strength against thermal 

and shrinkage cracking, the theoretical shrinkage cracking in the overlay was predicted at 

6.92MPa when fully restrained axially. Further, for effective fracture process description of 

the interface, experimentally determined parameters in shear and tension were coupled in 
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Mixed-Mode Finite Element Analysis using differential edge deformation model between the 

overlay and the underlay. The results indicated that delamination in partial fracture process 

varied from that of complete fracture process, influenced distinctly and largely by the 

magnitude of the applied load. Other influencing factors in the analyses included the elastic 

mismatched properties, initial edge defect size, and the plane of loading. Lastly, analytical 

solution to the FEA problem was implemented using the proposed Modified Eigenvalue 

Buckling Analysis (MEBA). The result indicated that the proposed analytical method 

simulates and compares well with the FEA result. The proposed method also provided a 

good technique for predicting the Mixed-Mode Buckling failure Mode-Shape of the overlay. 
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1.0 Introduction 
1.1 Background 

The structural failure and repair of pavement structures have continued to gain worthwhile 

attentions among researchers and engineers, considering today’s limited available funding 

for highway maintenance, the ageing highway pavement structures, and the increased 

heavy traffic loading. Clearly, as sustainability and environmental goals sharpen, it is 

expedient to redirect global efforts in order to ensure that the collapse of existing damaged 

pavement is prevented, thereby ensuring better returns on investment.     

In this regard, the use of “green” structural solution in form of bonded overlay material is 

becoming more emphasized than ever. Laudable stride in this line of thought is the use of 

High Performance Fibre-Reinforced Cementitious Composites (HPFRCC) in the overlays 

construction. Some common nomenclatures within this class of HPFRCC include ECC 

(Engineered Cementitious Composites), PMM (Polymer Modified Mortar), and PMC 

(Polymer Modified Concrete).   

Research wise, successful attempts have been made on high quality Polymer Modified 

Mortar (PMM), using inexpensive laboratory mixing and rolling techniques (Hughes and 

Lubis, 1996). Similarly, the use of ECC as a ductile material has been advanced as a better 

way of effectively eliminating reflective cracking in bonded overlay systems compared to 

ordinary Portland cement concrete (OPCC) material (Lepech et al, 2008). However, while 

these materials are believed to enhance both sustainability and structural properties, their 

long-term performance investigations are still underway in different quarters, including here 

at Coventry University, of which this research stems from.  

Common argument to these innovations is that with new overlay materials, practitioners are 

unavoidably faced with a lot of technical parameters and concerns (Jepsen, 1999) such as 

strength, thermal properties, permeability, versatility, flexure, shear, durability properties, 

their availability and the market to serve, and possible failure modes, which perhaps are still 

undefined yet. Intuitively, a superior material that is too expensive or one that requires high 

technology to apply may never be used by the people. This then brings to mind typical 

questions one might ask: How are new bonded overlay materials designed and evaluated 

for optimum performance? Are there reliable means of establishing the performance level of 

these novel materials? And above all, what constitutes failure in overlay or pavement 

structures?  
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In view of the above, would this research by any means provide satisfactory answers to 

these age-long yearnings? These and perhaps many more are predominant questions that 

are still open to discussion, and possibly at this moment, can only be answered with big 

uncertainties. Undoubtedly, research opportunities in this line will not only advance previous 

knowledge in the field of pavement engineering, but will also help reduce appreciably capital 

expenditure incurred on road maintenance and rehabilitation annually by various highway 

agencies.     

It is worth noting that highways constitute the largest component of the global transport 

sector, and are considered fundamentally vital for both economic and social development 

(Kerali, 2000). In generic terms, the cost of keeping highways fit for purpose has also 

remained enormous globally. In the UK where there are about 285,000km of roads of which 

1,500 lane-km are of concrete pavements (Hall et al, 2007), the annual survey carried out 

recently by ALARM (Annual Local Authority Road Maintenance) put the total allocated 

budget to road maintenance in England and Wales alone in the region of £2.7 billion for 

2008/2009 financial year, of which 41% accounts for structural maintenance and about 

£35.2 million paid as compensation claims to road users.  

Indisputably, the trend is the same around the world in the past decades. In the OECD 

(Organization for Economic Co-operation and Development) report (1987), pavement 

maintenance expenditure compared with other road maintenance expenditure accounts for 

the largest single item ranging from approximately 33% in France to 73% in the United 

States. Table 1.1 depicts expenditures per member country. 

Table 1.1: Comparison of Pavement Expenditure with Total Road Expenditure (OECD, 
1987). 

This item has been removed due to third party copyright. The unabridged version of the thesis can be viewed at 
the Lanchester Library, Coventry University.
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Technically, pavement structures - rigid, semi-rigid, or flexible - are designed in principle to 

correspond to a projected service life during which they may not suffer substantial functional 

or structural failure. However, fractures do occur due mainly to the cyclic effects of traffic 

loading and the environment. Under fatigue, all pavements, no matter how well-designed or 

constructed will fracture and deteriorate in serviceability at some point 

(pavementinteractive.org). Common fractures include fatigue, shrinkage, flexural, shear, 

and interfacial delamination. 

Unfortunately, there is yet no known design method that has completely debugged 

pavement of all associated inherent problems. For instance, in concrete pavements and 

overlays, early-age cracks are somewhat inevitable. The microstructure studies of concrete 

have shown concrete to be porous and inherently containing a number of micro-cracks even 

before load is applied. Besides, the dynamic and pragmatic nature of the causes of distress 

in pavement structures which perhaps are difficult to capture adequately during the design 

stage further complicates the issue. Therefore, to prevent any functional or structural 

breakdown in pavement structures, sustainable maintenance strategies (SMS) that 

incorporate improvement, preventive and curative actions must be planned and 

implemented by the highway authorities.   

Rehabilitating structural pavements with overlay systems – “Black Topping” where asphaltic 

or bituminous mixes are used, and “White Topping” (Mowris, 1996; BCA, 1993) where 

concrete is used as an un-bonded overlay - is common in modern civil engineering practice, 

particularly in the UK. Both techniques make partial use of the original pavement when 

compared with complete removal and replacement of the existing pavement (Karadelis and 

Koutselas, 2003).  
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Figure 1.1: Sustainability aspect of pavement repair systems 

From sustainability point of view, complete removal of a worn pavement structure is 

generally uneconomical and unfriendly to the environment. Optimum sustainable solution as 

illustrated in Figure 1 is expected to promote expedited construction process, less impact on 

the environment, and reduced cost and time of construction. Relatively, using a bonded 

overlay system affords greater savings than un-bonded solutions. In bonded solutions, the 

underlying objective is to ensure both layers act a unit. Performance wise, all bonded 

concrete overlays (BCOs) depend on the flexural stiffness of the underlying substrate, the 

interfacial bond strength, and effective horizontal shear transfer (Harrington et.al, 2007).  

With adequate bonding, the two layers perform as a monolithic composite section;  thus, the 

neutral axis shifts downward from the middle of the concrete overlay while the horizontal 

shear transfers stresses into the underlying layers, thereby reducing the tensile stresses in 

the bonded overlay (Karadelis and Koutselas, 2003; and Harrington et.al, 2007). The 

mechanics and the mathematical determination of the position of the neutral axis in a two-

layered slab with full friction, 50% friction, and full slip is well undertaken elsewhere (Van 

Cauwelaert, 2004).    

Apparently, where adequate bond strength cannot be achieved, the resultant effects are 

shear failure and delamination at the interface between the overlay and the substrate 

pavement, which constitute major causes of premature failure in BCO systems. Until now, 

this has remained a huge set back to the great potential savings afforded by BCOs. But 

these problems can be overcome by ensuring that optimum material mixture selection, 
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interfacial preparation, and good consolidation of the overlay during compaction are 

adequately secured during the design and construction procedures. This research presents 

methods of implementing each of the identified elements necessary for optimum bond 

performance. The research uses statistical optimization techniques within the concept of 

material mixture design, and extensive interfacial bond investigations using experimental 

and numerical / analytical methods.   

1.2 Aim and Objectives 

This research aims to optimize a high performing Bonded Roller Compacted Fibre 

Reinforced Polymer Modified Concrete (BRCFRPMC) for both structural performance and 

bond compatibility with the substrate ordinary Portland cement concrete (OPCC). As such, 

potential mechanisms of interfacial delamination at area of high stress concentration and at 

discontinuities are primary concern of interests.    

This research work together with other two studies, where both reflective and flexural failure 

modes are concurrently undertaken, will make a significant contribution to the economic 

competiveness of the UK by “conserving” existing road infrastructure, use their remaining 

salvage value, and provide sustainable, low life-cycle cost solutions to a vast economic and 

social problem.  

Thus, the following objectives were set: 

I. To design and establish quantitatively and qualitatively the constituents of the Roller 

compacted overlay material for structural and bond performances, using 

experimental and statistical optimization techniques within the concept of material 

mixture experiment.  

II. To study the fracture problems of the interface under tensile, shear, and mixed-mode 

conditions at areas of high stress concentration and at discontinuities, under the 

effects of differential length change between the overlay and the substrate. 

III. To study the effects of substrate surface preparation and the overlay curing age on 

the bond performance of the interface.  

IV. To propose optimum design benchmarks for the overlay material and the interface.   
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1.3 Layout of Thesis 

Hereafter, the layout of this thesis follows: Chapter 2 reviews the existing methods for the 

design of concrete pavement and examines the modes of failure associated with concrete 

pavements and overlays. Chapter 4 highlights the theoretical basis for both optimum 

material mixture design and delamination process described in this work. In chapter 4, 

research methodology is presented. In chapters 5 and 6, experimental methods, 

procedures, and techniques for testing and characterising the overlay material and the 

interface are presented. In chapter 7, numerical interfacial fracture analyses are 

implemented using non-linear fracture mechanics approach. Similarly, the corresponding 

analytical solution to buckling-driven delamination model is also presented using the 

Modified Eigenvalue Buckling Analysis. Chapter 8 draws conclusions and proposes 

recommendations for future works.  

2.0 Literature Review 

2.1 Background 

In practice, the successful implementation of reliability designs for concrete pavements and 

bonded concrete overlays (BCOs) is generically dependent on proven scientific and 

engineering techniques; though sound engineering judgement and experience also play an 

indispensable role. It is incumbent on the design engineer, as a professional, to duly 

acquaint himself with existing rational approaches and at the same time propel innovative 

concepts as a means of ensuring optimum design in terms of cost, sustainability, and novel 

material selection and utilization.  

To a great extent, pavement or overlay structural designer is expected to demonstrate 

reasonable expertise and versatility in the choice of materials, given that material 

technology is central to engineering artefact. Evidently, within the field of structural 

engineering, lack of material ingenuity among designers contributes adversely to the so-

called engineering deficits that are, considering the fact that most designs undertaken by 

engineers who have thorough theoretical and adequate hands-on experience in 

construction materials, coupled with sound structural design skills, tend to turn out better.     

In this context, it behoves designers in the field of BCOs to ensure that they make the most 

of the numerous benefits inherent in the vast novel and superior construction materials 

available in the market and by extension appropriate their fiscal values correctly in the 
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schemes of BCOs design. But the obvious challenge the now BCOs’ designers would have 

to contend with lies in the fact that many of the so-called new materials do not yet have a 

secured place in the codes of practice. Besides, the issue of compatibility row between the 

new materials and the conventional construction concrete is also yet to be redressed, which 

at the present appears to have posed further uncertainty on their broad acceptability.   

But beyond the horizon of today’s knowledge, it is feasible that ambitious expectations in 

the area of optimum design of novel materials can invariably be met or surpassed, via 

concerted cutting-edge research efforts between the material engineers and their structural 

counterparts.   

A quick observation from the advances made so far in the design of conventional concrete 

(i.e. material and structural design), one can only but appreciate that there exists a sure 

groundwork of hope and possibility for the newly developed materials. Moreover, the 

inclusion of optimization techniques in material design and structural sizing (Barthelemy and 

Haftka, 2009) of Portland cement concrete seems to be providing the headway.  

In this thesis, this section sets to pull together state-of-the-art literature pertinent to the 

analysis and design approaches in the field of concrete pavement and bonded concrete 

overlays (BCOs) with special heed on their material constituents and characterization, 

conventional and current design trend, mechanisms of failure, and dominant modes of 

failures. Concisely, failure due to interfacial shear and delamination between existing worn 

pavement and bonded concrete overlays is central to this review.  

2.2 Basics of Concrete Pavement system Analysis and Design  

Hitherto, in the field of structural engineering, there exist three basic approaches to 

structural analysis and design of structures: the mechanics or strength of material approach, 

the elastic theory approach, and the finite element techniques. In addition, the application of 

the principles of fracture mechanics, notably linear elastic fracture mechanics (LEFM) and 

fictitious crack model (FCM), to the field of pavement engineering is fast evolving, since they 

are capable of handling elevated stress profile developing at discontinuities and crack 

regions which perhaps are beyond the scope of the so-called analytical approaches (Dias 

da Silva, 2006).  

The traditional strength of material approach employs phenomenological and praxis 

oriented methods to proffer physical solutions to structural problems which are relatively of 
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simple geometry, but whose material behaviour is relatively complex compared to those that 

may be resolved via the theory of elasticity approach. On the other hand, the theory of 

elasticity approach, affords the opportunities of mathematical derivations and formulations 

that are able to handle problems with complex geometry. Usually, the easy-to-do thing is to 

explore the principle of synergy; under certain circumstance the two methods can be 

integrated to produce a complementary closed-form solution (Dias da Silva, 2006).  

Unlike these two approaches mentioned above, the finite element techniques, in principle, 

discretize the continuum, and work well as a numerical tool for solving difficult-to-solve by 

hand differential equations resulting from the previously identified analytical methods (Liu, 

2003).   

Irrespective of the method chosen, it is apparent that while undertaking structural analysis 

and design for concrete pavement or BCO systems, three sources of input data are 

fundamental: (1) data relating to the supporting subgrade, (2) data about the constructed 

layers, and (3) data describing the geometry of the applied loads. A comprehensive review 

of these input data is found in Ioannides (2006).  

In addition, the unavoidable effects of the ambient environmental conditions under which 

pavement structures are serviceable have also found a profound recognition in the lately 

developed mechanistic-empirical design method (Thompson, 1996). Thus, effectively, four 

input data sources are required for an optimum analytical exercise. These input data 

sources are discussed in brief, and subsequently related to the design approach of concrete 

pavement systems as follows:  

2.3 The Subgrade data  

It is clear that virtually every civil engineering structure has its base on the soil. Engineering 

soil may be described as weak or strong, depending on the subgrade conditions. Advances 

in literature suggest and relate the choice of concrete pavement over flexible type of 

pavement to intrinsic subsoil conditions, such as low subgrade strength, susceptibility to 

frost action, and swelling due to moisture effects; other imperative rationale include the 

anticipated conditions of exceptional heavy point loads, and flow flashpoint petrochemical 

spillage (Griffiths and Thom, 2007).  

Performance wise, concrete pavements and BCOs rely on their rigidity, sustained bending 

action, and their ability to distribute loads over a much large area of the underneath soil 
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structure (Hughes, 2006). In this context, the stresses on underlying soil are widely 

dispersed and relatively low, hence the effects of bearing capacity of the subsoil are less 

critical in the design of concrete pavement (Delatte, 2008) compared to that of flexible 

pavement.  

Nonetheless, as conditions demand onsite, the use of borrowed material as sub-base, or 

preferably subsoil stabilization - either with lime or cement, is incorporated to improve low-

strength soil, and by extension preclude the possibility of subgrade regression during the 

pavement life (Garg, 2005). A pertinent review of subgrade improvement, and subsoil 

stabilization; techniques involved and order of preferences for specific pavement solution 

are undertaken by Yoder (1964) and Delatte (2008). 

For design purposes, it is common to characterize the support quality of subgrade by its 

modulus of reaction k (𝑀𝑃𝑎/𝑚), which represents the spring constant of Winkler (1867) 

medium (dense liquid foundation). In Winkler’s model, the reactive pressure of the subgrade 

is assumed proportional to the deflection of a thin elastic loaded plate as illustrated in Figure 

2.1, from where equation 2.1 is deduced.  

 

 

Figure 2.1: Deflection of beam on elastic foundation 

𝑞 = 𝑘𝑤      (2.1) 

where,  

𝑞 =  𝑟𝑒𝑎𝑐𝑡𝑖𝑣𝑒 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 (𝑁/𝑚𝑚2)   

𝑘 =  𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 (𝑁/𝑚𝑚3) 

𝑤 =  𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑙𝑎𝑏 (𝑚𝑚) 

As seen, the implication of equation 2.1 where k is assumed constant means subgrade is 

expected to behave in a linear elastic manner. In practical terms, most soils neither have a 

definite elastic limit, nor exhibit perfect stress-strain relationship, therefore the validity of the 

applied load, p 

q = k x deflection
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equation is rather subjective, and its application is usually confined to a narrow range 

(Yoder, 1964).  

Besides, the model only assumes vertical reaction without accounting for the possibility of 

the horizontal shear interactions between the subgrade spring elements and the overlaying 

element, which later investigators spotted as a further weak-point of Winkler’s subgrade 

idealization. A comprehensive review of the modified models of Winkler foundation by 

Pasternak (1954) and other investigators is found in Ioannides (2006) and Van Cauwelaert 

(2004).     

Nevertheless, elastic solutions involving slabs on Winkler foundation are fundamental and 

extremely useful in rigid pavement engineering. Some of the pioneering works along this 

line of thought were undertaken by Westergaard (1926, 1939, 1947) who provided rational 

treatment to the problem of rigid pavement design (Ioannides, 2006; Gupta and Gupta, 

2003; Das, 1999).  

In determining the value of k, direct in-situ method by means of a plate bearing test or 

indirect methods by correlation with other tests, including California Bearing Ratio (CBR), 

Resistance value (R - value) or Resilient modulus, may be employed. The direct method as 

noted by practitioners is known to be more accurate, but for reasons of cost, indirect 

methods are commonplace (Houben, 2006). The numerical value of k is known to be 

influenced greatly by factors that affect soil strength, like soil texture, density and moisture 

content; while its typical value ranges in the proximity of 13.5𝑀𝑃𝑎/𝑚 to over 270𝑀𝑃𝑎/𝑚 for 

weak and strong supports respectively (Pavement Interactive, 2010). 

In practice, it is usually conservative to use a low 𝑘 − 𝑣𝑎𝑙𝑢𝑒 for the thickness design since 

concrete pavements are not very sensitive to it; cost-effective joint spacing, however, 

requires higher 𝑘 − 𝑣𝑎𝑙𝑢𝑒 (Delatte, 2008). In that sense, the designer is expected to apply 

engineering ingenuity in his choice of 𝑘 − 𝑣𝑎𝑙𝑢𝑒.   

2.4 The Constructed Concrete Layer  

The constructed layer of a rigid pavement is made up of concrete, either as a jointed plain, 

jointed reinforced or continuously reinforced slab. A comprehensive design of concrete 

pavement therefore comprises both the material mix design and the structural design.  
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2.4.1 Concrete Mix design  

In the mix design, attempts must be made to achieve the optimum mixture of the material 

constituents for a given application. In the conventional concrete, the three basic 

constituents that are involved in the mixture are aggregates (coarse and fine), Portland 

cement, and water. Occasionally, admixtures are added for specific purposes. For instance, 

some chemical admixtures are used to modify the setting and hardening process of the 

hydration of cement paste. Air-entraining admixtures serve the durability performance of 

concrete exposed to cold weather better. Mineral admixtures like pozzolans are useful in 

minimizing thermal cracking in mass concrete (Mehta and Monteiro, 2006), while the 

inclusion of fibres in form of steels or synthetics enhances both flexural toughness and 

fatigue performance of concrete; albeit, their applications are rather more frequent with 

BCOs and UTW (Ultrathin white-topping) compared with pavement structures (Delatte, 

2008).       

In general, conventional concrete mix ratio design is undertaken in a two-step procedure: 

(1) Mix proportioning, and (2) Mix Testing. In the mix proportioning, the desired properties of 

the concrete are used as inputs to determine the required materials and proportions; the 

resulting trial mixes, under mix testing, are then subjected to several laboratory tests for 

evaluation and characterization (Pavement Interactive, 2010).  

With the advent of computer programmes, it is now easy to undertake quick mix 

optimization study and design. Statistical optimization techniques have found successful 

applications in petrochemical, pharmaceutical and food industries, and have also provided 

satisfactory statistical basis in concrete mix technology for optimizing given performance 

criteria like slump, strength, cost, etc (Ruiz et al., 2005). Commendably, the concerted 

efforts by the Federal Highway Administration (FHWA) and the National Institute of 

Standard and Technology (NIST) have yielded positive results in this area of research by 

providing concrete mix designers with a ready-to-use web-based application known as 

COST - Concrete Optimization Software Tool - (Simon, 2003).  

Simulating field performance of concrete material with mix design is welcome to a great 

extent, but not without drawbacks, considering the size and the laboratory conditions under 

which mix samples are treated. However, the far-reaching results of such simulations are 

reliable in promoting in-situ concrete quality control, and by extension securing reliable 
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evaluation of concrete properties. A comprehensive review of selection of concrete 

materials for pavement construction is undertaken in Delatte (2008).  

2.4.2 Material Properties and Characterization 

In practice, it is common to base the selection of an engineering material for a particular 

application on its ability to resist the applied load. The same principle applies to material 

selection and design for concrete pavement and bonded concrete overlays. The material 

characterizations of such structures are usually guided by the properties, behaviour and 

responses they exhibit under loading conditions. For instance, all known engineering 

materials exhibit linear elasticity within a tolerable range during which they are able to dispel 

any imposed deformation on removal of load. Hence, strain is said to be proportional to the 

forces producing it. In engineering terms, the measure of the intensity of these forces at any 

cross section of a given member is referred to as stress. Effectively, strain is a linear 

function of engineering or nominal stress in a structural member and the two variables are 

related in a constitutive equation called Hooke’s law, i.e.  

𝜎 = 𝐸𝜀     (2.2) 

where, 

𝜎 =  𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 (𝑀𝑃𝑎) 

𝜀 =  𝑠𝑡𝑟𝑎𝑖𝑛 (𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠) 

𝐸 =  𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦 (𝑀𝑃𝑎) 

 Mathematically, the stress given in equation 2.2 is expressed as force per unit sectional 

area of a structural member, while its maximum value prior to material fracture is defined as 

strength.  

In the design of concrete structures, this strength is fundamental as many other properties 

are known to be dependent on it. In order to achieve maximum strength therefore in 

heterogeneous material like concrete where voids are intrinsic, efforts must be made to 

keep porosity to minimum via specified water-cement ratio, optimum compaction during 

placing, and curing during hydration process; considering the fact that inverse relationship 

exists between voids and strength in solid (Mehta and Monteiro, 2006).   
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Similarly, the modulus of elasticity (𝐸) in equation 2.2 corresponds to the stiffness or rigidity 

of a material, and it is the ratio of applied stress to reversible strain. For many 

homogeneous engineering materials, the value of 𝐸 tends to be the same in tension and 

compression (Megson, 1996), since it measures the interatomic bonding forces and is 

usually unaffected by micro-structural changes (Mehta and Monteiro, 2006). But in 

heterogeneous materials like concrete where micro-cracks are intrinsic, the value of 𝐸 

differs in tension and compression. Consequently, the fracture effects of concrete micro-

cracks are known to be more dominant in tension than in compression (Ouyang et al., 

1995), and that possibly explains the wide margin between the compressive strength of 

concrete and its tensile or flexural strength (modulus of rupture – MOR).  

Typical tensile and flexural strengths of concrete are of the order of 10 and 15 per cent 

respectively, of the compressive strength (Mehta and Monteiro, 2006). Different 

mathematical relationships presented in numerous technical reports and codes of practice 

linking flexural and tensile strengths to compressive strength of concrete are examined in 

Griffiths and Thom (2007).     

Apparently, considering the wide difference between the compressive strength, and the 

tensile or flexural strength of concrete, the latter is considered most critical characteristic 

strength in concrete pavement or bonded concrete overlay system design and therefore 

governs the fatigue life of the structure. Typically, for durable construction of concrete 

pavement, moderate compressive strength in the range of 35 – 40MPa is sufficient in most 

cases. It is worth noting that, that with increased compressive strength, modulus of elasticity 

of concrete also increases, which in some respect increases the tendencies for higher 

curling and warping stresses in pavement (Ruiz et al. 2005). In order to prevent such 

tendencies, it is commonplace to match the modulus of elasticity of concrete with any of the 

strengths, i.e., tensile, flexural or compressive.                 

However, due to ease of determination, concretes used for construction purposes are 

usually classified based on compressive cube or cylinder strength, either as low-strength 

(<  20𝑀𝑃𝑎), moderate-strength (20 −  40𝑀𝑃𝑎) or High-strength (>  40 𝑀𝑃𝑎) from where 

both tensile and flexural strengths can be estimated accordingly. In the construction of 

concrete pavement or BCOs, material specifications are usually made in favour of moderate 

to high-strength concrete, mainly for purposes of adequate strength, and durability under 

stringent environmental factors. 
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2.5     Structural analysis of Concrete Pavement  

Unlike in reinforced concrete (RC) structural design where standardized methods of 

analysis and design are available and well coded, there seems to be no unified design 

methods for concrete pavement or BCOs yet. The complexity of the system, ranging from 

material selection and design, unpredictable environmental factors, to varying advances in 

automobile and aircraft technologies, renders some of the conventional design methods 

inadequate.   

Traditionally, full scale field observations over a considerable period are employed to 

develop models for predicting long-term behaviour and performance of pavement 

structures. The TRL (Transport Research Laboratory, UK) and AASHO Road Test are a 

major source of information for this type of design method. They formed the basis for the 

design methods and specifications recommended by Highway Agency in the DMRB (Design 

Manual for Roads and Bridges) and AASHTO (American Association of State Highway and 

Transportation Officials) respectively. While these empirical models have served 

considerably well over the years, it has now become evident that their applications are only 

considered valid within the boundaries of the collected data (Ruiz et al., 2005). Hence, the 

resulting regression models cannot be applied to all situations. For instance, the inability of 

the model to take reconnaissance of the consequences of new loading conditions (e.g. 

higher tyre pressure, increased loading and different axle configuration), new materials, and 

different environmental conditions, places a major limitation on the design model. Graphical 

illustration depicting such drawbacks and reasonable modification that could be applied is 

presented in Figure 2.2.  

 

Figure 2.2:  Drawback in the use of empirical (regression) model for prediction (Adapted 

from Ruiz et al., 2005) 
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From Figure 2.2, it makes common sense, rather than altering or discarding the long 

subsisting empirical data, it suffices to employ structural calculations to provide supplement 

and extension for the applications of the regression model. With analytical methods (e.g. 

linear elastic analysis) it is possible to tinker with the mechanics of the materials and the 

physics of the entire pavement system. Analytical methods allow stress, strain or resulting 

deflection to be computed in order to relate the effects of internal or external forces on the 

pavement system (Ruiz et al., 2005).  

In practice, the mechanistic procedure involved in these methods is undertaken in a four-

key-step to translate the analytical calculations of pavement response (stresses in slab) into 

field performance (distress history) as shown in Figure 2.3. A comprehensive review of the 

procedure is found in Ruiz et al. (2005).  

 

Figure 2.3: Schematic of empirical and mechanistic solutions for prediction of pavement 

distress (Adapted from Ruiz et al., 2005). 

Typically, the traditional approach involved in these analytical methods is weakened by the 

fact that elevated stress level at discontinuities or due to the existence of micro - or macro-

cracks in concrete pavement system are not commonly captured. Thus, incorporating the 

principles of fracture mechanics, as earlier noted, in concrete pavement and BCOs may 

provide potential solution to the current limitations. Fracture-mechanics-based design 

concepts are widely used today in engineering, but have received little applications in 

pavement engineering. Few but commendable attempts in this direction are currently 

confronted with the challenge of specimen-size effect, which is prevalent during laboratory 

and in-situ testings.  

As it stands today, theoretically, there are no established mechanisms of relating stresses to 

definite performance such as cracking in concrete pavement; rather output from analytical 
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calculations is currently calibrated by researchers with empirical algorithm which converts it 

into a measurable performance (Ioannides, 2006), hence the term Mechanistic – Empirical 

(M-E) design method. 

2.5.1 Stresses and Deformations in Concrete Pavement systems 

Stresses and deformations in concrete pavement systems are induced from a variety of 

sources earlier identified, and they can be broadly grouped as due to: 

I. traffic loadings; 

II. cyclic temperature variations in concrete; 

III. moisture variation in concrete; 

IV. shrinkage during the hardening process of concrete;  

V. volumetric changes in the subgrade; 

VI. discontinuity of subgrade support from beneath the concrete pavement. 

In general, stresses in concrete pavements are induced as a result of accompanying 

construction restraints while the structure undergoes deformations under the applied or 

environmental loading. These restraints may be due to the slab self-weight, interfacial 

friction between the slab and the subgrade, and restraints at the joints. In principle, 

restraints along the transverse and longitudinal joints are usually kept to the allowable value 

in order to accommodate stress redistribution and at the same time prevent excessive 

differential displacement of adjacent slabs. Local deformation in pavement structures may 

be either elastic or inelastic depending on the strain threshold of the material. Where local 

inelastic deformations exist, they are usually accompanied by residual stresses during 

elastic recovery of the surrounding regions (Houben, 2006).  

Normally, many of the stresses highlighted above are reduced to the bearable minimum in 

field by constructional methodology. For instance, the effects of stresses due to concrete 

pavement shrinkage and regular temperature change are practically contained by dividing 

the pavement layer into panel of slabs or by introducing longitudinal reinforcement. On the 

other hand, stresses due to moisture variation in concrete are only considered critical in 

extreme climate conditions where drying out phenomenon is dominant (Houben, 2006). 

Moreover, where continuity of the subgrade under the pavement is ensured during the 

pavement life, stresses and the resulting deformations in concrete pavements are basically 

resisted by the combined stiffness effect of the concrete slab and the underlying medium. 
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But in cases of subgrade discontinuities, differential settlements become prevalent, thus, 

inducing additional flexural stresses in the slab under applied loads. It is well established 

that the magnitude of such stresses are dependent on the geometric pattern and the rate of 

settlements. In practice therefore, the use of sand subsoil is common to abate the likelihood 

of differential settlements (Houben, 2006).  

In any case, more stresses are usually borne by the concrete slab, considering its higher 

modulus of elasticity over that of the supporting subgrade. Hence, the effects of the 

subgrade bearing capacity remain nominal in terms of stresses within the system once 

settlements are kept to minimum or uniform, but are considered enormous in respect of 

vertical deflection of the concrete layer.  

2.5.2 Stresses and deformations under structural loads 

In order to be able to estimate the stresses and deformations in concrete pavement system 

under wheel loads, Westergaard’s (1926) characteristic equation which defines the relative 

stiffness of the subgrade and the slab for an infinite or semi-finite slab, modelled as resting 

on a dense liquid foundation provides necessary insight.  

The equation is given by:       

𝑙 = � 𝐸.ℎ3

12(1−𝜇2)𝑘
�
1/4

   (2.3) 

Based on the derivation of the relative stiffness (l) in equation 2.3, Westergaard (1926) 

advanced his thoughts to analyse three typical loading conditions: (1) interior, (2) edge, and 

(3) corner for the design of concrete pavement. The graphical position for each case is 

illustrated in Figure 2.4. 

 

Figure 2.4 Positions of load in Westergaard’s theory 

corner
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The final modified versions of Westergaard’s (1926) original equations for calculating the 

maximum tensile stresses at the bottom of a slab due to internal and edge loading 

conditions, and at the top due to corner loading condition had been undertaken by 

Westergaard (1939, 1947) and later investigators like Loseberg (1960), Kelly (1939), Pickett 

(1951) and Ioannides et al. (1985), just to mention a few. Some of these equations are 

found in Griffiths and Thom (2007), and are presented below.  

• The stress and deflection equations together with the deflected shape for internally 

loaded slab by Westergaard (1926; 1939) are given by:  

𝜎𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 =  �3𝑃 (1 + 𝜇) 1
2𝜋ℎ2

�  𝑋 �𝑙𝑜𝑔 �2𝑙
𝑎
� + 0.25 − 0.577215� + 𝐵𝑆𝐼2𝑂𝑇      (2.4a) 

Where BSI20T is supplementary stress given by: �3𝑃(1 + 𝜇) 1
64ℎ2

� �𝑎
𝑙
�
2
       (2.4b) 

𝛿𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 =  � 𝑃
8𝑘𝑙2

�1 + 1
2𝜋
��  𝑋 �𝑙𝑜𝑔 �𝑎

2𝑙
� + 0.577215 − 1.25� �𝑎

𝑙
�
2
        (2.4c) 

 

 

Figure 2.5 The deflected shape of an internally loaded slab (Adapted from Griffiths and 

Thom, 2007) 

• The simplified edge stress and deflection equations undertaken by Loseberg (1960) 

based on Westergaard’s original equation are recommended in Ioannides et al. 

(1985), based on their ILLI-SLAB finite element analysis. These equations are given 

by:  
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𝜎𝑒𝑑𝑔𝑒 = �−6𝑃
ℎ2
�  (1 + 0.5𝜇) 𝑋 �0.489 𝑙𝑜𝑔10 �

𝑎
𝑙
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𝑙
��        (2.5a)   

𝛿𝑒𝑑𝑔𝑒 =  � 1
60.5� (1 + 0.4𝜇) � 𝑃

𝑘𝑙2
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𝑙
��         (2.5b) 

• The relevant stress and deflection equations by Westergaard for corner loading 

condition are expressed as: 

𝜎𝑐𝑜𝑟𝑛𝑒𝑟 = 3𝑃
ℎ2

 �1 −  �𝑎1
𝑙
�
0.6
�           (2.6a) 

𝛿𝑐𝑜𝑟𝑛𝑒𝑟 =  𝑃
𝑘𝑙2

�1.1 − 0.88 �𝑎1
𝑙
��            (2.6b) 

Where, 

𝑙 =  𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 (𝑚) 

𝐸 =  𝑠𝑙𝑎𝑏 𝑌𝑜𝑢𝑛𝑔’𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 (𝑃𝑎) 

ℎ =  𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑎𝑏 (𝑚) 

µ =  𝑝𝑜𝑖𝑠𝑠𝑜𝑛’𝑠 𝑟𝑎𝑡𝑖𝑜 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑠𝑙𝑎𝑏  

𝑘 =  𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 (𝑃𝑎/𝑚)  

𝜎 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑏𝑜𝑡𝑡𝑜𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑣𝑒𝑚𝑒𝑛𝑡 𝑑𝑢𝑒 𝑡𝑜 
𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 (𝑃𝑎). 

𝜎 𝑒𝑑𝑔𝑒 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑏𝑜𝑡𝑡𝑜𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑣𝑒𝑚𝑒𝑛𝑡 𝑑𝑢𝑒 𝑡𝑜  

𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑎𝑡 𝑡ℎ𝑒 𝑒𝑑𝑔𝑒 (𝑃𝑎). 

𝜎 𝑐𝑜𝑟𝑛𝑒𝑟=𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑡𝑜𝑝 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑣𝑒𝑚𝑒𝑛𝑡 𝑑𝑢𝑒 𝑡𝑜 𝑙𝑜𝑎𝑑𝑖𝑛𝑔  

𝑎𝑡 𝑡ℎ𝑒 𝑐𝑜𝑟𝑛𝑒𝑟 (𝑃𝑎). 

𝑃 =  𝑊ℎ𝑒𝑒𝑙 𝑙𝑜𝑎𝑑 (𝑁) 

𝑎 =  𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑎𝑟𝑒𝑎 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑙𝑜𝑎𝑑 (𝑚) 

𝛿𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 =  𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 (𝑚) 

𝛿𝑒𝑑𝑔𝑒 =  𝑒𝑑𝑔𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 (𝑚) 

𝛿𝑐𝑜𝑟𝑛𝑒𝑟 =  𝑐𝑜𝑟𝑛𝑒𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 (𝑚) 

It is however worth noting that the application of equations 2.4 to 2.6 should be undertaken 

bearing in mind certain restrictive assumptions on which the equations are based, which 
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also necessitates the need for field calibration adjustments as no theory on its own may be 

sufficient. Westergaard’s models, for instance, assumes the following: 

• A single-wheel load, which precludes the possibility of multiple loading system as 

occurring in real field conditions; 

• Infinite or semi-finite slab such that load transfer effects are neglected for all loading 

conditions considered. 

• Slab resting on dense liquid foundation characterized with k (modulus of subgrade 

reaction), the possible effects of modelling subgrade as elastic solid foundation were 

therefore not considered.      

In reality, the new pavements do not fulfil many of the restrictions assumed; Pickett and Ray 

(1951) however succeeded in removing the bound of single-wheel condition through their 

bending stress distribution chart. Hogg (1938) and Holl (1938) provided alternative means of 

subgrade characterization, using Young’s modulus of subgrade (𝐸𝑠) having replaced 

Westergaard’s model with plate on elastic foundation. Consequently, the corresponding 

radius of relative stiffness of the slab-subgrade system advanced independently by Hogg 

(1938) and Holl (1938) is presented by Losberg (1960), and is given by: 

𝑙 = �𝐸ℎ
3(1−𝜇𝑠2)

6(1−𝜇2)𝐸𝑠
�
1/3

   (2.7) 

 Where, 

𝐸𝑠 =  𝑌𝑜𝑢𝑛𝑔’𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒𝑑 𝑎𝑠 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑡ℎ𝑖𝑐𝑘 (𝑀𝑃𝑎) 

𝜇𝑠 =  𝑃𝑜𝑖𝑠𝑠𝑜𝑛’𝑠 𝑟𝑎𝑡𝑖𝑜 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 

Further, it is observed that Westergaard’s solutions are also restricted to plain concrete 

pavement; alternative equations based on rational limit state bearing capacity approach for 

determining stresses and deflections in reinforced concrete pavement was introduced by 

Meyerhof (1962), but the techniques involved are generally treated as unnecessarily 

complex for a practical design method (Griffiths and Thom, 2007). 
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2.5.3 Stresses due to temperature variations 

In dealing with the stresses associated with temperature variations in concrete pavement, 

three kinds of stresses are identified, and are illustrated in Figure 2.6. The stresses are as 

follows: 

• Those due to uniform temperature change (∆𝑇) through the thickness of the 

concrete slab (see Figure 2.6 (1)); 

• Those due to linear temperature gradient (∆𝑡) through the thickness of the concrete 

slab (see Figure 2.6 (2)); and 

• Those due to irregular or non-linear temperature changes through the thickness of 

the concrete slab (see Figure 2.6 (3)). 

 

Figure 2.6: Temperature variations in Concrete pavement (Adapted from Houben, L.J.M., 

2006) 

As shown in Figure 2.6 (1), a uniform increase or decrease in temperature (∆𝑇) will result in 

compressive stress (contraction) and tensile stress (expansion) respectively at the top layer 

of the concrete due to the frictional restriction of the subgrade. The resulting effects may 

however be neglected in design for small concrete slab width under 5 meters; on the 

contrary, the effects of temperature gradient illustrated in Figure 2.6 (2) are usually 

considered substantial, and their magnitude may be of the same order as those caused by 

traffic loading; hence they form the critical stresses in the design of concrete pavement, 

especially those tending toward the edges (Houben, 2006).  

Mathematically, temperature gradient (∆𝑡) is given by:  

∆𝑡 =  𝑇𝑡−𝑇𝑏
ℎ

    (2.8) 

Where, 

𝑇𝑡= temperature at the top surface of concrete slab (0C) 

+
+ +

+

= + + -
-

+h

T Th.

1 2 3
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𝑇𝑏= temperature at the bottom of concrete slab (0C) 

h= thickness of the concrete slab (mm)  

Considering equation 2.8, temperature distribution assumes a linear relationship, which 

several field studies suggest as too simplistic. Primarily, temperature distribution through the 

depth of concrete pavement is a nonlinear function (Armaghani et al., 1987). Hence in the 

literature, different mathematical functions are proposed, including quadratic and third 

degree polynomial, for simulating nonlinearity of temperature distribution through the depth 

of concrete pavement. In Houben (2006), however, nonlinear or irregular temperature 

distribution is thought to be more prevalent with very thick concrete slabs, therefore, its 

effects on normal concrete pavement thickness is minimal, and may not contribute 

immensely in the design.  

In effect, the whole concept of linear gradient may be taken therefore as fundamental, and 

generally required for simplicity functions in solving temperature related stresses and 

deformations problems in design. In practice, due to the complexity of nonlinear 

temperature analysis, it is common to find practitioners convert regression data from 

nonlinear temperature distribution measurements into a linear regression coefficient. Such 

regression coefficient is usually required to generate an equivalent linear gradient with 

similar curling or warping effects as that caused by linear temperature solutions derived by 

Westergaard, (1927) and Bradbury, (1938) (Mohamed and Hansen, 1997; Jeong and 

Zollinger, 2005). Subsequently, the equivalent linear temperature can be used to calculate 

stresses in the concrete pavement due to the nonlinear temperature profiles (Asbahan, 

2009).  

In Jansen and Snyder (2000), for instance, the equivalent linear gradient corresponding to 

temperature moment in their non-linear temperature distribution analysis is given by:  

𝐸𝐿𝐺 = −  12(𝑇𝑀)
ℎ3

                                   (2.9) 

where,  

𝐸𝐿𝐺 =  𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝐿𝑖𝑛𝑒𝑎𝑟 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 

ℎ =  𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 

𝑇𝑀 =  𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑚𝑜𝑚𝑒𝑛𝑡,𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 2.10. 

𝑇𝑀 − 0.25∑ [𝑛
𝑖=1 (𝑡𝑖 + 𝑡𝑖+1)(𝑑𝑖2 + 𝑑𝑖+12 ) − 2(𝑑12 − 𝑑𝑛2)𝑇𝑤𝑎𝑣𝑒]              (2.10) 
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where, 

ti = 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑖 

di = 𝑑𝑒𝑝𝑡ℎ 𝑎𝑡 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑖 

Twave = 𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑒𝑞. 2.11 

𝑇𝑤𝑎𝑣𝑒 = ∑ �(0.5)(𝑡1− 𝑡𝑖+1)(𝑑𝑖+𝑑𝑖+1)
𝑑1−𝑑𝑛

�𝑛
𝑖=1                                   (2.11) 

Linear temperature gradient may be taken as positive or negative, depending on the time of 

the day. Generally, the resulting deformations under the effects of temperature assume the 

classic theory of plate where the cross section of the plate is taken as remaining plane after 

bending. The corresponding deformation shapes due to positive and negative temperature 

gradients are shown in Figure 2.7. 

 

Figure 2.7: Deformation shapes due to (a) positive and (b) negative temperature gradients 

(www.pavement interactive, 2009). 

In principle, especially in unreinforced concrete pavement, the effects of warping due to 

positive temperature gradient during the day give rise to uni-axial stress condition near and 

parallel to the edges, such that stresses may be assumed as acting on a beam at the edges 

rather than on the entire slab surface (Houben, 2006). Moreover, the effects of positive 

temperature gradient are more critical in the day time when they occur in combination with 

stresses due to traffic loading in critical position shown in Figure 2.8(a); the resulting flexural 

This item has been removed due to third party copyright. The unabridged 
version of the thesis can be viewed at the Lanchester Library, Coventry 

University.
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tensile stresses therefore occur at the bottom of the concrete pavement where cracks may 

initiate.  

 

(a) Positive gradient 

 

(b) Negative gradient 

Figure 2.8: Critical loading conditions due to combined effects of environmental and 

vehicular loads 

Conversely, as shown in Figure 2.8(b), in the cooler night, when the temperature at the slab 

top is minimum, the top part of the pavement contracts more than the bottom, causing the 

slab to warp upward at the corners and edges, which sometimes might separate partially or 

completely from the subgrade. Stresses are induced at the top surface subsequently due to 

the pullback weight from the pavement slab as it tends to restrict the warping. In addition, 

Figure 2.8(b) illustrates the positions of critical loading condition under this negative 

temperature gradient, but in effect, critical crack initiates from the top part of the midspan, 

unlike in the case of positive gradient loading condition (Asbahan, 2009).    

Ideally in design (Houben, 2006), the effects of negative temperature gradient are treated as 

trivial and may not form part of the design considerations for the following reasons: 

• The magnitude of negative temperature gradient is small and negligible compared 

with that of positive temperature gradient; 

• Minimal combined stress effects are generated under limited or reduced amount of 

heavy traffic during the night.  

• The resulting combined stress effects are also considered not critical since they 

result in flexural compressive stresses compared with flexural tensile stresses 

produced by the positive temperature gradient.                   

  

critical crack position

critical crack position
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In general, rational approaches to solving curling problem in concrete pavement were first 

advanced by Westergaard (1927) and later simplified and extended by Bradbury (1938). In 

solving for warping stresses (Yoder, 1964), Westergaard assumed three cases conditioned 

on the longitudinal and transverse dimensions of the plate. The cases being: 

I. The slab is infinite in both directions (say, x and y); 

II. The slab is infinite in the plus y and plus or minus x direction; 

III. The slab is infinite in both plus or minus x direction but with a finite width, say ‘b’. 

 In case (i), z becomes zero, so Mz = 0; while moments in the x and y directions are given 

by: 

𝑀𝑥  = 𝑀𝑦 = −  𝐸ℎ
2𝛼∆𝑡

12(1−𝜇)          (2.12) 

Dividing both sides by section modulus, stress is determined as given in equation 2.13. 

𝜎0  = −  𝐸𝛼∆𝑡
2(1−𝜇)    (2.13) 

Stresses for cases (ii) and (iii) are however expressed in terms of equation 2.13 

  In case (ii), the corresponding stress in the y-direction is given by: 

𝜎𝑦 =  𝜎0 �1 − √2 𝑠𝑖𝑛 � 𝑦
𝑙√2

+ 𝜋
4
� 𝑒

−𝑦
𝑙√2�   (2.14) 

While the stress in x-direction results in equation 2.15 due to poisson’s effect. 

𝜎𝑥 =  𝜎0 �1 − 𝜇√2 𝑠𝑖𝑛 � 𝑦
𝑙√2

+ 𝜋
4
� 𝑒

−𝑦
𝑙√2�   (2.15) 

For case (iii), stresses in y and x directions are given by: 

𝜎𝑦 =  𝜎0 �1 −
2 𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠ℎ 𝜆
𝑠𝑖𝑛 2𝜆 𝑠𝑖𝑛ℎ 2𝜆

((𝑡𝑎𝑛 𝜆 + 𝑡𝑎𝑛ℎ 𝜆)𝑐𝑜𝑠 𝑦
𝑙√2

𝑐𝑜𝑠ℎ 𝑦
𝑙√2

+ (𝑡𝑎𝑛𝜆 −

𝑡𝑎𝑛ℎ𝜆) 𝑠𝑖𝑛 𝑦
𝑙√2

𝑠𝑖𝑛ℎ 𝑦
𝑙√2

)�                                      (2.16)                                            

Where λ = 
𝑏
𝑙 √8 

𝜎𝑥 =  𝜎0 +  𝜇�𝜎𝑦 − 𝜎0�                         (2.17) 
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Following Westergaard’s (1927) initial publication, Bradbury (1938) developed his chart with 

coefficients for solving problems due to concrete warping through his empirical equations 

which are given by:   

 𝜎𝑒𝑑𝑔𝑒 𝑤𝑎𝑟𝑝𝑖𝑛𝑔 = 0.5 𝐸𝛼∆𝑇𝐶         (2.18) 

where, 

𝐸 =  𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑃𝐶𝐶 

𝛼 =  𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑃𝐶𝐶 

∆𝑇 =  𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑜𝑝 𝑎𝑛𝑑 𝑏𝑜𝑡𝑡𝑜𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑎𝑏 

𝐶 = coefficient which is a function of slab length and the radius of relative stiffness (see 
figure 2.9). 

 

 

Figure 2.9: Curve showing variation in the differential temperature stress coefficient C for 

different values of the ratio B/l (redrawn from Bradbury, 1938). 

The corresponding interior warping stress is given in equation 2.19. 

𝜎𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑤𝑎𝑟𝑝𝑖𝑛𝑔 = 0.5 𝐸𝛼∆𝑇 �𝐶1+𝜇𝐶2
1− 𝜇2

�  2.19 

Where, 

𝐶1= 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑠𝑡𝑟𝑒𝑠𝑠  

𝐶2= 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝐶1   

𝜇 = 𝑃𝑜𝑖𝑠𝑠𝑜𝑛’𝑠 𝑟𝑎𝑡𝑖𝑜 𝑓𝑜𝑟 𝑃𝐶𝐶  

𝐸,𝛼, 𝑎𝑛𝑑 ∆𝑇 are as defined in equation 2.18 

http://pavementinteractive.org/index.php?title=Image:Curling_graph.jpg
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The corner warping stress is expressed by equation 2.20 

𝜎𝑐𝑜𝑟𝑛𝑒𝑟 𝑤𝑎𝑟𝑝𝑖𝑛𝑔 = 𝐸𝛼∆𝑇
3(1− 𝜇)

 ��𝑎
𝑙
�  2.20 

Where, 

𝑎 =  𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑤ℎ𝑒𝑒𝑙 𝑙𝑜𝑎𝑑 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑐𝑜𝑟𝑛𝑒𝑟 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 

𝑙 =  𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 

𝐸,𝛼, 𝜇 𝑎𝑛𝑑 ∆𝑇 are as defined previously 

While the preceding equations are those common among practitioners, the application of 

Eisenmann’s (1979) theory has also proven to be a meaningful and useful design tool in 

practice. The possibility of achieving a reduced warping stress is undertaken by keeping the 

slab dimensions in both longitudinal and transverse directions smaller than the critical slab 

length (Icrit) criterion proposed in Eisenmann’s concept (Houben, 2006). Such critical slab 

length is defined as the length where a concrete slab heated equally over its entire top 

surface, only touches the substructure at the four corners and in the centre of the slab. So, 

the equations governing different slab dimension are represented by: 

Long slab: (L/W > 1.2): 𝐼𝑐𝑟𝑖𝑡 = 200ℎ √𝐸𝛼∆𝑡  2.21(a) 

Square slab: (0.8≤ 𝐿
𝑊� ≤ 1.2): 𝐼𝑐𝑟𝑖𝑡 = 228ℎ √𝐸𝛼∆𝑡 2.21(b) 

Where, 

𝐼𝑐𝑟𝑖𝑡= 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑠𝑙𝑎𝑏 𝑙𝑒𝑛𝑔𝑡ℎ (𝑚𝑚) 

ℎ =  𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚) 

𝐸 =  𝑌𝑜𝑢𝑛𝑔’𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦 (𝑀𝑃𝑎) 

𝛼 =  𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑙𝑖𝑛𝑒𝑎𝑟 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 (0C-1) 

∆𝑡 =  𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 (0C/mm) 

𝐿 =  𝑠𝑙𝑎𝑏 𝑙𝑒𝑛𝑔𝑡ℎ (𝑚𝑚)  

𝑊 =  𝑠𝑙𝑎𝑏 𝑤𝑖𝑑𝑡ℎ (𝑚𝑚) 
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Based on the critical length definition, the effective slab length (L’) of the concrete slab is 

therefore taken as being less than the actual slab length (L) on the assumption that the 

edges of the concrete  slab is only supported over a certain distance (C) (Houben, 2006) as 

illustrated in Figure 2.10.   

   

 

Figure 2.10:  Slab supported at distance C from the edges (Adapted from Houben, L.J.M., 

2006) 

Furthermore from Figure 2.10, Eisenmann (1979) defines a mathematical relationship 

between L, L’ and C as: 

𝐿′ = 𝐿 − 2
3
𝐶     (2.22a) 

Where support length C is approximated to be:  

𝐶 = 4.5� ℎ
𝑘∆𝑡

           𝑖𝑓 𝐶 ≪ 𝐿  (2.22b) 

Where,  

ℎ =  𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚) 

𝑘 =  𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑠𝑢𝑏𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 (𝑀𝑃𝑎/𝑚) 

∆𝑡 =  𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 (0C/mm) 

In a bid to determine stresses due to concrete slab warping, Eisenmann (1979) also 

identified three distinct cases based on the ratio between the effective slab span (L’) and the 

critical slab length Icrit defined previously in equation 2.21. The cases are as follows: 

I. A condition when the effective span (L’) is far greater than the critical length (Icrit), 

hence the midspan of the slab rests on the substructure as shown in figure 2.11(1a 

& 1b). 

c c
L'
L

SLAB
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The longitudinal warping stress at the bottom of the midspan of the slab corresponds 

to that given in equation 2.23.  

𝜎𝑡 =  ℎ𝛼𝐸∆𝑡
2(1−𝜇)

                   (2.23a) 

II. A condition of increased (disturbed) warping stresses just adjacent to the midspan 

position that rests on the substructure as shown in Figure 2.11 (2a & 2b); the 

stresses being about 20% greater than the warping stress defined in equation 

2.23(a), i.e., 

𝜎𝑡′ = 1.2𝜎𝑡                   (2.23b) 

It is also noted that the disturbed warping stress can occur in the centre of the slab when 

𝐿′ =  𝐼𝑐𝑟𝑖𝑡 (Houben, 2006). 

III. A condition when the slab effective span (L’) is far smaller than the critical span 

length (Icrit) as illustrated in figure 2.11(3a & 3b), hence a reduced warping stress 

(𝜎′′) develops and is given by:   

𝜎𝑡′′ = � 𝐿′

0.9𝐼𝑐𝑟𝑖𝑡
�
2

 𝜎𝑡         𝑖𝑓 𝐿′ < 0.9𝐼𝑐𝑟𝑖𝑡   2.23(c) 
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(1a) Vertical deformation; (1b) Flexural tensile stress 

 

(2a) Vertical deformation; (2b) Flexural tensile stress 

 

(3a) Vertical deformation; (3b) Flexural tensile stress 

Figure 2.11: Vertical deformations and warping stresses due to positive temperature 

gradients along longitudinal section of the slab (Adapted from Houben, L.J.M., 2006). 

Similarly, warping stresses in the transverse direction can be calculated by replacing the 

actual span length (L) and the effective length with the overall slab width (W) and effective 

slab width (W’) respectively. However, it is noted vividly in the literature that the validity of 

stress equation calculated by Eisenmann (1979) is for small temperature gradient; obviously 

at positive temperature gradient beyond a certain limit, the concrete slab will only be 

supported at support length (C) along the edges and corners. The resulting curvature may 

be represented by Figure 2.12 representing a simplified beam section under bending at the 

edge. The corresponding flexural stress thus develops at the bottom side of the slab mid-

span due to the resistance from the slab self-weight. 

  

tt'

L' >   1.1 Icrit
L

(1a)

(1b)

(2b)

(2a) =

't

'L
L

Icrit

(3b)

(3a) 0.9I
L

't

L' < crit

'
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Figure 2.12: Curvature at the slab edge 

From figure 2.12, equation 2.24 forms:  

1
𝑅

=  𝜀
1
2� ℎ

=  𝑀
𝐸𝐼

            (2.24) 

Where, 

𝜀 =  𝛼.∆𝑡 1
2� ℎ    (2.25a) 

Or 

𝜀 =  0.5 𝑀ℎ
𝐸𝐼

    (2.25b) 

Or 

𝜀 = 6𝑀
𝐸ℎ2

    (2.25c) 

Where, 

𝑀 =  𝑚𝑜𝑚𝑒𝑛𝑡 (𝑁𝑚𝑚) 

𝐸 =  𝑌𝑜𝑢𝑛𝑔’𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦 (𝑀𝑃𝑎) 

ℎ =  𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚) 

𝜀 =  𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙 𝑠𝑡𝑟𝑎𝑖𝑛 (𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠) 

𝐼 =  𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎 (𝑚𝑚4) 

𝑅 =  𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 

From Figure 2.10, the resulting maximum moment at the midspan when the slab edge loses 

contact with the substructure and is only supported over support length C, is given by:  

𝑀 = 0.125𝐹𝐿′2                   (2.26) 

3

R

h/2
h/2
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Now, substituting for 𝑀 in equation 2.25(c) and put 𝜀 in equation 2.25(c) into equation 2.2, 

the flexural stress at the bottom of the midspan can be calculated as given in equation 2.27. 

𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 𝑒𝑑𝑔𝑒: 𝜎𝑡 =  0.75𝐹𝐿′2

ℎ2
         (2.27a) 

𝑇𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑒𝑑𝑔𝑒: 𝜎𝑡 =  0.75𝐹𝑊′2

ℎ2
         (2.27b) 

Where, 

𝐹 =  𝑠𝑙𝑎𝑏 𝑠𝑒𝑙𝑓 − 𝑤𝑒𝑖𝑔ℎ𝑡 (𝑁/𝑚𝑚) 

𝐿′ =  𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑙𝑎𝑏 𝑙𝑒𝑛𝑔𝑡ℎ (𝑚𝑚) 

𝑊′ =  𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑙𝑎𝑏 𝑤𝑖𝑑𝑡ℎ (𝑚𝑚) 

ℎ =  𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚)  

2.6  Concrete Pavement Design Methods  

As earlier discussed, it is evident that the structural design and approaches to concrete 

pavements have grown beyond a single convention. While some methods utilize regression 

models, others are based on mechanistic procedures. Although numerous research works 

are undertaken on this subject, it is clear crystal that direct mathematical solutions for basic 

design requirement, like thickness, still remains a complex engineering problem (Delatte, 

2008).  

For instance, in the United States, the American Association of State Highway Officials 

(AASHO) fundamental empirical road work (1958 – 1960) remains the pilot guides for 

AASHTO design publications (1972, 1986, 1993 and 1998 supplement), and for many 

states. A few states however use a design catalog, the Portland Cement Association (PCA) 

procedure, or their own empirical or mechanistic-empirical procedure. 

Nonetheless, the AASHTO design guides remain the widely used procedure; its design 

criterion is serviceability. The development of AASHTO design equation is found in Huang 

(2004), while the principal design equation given by equation 2.28 can be reliably applied to 

URC, JRC and CPC (Griffiths and Thom, 2007). 

• The basic AASHTO design equation for rigid pavement in US unit is:  

 𝐿𝑜𝑔10𝑊18 =  𝑍𝑅𝑆𝑂 + 7.35𝑄 − 0.06 + 𝑉 + 𝐻𝑎  �𝐿𝑜𝑔10 �
𝐴

𝐵(𝑁−𝐹
��                        2.28 
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 Where, 

𝑄 =  𝐿𝑜𝑔10 (𝐷 − 1)       2.29(a) 

𝑉 =  𝐿𝑜𝑔10  �� ∆𝑃𝑆𝐼/(4.5−1)
1+(1.624 𝑋 107/(𝐷+1)8.46)

� + 1�    2.29(b) 

𝐻𝑎 = 4.22 − 0.32𝑃𝑡       2.29(c) 

𝑁 =  𝐷0.75        2.29(d) 

𝐴 =  𝑆𝐶′  𝐶𝑑 (𝐷0.75 − 1.132)      2.29(e) 

𝐵 = 215.63𝐽        2.29(f) 

𝐹 = 18.42/((𝐸𝐶/𝑘)0.25)      2.29(g) 

∆𝑃𝑆𝐼 =  𝑃𝑂 − 𝑃𝑡 −  𝑤𝑒𝑎𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟     2.29(h) 

𝑊18= 𝑡𝑟𝑎𝑓𝑓𝑖𝑐 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑖𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 18 𝑘𝑖𝑝 (80𝐾𝑁) 𝑎𝑥𝑙𝑒 

𝐷= 𝑠𝑙𝑎𝑏 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑖𝑛 𝑖𝑛𝑐ℎ𝑒𝑠 

𝐸𝐶= 𝑌𝑜𝑢𝑛𝑔’𝑠 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑖𝑛 𝑝𝑠𝑖 

𝑘= 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑠𝑖/𝑖𝑛 

𝑆𝐶′= 𝑡ℎ𝑒 𝑚𝑒𝑎𝑛 28 –  𝑑𝑎𝑦 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑟𝑢𝑝𝑡𝑢𝑟𝑒 (𝑡𝑎𝑘𝑒𝑛 𝑎𝑠 863 𝑝𝑠𝑖) 

𝑆𝑂= 𝑡ℎ𝑒 𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛  

𝑍𝑅= 𝑡ℎ𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑒𝑣𝑖𝑎𝑡𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑟𝑒𝑙𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑦   

𝐽= 𝑙𝑜𝑎𝑑 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡  

𝐶𝑑= 𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 

∆𝑃𝑆𝐼= 𝑑𝑒𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑑𝑒𝑥 𝑑𝑢𝑟𝑖𝑛𝑔 𝑝𝑎𝑣𝑒𝑚𝑒𝑛𝑡 𝑙𝑖𝑓𝑒 

𝑃𝑂= 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑑𝑒𝑥 (𝑡𝑎𝑘𝑒𝑛 𝑎𝑠 4.5 𝑖𝑛 𝑡ℎ𝑒 𝐴𝐴𝑆𝐻𝑂 𝑟𝑜𝑎𝑑 𝑡𝑒𝑠𝑡) 

𝑃𝑡= 𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙 (𝑓𝑖𝑛𝑎𝑙) 𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑑𝑒𝑥   

Detailed procedures for applying the design equation are discussed in Houben (2006), 

Delatte (2008) and Griffiths and Thom (2007). 

Similarly in the UK, the common design procedure is based purely on the empirical work of 

Transport Research Laboratory (TRL Report RR 87 – 1987), and encompasses whole life 

cycle of the pavement structure, i.e., design, construction, assessment and maintenance. 

By specification, continuous concrete constructions (CRCB and CRCP) are distinguished 
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from jointed constructions (URC and JRC). However, the standard design life for all types of 

concrete pavement in the UK is 40 years. The concrete specification for rigid continuous 

constructions relates directly to 28 days flexural strength of the concrete (4.5 – 6.0 MPa) 

while those of jointed constructions (URC and JRC) are specified based on the mean 

compressive strength of the concrete (C40 air-entrained).  

In general, thickness design of jointed concrete pavements in the UK is usually guided by 

the empirical equations given in 2.30 and 2.31, while that of continuous pavement uses 

charts based on the estimated millions of standard (80KN) axles, composite foundation 

stiffness classes, and the flexural strength of concrete. A classic example showing the 

applications of the charts is given in Figure 2.13 educed from DMRB - volume 7. 

 

Figure 2.13: Charts relating parameters for continuous concrete pavement thickness 

design (Adapted from HD 26/06 – Page 2/12) 

In Figure 2.13, two design options are indicated – (A) Continuously Reinforced Concrete 

Base (CRCB) with 100mm asphaltic overlay, and (B) Continuously Reinforced Concrete 

Pavement (CRCP) with 30mm asphaltic overlay. For a given projected design traffic value 

and a specified Foundation class, design thickness may be determined as a function of the 

flexural strength of the concrete. Clearly, with an increased flexural strength of concrete, 

while keeping all other parameters constant; the thickness reduces accordingly, but 

minimum allowable thickness are restricted to 150mm and 200mm for CRCB and CRCP 

respectively. Requirements for longitudinal reinforcements, transverse steel (if required), 

and ground anchor beams are detailed and given in HD 26/06 and other specialized texts.   



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  35 
 

For jointed concrete pavement however, thickness design is guided by the following 

regression equations:  

• For unreinforced jointed concrete pavements (URC): 

𝐿𝑛 (𝐻1) =  {𝐿𝑛(𝑇) − 3.466 𝐿𝑛(𝑅𝐶) −  0.484𝐿𝑛(𝐸) + 40.483}/5.094       (2.30) 

• For reinforced jointed concrete pavements (JRC): 

𝐿𝑛 (𝐻1) =  {𝐿𝑛(𝑇) − 𝑅 − 3.171 𝐿𝑛(𝑅𝐶) −  0.326𝐿𝑛(𝐸) + 45.150}/4.786     (2.31) 

Where, 
𝑅 =  8.812 𝑓𝑜𝑟 500 𝑚𝑚2/𝑚 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 
𝑅 =  9.071 𝑓𝑜𝑟 600 𝑚𝑚2/𝑚 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 
𝑅 =  9.289 𝑓𝑜𝑟 700 𝑚𝑚2/𝑚 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 
𝑅 =  9.479 𝑓𝑜𝑟 800 𝑚𝑚2/𝑚 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 

𝐻1 =  𝑡ℎ𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚) 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑠𝑙𝑎𝑏 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑎 𝑡𝑖𝑒𝑑 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟 𝑜𝑟 1𝑚 𝑒𝑑𝑔𝑒 𝑠𝑡𝑟𝑖𝑝 

𝑢𝑠𝑢𝑎𝑙𝑙𝑦 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 150𝑚𝑚, 

𝐻2 =  𝑡ℎ𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 (𝑚𝑚)𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑠𝑙𝑎𝑏 𝑤𝑖𝑡ℎ 𝑎 𝑡𝑖𝑒𝑑 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟 𝑜𝑟 1𝑚 𝑒𝑑𝑔𝑒 𝑠𝑡𝑟𝑖𝑝,  

𝑔𝑖𝑣𝑒𝑛 𝑏𝑦:  𝐻2 =  0.934 𝐻1 −  12.5, 

𝐿𝑛 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚 

𝑇 𝑖𝑠 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑔𝑛 𝑡𝑟𝑎𝑓𝑓𝑖𝑐 (𝑚𝑠𝑎)  =  𝑚𝑎𝑥𝑖𝑚𝑢𝑚 400𝑚𝑠𝑎 

𝑅𝑐 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑒𝑎𝑛 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑐𝑢𝑏𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ (𝑁/𝑚𝑚2 𝑜𝑟 𝑀𝑃𝑎) 𝑎𝑡 28 𝑑𝑎𝑦𝑠 

𝐸 𝑖𝑠 𝑡ℎ𝑒 𝐹𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 𝐶𝑙𝑎𝑠𝑠 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 (𝑀𝑃𝑎) 

𝐸 =  200𝑀𝑃𝑎 𝑓𝑜𝑟 𝐹𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 𝐶𝑙𝑎𝑠𝑠 3 𝑜𝑟 

𝐸 =  400 𝑀𝑃𝑎 𝑓𝑜𝑟 𝐹𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 𝐶𝑙𝑎𝑠𝑠 4 

While it is accepted that concrete pavements do not fail suddenly, but gradually deteriorate 

in serviceability, the omission of failure criteria in the AASHTO and UK pavement design 

procedures as a function of material mechanics or structural behaviour is not justifiable. It is 

now well understood through the principles of mechanics of materials that under fatigue 

loadings, which are known to be common with pavement structures, design life of a 

structure may be short-changed (that is may not survive its service life); hence methods of 

defining pavement structural failure during or after its design life are a necessary 

requirement in ensuring reliability design. Incorporating this thought will require some 

analytical procedures which can then be used to calibrate field observations.  
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Such design procedures have found useful applications in the United States and many parts 

of the world. For instance, the Portland Cement Association (PCA – 1966, 1984) design 

method, unlike AASHTO (1993 and 1998) and TRL Report (1987) is mainly based on 

results from finite element analysis/tests of stresses induced in concrete pavements due to 

edge, corner and joint loading, but utilizes AASHO Road Test concepts in its model. 

Pavements are thus evaluated based on two failure design criteria – concrete fatigue, and 

pavement erosion (Houben, 2006; Delatte, 2008).  

In undertaking the pavement thickness design using this procedure, the traffic-induced 

flexural stress is determined for a trial pavement thickness, then the flexural stress is 

divided by the modulus of rupture to obtain the stress ratio SR (see equation 2.32), and 

fatigue models such as equations 2.33 and 2.36 are used to find the allowable number of 

repetitions. The trial pavement thickness is then adjusted until the design will be able to 

carry the projected number of load repetitions. 

• Stress Ratio is given by: 𝑆𝑅 = 𝜎
𝑀𝑂𝑅

   (2.32) 

  Where, 

𝜎 =  𝐿𝑜𝑎𝑑 − 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 

𝑀𝑂𝑅 =  𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑟𝑢𝑝𝑡𝑢𝑟𝑒 𝑜𝑟 𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 

For a given SR, a certain number of cyclic loads are predicted prior to pavement failure in 

flexural fatigue. Evidently, from equation 2.32, for stress ratio at or close to 1, the pavement 

is expected to fail after a few cycles. Other fatigue equations given in PCA (1984) include: 

• For SR ≥ 0.55, log𝑁𝑓 = 11.737 − 12.077(𝑆𝑅)   (2.33) 

• For 0.45 < 𝑆𝑅 < 0.55,𝑁𝑓 =  � 4.2577
𝑆𝑅−0.4325

�
3.268

         (2.34) 

• For SR≤ 0.45, the number of repetitions is unlimited.  

Invariably, reducing SR satisfies conditions for a longer pavement life; which may be 

achieved by lowering the flexural stresses in the pavement or increasing the concrete MOR. 

The former may be achieved by simply making the slab thicker; although this seems easier 

and readily achievable, it is relatively more expensive.     

Furthermore, the combined fatigue effects due to different loading magnitude and 

configurations may be determined by using Miner’s fatigue hypothesis which is given by: 
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𝐶𝐷𝐹 =  ∑ 𝑛𝑖
𝑁𝑓𝑖𝑖        (2.35) 

An enhanced fatigue model utilized by American Concrete Pavement Association (ACPA) 

however incorporates a reliability parameter which allows not more than 10% pavement 

failure prior to the end of its design life (Titus – Glover et al., 2005) and is expressed as:  

log𝑁𝑓 =  �−𝑆𝑅
−10.24 log(1−𝑃)
0.0112

�
0.217

   (2.36) 

Where, 

𝑖= 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑜𝑎𝑑 𝑔𝑟𝑜𝑢𝑝 𝑜𝑟 𝑐𝑜𝑛𝑓𝑖𝑔𝑢𝑟𝑎𝑡𝑖𝑜𝑛, 

𝑛𝑖= 𝑡ℎ𝑒 𝑎𝑐𝑡𝑢𝑎𝑙 𝑜𝑟 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑙𝑜𝑎𝑑 𝑔𝑟𝑜𝑢𝑝 𝑖, 

𝑁𝑓𝑖= 𝑡ℎ𝑒 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑙𝑜𝑎𝑑 𝑔𝑟𝑜𝑢𝑝 𝑖  

𝑃= 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑓𝑎𝑖𝑙𝑢𝑟𝑒,ℎ𝑒𝑛𝑐𝑒, (1 –  𝑃)  =  𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑝𝑎𝑣𝑒𝑚𝑒𝑛𝑡 𝑠𝑢𝑟𝑣𝑖𝑣𝑎𝑙,  

𝑎𝑛𝑑 𝑖𝑠 𝑢𝑠𝑒𝑑 𝑎𝑠 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑔𝑛 𝑠𝑎𝑓𝑒𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟 (𝐺𝑟𝑖𝑓𝑓𝑖𝑡ℎ𝑠 𝑎𝑛𝑑 𝑇ℎ𝑜𝑚, 2007). 

It is noted that the ratio � 𝑛𝑖𝑁𝑓𝑖
� in equation 2.35 represents the fraction of the pavement 

fatigue life consumed by load group 𝑖, while CDM (Cumulative Damage Function) may be 

expressed as a ratio and must be ≤ 1.0 or as a percent by multiplying by 100 (Delatte, 

2008). A comprehensive review of the proposed NCHRP/AASHTO M-EPDG design guide 

may be found in Delatte (2008) and other dedicated Technical reports.   

2.7     Concrete Pavement Distress and Rehabilitation  

From fatigue perspective, as demonstrate above, it is expected that every concrete 

pavement will fracture or deteriorate in serviceability at some point. However, it must be 

clarified that not all fractures in concrete pavement especially at the early age indicate a 

major structural failure. For instance, cracks due to concrete shrinkage and heat during 

drying process and hydration process are usually treated as intrinsic, and frequently are 

easy to repair. 

On the contrary, certain conspicuous cracks resulting from intense induced stresses from 

wheel and stern environmental loadings are usually considered exigent in nature and often 

require rehabilitation intervention of the required authorities.  
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While grouping the general distresses that may develop in concrete pavements, Majidzadeh 

(1988) identifies two broad categories:  

• Those requiring predictive models, e.g. fatigue cracking, shrinkage cracking, 

pumping, faulting, punchouts; 

• Those that may be controlled via design specifications and material selection, 

construction practices, drainage etc; such as D-cracking, spalling, frozen joints, and 

blowups.   

Despite considerable efforts on the subject of concrete pavement distress, the state-of-the-

art design methods are still currently veiled with some unknowns; consequently, the cost of 

maintaining and rehabilitating pavement structures for airports and highways remains 

colossal. Modern engineering solutions in the area of structural rehabilitation of pavements 

should seek mainly to minimize life-cycle cost and simultaneously maximize structural 

performance of the repaired structure.  

2.8 Basics of Delamination in a BCO system  

Basically, the concept of BCOs design and construction is concerned with reducing stresses 

in the new overlay concrete while the existing pavement layer continues to carry significant 

portion of the load (Harrington, 2008). In design, assumption is made of full friction between 

the bonded layers, thus forming a monolithic composite section. Here, the concept assumes 

an adequate interfacial bond strength that is capable of transferring horizontal shear 

effectively across the interface; however, under certain conditions delamination does occur 

which invariably forces the system to perform below expectations.   

In engineering and generally in all disciples, a common approach to solving technical 

problems of this nature is to probe into the mechanisms that govern their initiation and 

propagation. Several investigators including Nawy and Ukadike (1983), Delatte et al. (1998), 

Saucier and Pigeon (1991), Granju (1996, 2001), and Walraven (2007), just to mention a 

few, have shown keen interest on the subject of interfacial bonding and effective shear 

transfer between substrate concrete and new concrete, with promising results. Some of the 

results are timeless, while others afford more room for improvement. 

Generally, at the interface, under service and thermal loadings, three types of stresses may 

develop: compressive normal stress, tensile stress and shear stress. The first type of stress 

due to wheel load is treated as trivial with respect to delamination failure and may be 
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neglected in its design since its contributions tend to be beneficial to the monolithic status of 

the composite, except where vertical cracking already develops within the system (Granju, 

2001).  

However, the other two stresses resulting from differential length change (Delatte, et al. 

1998) of the concrete layer elements under shrinkage and temperature differentials are 

critical and cannot be ignored. While some (Saucier and Pigeon, 1991; Asad et al., 1997) 

argued that the effects of horizontal shear stresses are dominant on delamination failure 

between new-to-old concrete, investigators like Granju (2001) hold a contrary view, 

demonstrating that tensile stresses are dominant and should therefore govern the design 

considerations.   

Whatever the case, from fracture mechanics perspective, the two stress conditions are 

rarely distinguishable in field, hence the term Mixed-Mode fracture mechanism. This has 

been demonstrated in the results presented in Granju (2001) where delamination was 

caused by the combined effects of shear and tensile stresses. But then, it has been shown 

that since cement-to-cement bond at the interface is more likely weak in tension than in 

shear, the interface therefore is more prone to fail in tension. Research has shown that the 

tensile interfacial bond strength lies around ~2MPa, which is just about half of the shear 

bond strength (Granju, 2001; Saucier and Pigeon, 1991; Grandhaie, 1993; Chausson, 

1997).   

Thus, solving this problem of delamination requires a more rational approach, as in the 

techniques involved in fracture mechanics. The basics of fracture mechanics have remained 

a useful tool for numerous cutting edge research works in the field of delamination. In 

fracture mechanics, three distinct modes of failure are identified: opening mode (Mode I), 

sliding mode (Mode II) and tearing mode (Mode III). The corresponding diagrammatical 

illustration for each mode is shown in Figure 2.14. 
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Figure 2.14: Fundamental fracture modes (Adapted from Lahitou et al. Center for 

Transportation Research The University of Texas at Austin, 2008). 

 

The Mode I shown in Figure 2.14(a) relates to the opening of crack and is due to the normal 

tensile stress acting perpendicularly to the crack plane; Mode II (Figure 2.14b) however, 

corresponds to sliding at the crack plane due to the effect of horizontal shear stress. The 

Mode III (Figure 2.14c) is usually triggered by horizontal shear stress acting parallel to the 

crack front; such a phenomenon is uncommon with BCO interface.   

 

Delamination is generally expected to occur when bond strength at the interface is 

exceeded by the normal tensile or horizontal shear stress or both stresses combined. Note 

that in a composite system like BCOs, fracture initiates and propagates through the 

weakest-link-in-the-chain (i.e. the most vulnerable region of the composite section) under 

intense stresses. Within the macro-anatomy of the BCO system, three equally important 

zones are named: the overlay, the interface, and the concrete substrate; of which the 

interface appears most vulnerable. Thus, in order to resist the tendency of delamination, the 

BCO interface must be optimized for bonding (Morgan, 1996).   

 

Currently in practice less emphasis is said about optimizing the interface for bonding, rather 

much of the optimization works for BCOs design revolves around thickness requirement. In 

fact, the issue of interfacial bond compatibility and durability is treated more as a 

construction theme rather than an integral part of the overall design process. Until now, this 

inept approach to BCOs schemes has placed a major bound on the general perception and 

performance of BCOs. In this respect, the works in this thesis is particularly planned and 

designed to provide methods of designing the interface for optimum bond performance 

through experimental and numerical methods.    
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2.9 Durability Performance of BCO systems 
 
Generally, in composite sections where stresses must be transmitted across a supposed 

weak plane, the shear transfer capacity of the interfacial bond is very crucial and must be 

design to withstand all shearing loads (Nawy and Ukadike, 1983). The shear transfer 

capacity of a BCO is dependent on the interlocking action of the aggregates, the cement-to-

cement adhesion at the interface, and the dowel action of the rebar where shear 

reinforcement is present (Nawy and Ukadike, 1983; Delatte et al., 1998).  

 

The interlocking action of the aggregates is provided by the substrate surface preparation 

(roughness), while the interfacial adhesion is due to the chemical bond of the paste. The 

inclusion of shear connectors, no doubt, enhances shear transfer capacity of the system, 

but their application may be neglected if sufficient bond strength can be secured through 

surface preparation and adhesive force of the cement paste.  

 

Enhancement of the adhesive bond with bonding agents like epoxy or grout was once 

common, but they sometimes turn out as bond breakers if allowed to cure prior to placing 

the overlay concrete (Whitney et al., 1992). In most cases, the strength at the interface zone 

depends largely on the water-cement ratio, enhanced surface preparation, ambient 

temperature and RH at the time of BCOs application, and curing weather conditions and 

method used.       

 

The relative importance of each of the parameters mentioned above has been a subject of 

debate. In Suprenant’s (1988), three of the factors are identified and represented in a bond 

strength chain model. Figure 2.15 depicts this model.   

 

 

 
Figure 2.15: Chain Model of Bond Strength (Drawn from Delatte et al, 1998) 
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As illustrated above, the factors include: surface preparation, selection and use of materials 

(i.e. material compatibility), and curing. The three factors when treated as interdependent 

serve as a tool for ensuring optimum BCO durability performance.  

 

From Figure 2.15, the relevance of chain relationship is highly recommended in Delatte et 

al. (1998). However, the true threshold below or above which interfacial bonding conditions 

are satisfied under each of the parameter considered in the model has remained a difficult 

task. The task is generally complicated by the fact that the two ‘apparent parameters’ (i.e. 

surface roughness and concrete-to-concrete chemical adhesion) on which bonding 

performance is depended are difficult to quantify in field. It is well-known that the adhesion 

at the interface changes over the period of curing (Dellate et al., 1998), while means of 

quantifying and expressing the effects of interlocking (roughness) over a large area as wide 

as pavement surface still remain a task to resolve. Hence, the simplistic nature of the model 

projects it more as a laboratory tool.  

 

Considering the above in view of available literature and relevant codes of practice, till date, 

there are no unified baselines for defining the satisfactory levels of these parameters. For 

instance, while it is generally accepted that a minimum level of roughness texture is 

required to foster adequate interfacial bond, the ideal degree of roughness has however 

remained a growing variance of suggestion (Gohnert, 2002).   

 

Further, from material point of view, it is noted in Suprenant (1988) and Delatte et al. (1998) 

that incompatibility in physical properties between bonded materials can result in 

delamination. As illustrated in Delatte et al., (1998), it is specified that BCO materials should 

be selected and proportioned for rapid strength, minimum thermal expansion and 

contraction, and minimum shrinkage. This view agrees with other investigators like 

Emberson and Mays (1990), Morgan (1996), and Emmons and Vaysburd (1996).  

 

However, Morgan (1996) unlike others stresses the importance of compatibility in light of 

overlay material properties, sensitivity, and durability to the entire BCO system. This 

systemic view provides designers with a reasonable level of material selection and 

matching, especially when viewed in line with Emberson and Mays’ (1990) material 

categorization table given in Table 2.1 and Mays and Wilkinson’s (1987) mechanical 

properties table illustrated in Table 2.2. 
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Table 2.1: Categories of system for concrete patch repair (Emberson, N.K. and Mays, G.C., 
1990). 

As illustrated in table 2.1, and as mentioned earlier, the material investigations in this 

research work is categorised as Polymer Modified Cementitious material, following class D.      

Figure 2.2: Typical mechanical properties of repair materials (Mays, G. and Wilkinson, W., 

1987). 

As shown clearly in tables 2.1 and 2.2, it is apparent that an ideal material that will satisfy all 

the compatibility requirements may not exist though; a relative perfect match could be 

achieved if one is guided by the structural compatibility table of Emberson and Mays (1990) 

– Table 2.3.  
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Table 2.3: General requirements of patch repair materials for structural compatibility 

(Emberson, N.K. and Mays, G.C., 1990). 

In practice, the underpinning principle governing material characterization on a long-term 

performance is to ensure reasonably approximate match between the moduli of elasticity 

and also satisfy movement-related properties, such as expansion and contraction, of the 

overlay material and the existing pavement (Harrington et al., 2007). In that respect, 

aggregates with high thermal coefficient or absorption should generally be avoided (Delatte, 

et al., 1998).  

 

In sum, this chapter reviewed and discussed three input data sources for the design of 

pavement and BCO structural systems. The first input data focused on the idealized sub-

grade model based on Winkler’s foundation and other elastic foundation models mostly 

within the works of Westergaard and other investigators like Hogg, Holl, and Pasternak. The 

second data source related to the material mixture design methods of the constructed layers 

and their properties evaluation using the traditional or the statistical optimization method. 

Compatibility aspect between the overlay and the substrate was highlighted as well. The 

third source of design data considered information obtained from the historical observation 

of old pavement structures and their regression model formulation; modifications of 

regression models with modern mechanistic approach were likewise reviewed. In addition, 

potential application of fracture mechanics-based concepts to capture the elevated stress 

levels in pavement and BCO structures which are beyond the scope of the mechanistic 

approach was simultaneously advanced.  

 

This item has been removed due to third party copyright. The unabridged version of the thesis can be viewed at the 
Lanchester Library, Coventry University.
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Note that the input data sources and the related methods presented in this section provide 

necessary groundwork for the subsequent work presented in this thesis. Both material 

mixture design and optimization analysis and computational mechanistic approach were 

employed for providing a common solution relating interfacial bonding and delamination 

mechanisms.             

 

3.0 Research Theoretical Basis  

This section presents the theoretical basis for the implementation of material mixture design 

of the overlay and the computational interfacial fracture mechanics described in this thesis. 

   

3.1 Material Mixture Model and Optimization   
 

The BRCFRPMC used in this study contains six components: Portland cement (CEM I), 

water, polymer (SBR), fine aggregate (FA), coarse aggregate (CA), and steel-fibre (SF). Its 

overall composite response, like any concrete mixture, depends essentially on the 

proportions of its constituents. In practice, several experimental design proportioning 

methods exist, including Factorial, Response surface, Taguchi, and Mixture design (Simon, 

2003). The choice of a particular design method depends on the approach and objectives of 

the experimenter. In this study, Mixture Design method was chosen because its design 

response depends exclusively on the relative proportions of the input components, and 

typically its experimental region of interest is more defined naturally (Simon, 2003; Simon et 

al., 1987). In essence, the design space in Mixture Experiment represents the possible 

combinations of the relative proportion of each component in the total volume, and usually 

adds up to 1.         

3.1.1 Mixture Model 

Consider a mixture made of 𝑁 components such that the 𝑖𝑡ℎ component occupies 𝑥𝑖 of the 

total space. If the setting for each component space (𝑥𝑖) is constrained by: 

𝑥𝑖  ≥ 0,                   ∀𝑖:   𝑖 ∈ 𝑁 

and                                      ∑ 𝑥𝑖𝑁
𝑖 =  𝑥1 + 𝑥2 + 𝑥3 + ⋯+ 𝑥𝑁 = 1                            (3.1) 

then, for a standard mixture experiment, the design region can be represented with a 

simplex of 𝑁 vertices with regular sides of (𝑁 − 1) dimension. Thus, for a blend containing 
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three components as the one illustrated in Figure 3.1, the design space is an equilateral 

figure constrained by the conditions stated in equation (3.1) and its vertices correspond to 

(1,0,0), (0,1,0), and (0,0,1). 

 

Figure 3.1: Mixture Design Space for Three components 

As seen in Figure 3.1, each vertex represents a pure component where other components 

are absent; while the centroid depicts a mixture where the three components are present in 

equal proportion of (1 3,⁄  1 3, 1 3⁄  ⁄ ); hence, the term simplex-centroid. Numerically, the axis 

of each component stretches from its vertex (𝑥𝑖 = 1) to the midpoint of the opposite side 

where 𝑥𝑖 = 0. For modelling purposes, all desired properties can be measured 

experimentally for each possible mix in the design space and subsequently modelled as a 

function of the input variables. In many instances, mathematical formulations based on 

polynomial functions are used, though other forms can be employed (Czarnecki et al., 1999; 

Simon et al., 1987).  

Typically, for a three-component mixture experiment, the usual first order polynomial is 

given by:  

𝐸(𝑦) =  𝛽∗ + ∑ 𝛽𝑖𝑥𝑖𝑁
𝑖                                                 (3.2) 

Where, 𝛽∗ is the constant and 𝛽𝑖 is the coefficient associated with the model.  

Based on the constraint given in equation (3.1), where ∑ 𝑥𝑖𝑁
𝑖 = 1; the solution to 𝛽𝑖 cannot 

be uniquely determined. Hence, using the approach suggested by Scheffe (1958); if 𝛽∗ is 

multiplied by ∑ 𝑥𝑖 = 1𝑁
𝑖 , then equation (3.2) becomes: 

        𝐸(𝑦) = ∑ (𝛽∗ + 𝛽𝑖)𝑥𝑖𝑁
𝑖                                                                    (3.3) 

Typically equation (3.3) is re-parameterized in the form: 

𝐸(𝑦) =  ∑ 𝛽𝑖𝑥𝑖𝑁
𝑖=1                                                     (3.4) 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  47 
 

So that its quadratic polynomial can be written as:  

𝐸(𝑦) = ∑ 𝛽𝑖𝑥𝑖 + ∑∑ 𝛽𝑖𝑗𝑥𝑖𝑁
𝑖<𝑗

𝑁
𝑖=1 𝑥𝑗                              (3.5) 

Where, 𝛽𝑖𝑗 represents the nonlinear or quadratic blending term. When 𝛽𝑖𝑗 is positive, the 

term is synergistic, while negative value suggests an antagonistic blend response. 

In addition, where full cubic and special cubic functions are considered, equations (3.6) and 

(3.7) result respectively:  

𝐸(𝑦) = ∑ 𝛽𝑖𝑥𝑖 + ∑∑ 𝛽𝑖𝑗𝑥𝑖𝑁
𝑖<𝑗

𝑁
𝑖=1 𝑥𝑗 + ∑∑ 𝛿𝑖𝑗𝑥𝑖𝑁

𝑖<𝑗 𝑥𝑗�𝑥𝑖 − 𝑥𝑗�+ ∑∑ ∑𝛽𝑖𝑗𝑥𝑖𝑥𝑗𝑥𝑘𝑖<𝑗<𝑘      (3.6)                                                               

𝐸(𝑦) = ∑ 𝛽𝑖𝑥𝑖 + ∑∑ 𝛽𝑖𝑗𝑥𝑖𝑁
𝑖<𝑗

𝑁
𝑖=1 𝑥𝑗 + ∑∑ ∑𝛽𝑖𝑗𝑥𝑖𝑥𝑗𝑥𝑘𝑖<𝑗<𝑘                                     (3.7) 

Accordingly, the appropriate model for an experiment usually follows the method of analysis 

of variance (ANOVA). 

3.1.2  Mixture Optimization Techniques  
Following the three-component design space shown in Figure 3.1, it is evident that no viable 

concrete mixture can be obtained over the entire simplex-space without constraining the 

mixture design to a sub-region of the equilateral triangle. The constraint is usually obtained 

by applying a lower bound, or an upper bound, or both restrictions on the mixture 

components in addition to the initial condition that the total of all component proportions 

must add up to 1. In this respect it can be shown that: 

     0 ≤ 𝐿𝑖 ≤ 𝑥𝑖           𝑓𝑜𝑟 𝑙𝑜𝑤𝑒𝑟 𝑙𝑖𝑚𝑖𝑡    
0 ≤ 𝑥𝑖 ≤ 𝑈𝑖          𝑓𝑜𝑟 𝑢𝑝𝑝𝑒𝑟 𝑙𝑖𝑚𝑖𝑡

0 ≤ 𝐿𝑖 ≤ 𝑥𝑖 ≤ 𝑈𝑖 ≤ 1  𝑓𝑜𝑟 𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑙𝑖𝑚𝑖𝑡𝑠
�                                            (3.8) 

𝑤ℎ𝑒𝑟𝑒, 𝑖 = 1,2, … ,𝑁;   𝐿𝑖 = 𝐿𝑜𝑤𝑒𝑟 𝑙𝑖𝑚𝑖𝑡; 𝑈 = 𝑈 𝑝𝑝𝑒𝑟 𝑙𝑖𝑚𝑖𝑡; 

𝑎𝑛𝑑 𝑥𝑖 = 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛       

By definition, when a mixture is constrained by the restrictions given in inequalities (3.8), it is 

referred to as Constrained Mixture Design. In the present study, therefore, a classical 

constrained fitting model based on Extreme-Vertices Design (EVD) approach of (McLean, 

and Anderson, 1966) was adopted. In the model, both lower and upper bounds were set a 

priori, and a list of all combinations based on [𝑁(2)𝑁−1 + 1] possible blends was made. In 

addition to the choice of model, an overall desirability function (𝐷) was incorporated and 
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used as a metric for multi-criteria optimization. For each criterion, two values, 0 and 1, were 

defined, such that the desirability scale satisfies the condition 0 ≤ 𝑑(𝑦𝑖) ≤ 1. In this case, ‘0’ 

indicates that one or more criteria lie outside their acceptable values, while ‘1’ corresponds 

to the ideal response. The conditions for acceptance or rejection generally depend on the 

set goal, i.e. the direction of optimization – maximum, minimum or target; in reference to 

equation (3.9), (3.10), or (3.11):  

Here, a maximized response indicates that a larger value is better, and its desirability is 

calculated by: 

𝑑(𝑦𝑖) = �

0               𝑦𝑖 < 𝐿

�𝑦−𝐿
𝑇−𝐿

�
𝑟𝑖

    𝐿 ≤  𝑦𝑖 ≤ 𝑇
1                    𝑦𝑖 > 𝑇        

                                   (3.9) 

while, a minimized response shows that a smaller value is better, with its desirability given 

by: 

𝑑(𝑦𝑖) = �

1               𝑦𝑖 < 𝑇

�𝑈−𝑦𝑖
𝑈−𝑇

�
𝑟𝑖

    𝑇 ≤  𝑦𝑖 ≤ 𝑈
0                    𝑦𝑖 > 𝑈        

                                        (3.10) 

Finally, the “target” indicates the best response, and its desirability corresponds to: 

𝑑(𝑦𝑖) =

⎩
⎪
⎨

⎪
⎧

0               𝑦𝑖 < 𝐿
  0               𝑦𝑖 > 𝑈  

�𝑈−𝑦𝑖
𝑈−𝑇

�
𝑟𝑖

    𝑇 ≤  𝑦𝑖 ≤ 𝑈

�𝑦𝑖−𝐿
𝑇−𝐿

�
𝑟𝑖

    𝐿 ≤  𝑦𝑖 ≤ 𝑇
        

                                          (3.11) 

Where  𝑦𝑖 is predicted value of 𝑖𝑡ℎ response; 𝑇 is target value; 𝑈 is highest acceptable 

value; 𝐿 is lowest acceptable value; and 𝑟𝑖 is weight of 𝑖𝑡ℎ desirability function. Based on the 

conditions given in equations 3.9, 3.10 and 3.11, a multi-response numerical optimization 

was performed, during which the optimum mix maximizes the weighted geometric mean of 

individual desirability function (𝑑(𝑦𝑖)) over the feasible composite space. In the process, a 

model where the responses are given equal weight was adopted; hence, the composite 

desirability takes the form:  

𝐷 = [𝑑(𝑦1) ×  𝑑(𝑦2) × … .×  𝑑(𝑦𝑛)]1/𝑛                              (3.12) 
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Where, 𝑛 is total number of all individual responses. 

3.2 Interface Fracture Description  

From analytical viewpoint, two basic approaches are common for simulating and describing 

failure analysis of the interface: (1) stress-based failure criterion approach, and (2) Energy-

based fracture criterion approach. By definition, the two approaches defer in concepts and 

computational techniques. For instance, in the limit analysis or the so-called stress-based 

approach, the interface is assumed as perfectly bonded, while the classical energy-based 

method - linear elastic fracture mechanics (LEFM) - treats the interface as having some 

well-known intrinsic defects.   

Contrariwise, in quasi-brittle materials like concrete, the two extreme collapse models cited 

above are rear and mostly impractical; therefore, a more robust nonlinear collapse model is 

required. In this thesis, an Interface Cohesive Zone Model (ICZM) within the domain of non-

linear fracture mechanics was employed. In the analysis, both delamination initiation and 

propagation processes are represented within a unified model. Thus, the progressive failure 

analysis of the interface can be described.     

The following sections presents each of the failure criteria identified above:   

3.2.1    Traditional Stress-based Criterion 
In order to ensure that delamination process of the interface is adequately represented, the 

mechanical characterization of the interface requires two basic descriptive states: (1) a state 

representing perfectly bonded condition, and (2) a state defining delamination onset and 

propagation.  

In the former, adhesion between the bonded layers is assumed sufficiently strong thereby 

imposing both stress and displacement continuity across the interface. Using Figure 3.2, the 

kinetics and the kinematics for continuity requirements follow equation 3.13 (Shah and 

Stang, 1996):    

𝜏𝑡𝑜𝑝 = 𝜏𝑏𝑡𝑚
𝜎𝑡𝑜𝑝 = 𝜎𝑏𝑡𝑚
𝑢𝑡𝑜𝑝 = 𝑢𝑏𝑡𝑚
𝑣𝑡𝑜𝑝 = 𝑣𝑏𝑡𝑚

�     𝑜𝑛 𝐼𝑏                                   (3.13) 

Where, 𝐼𝑏 is all points on the bonded interface, 𝜏 and 𝜎 are respective shear and normal 

stresses of a point on the interface, while 𝑣 and 𝑢 are their corresponding tangential and 
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normal displacements. Note, the subscripts ‘𝑡𝑜𝑝’ and ‘𝑏𝑡𝑚’ represent the top and bottom 

layer respectively. 

 

 

 

 

 
Figure 3.2: Stress states and notations on perfectly bonded interface 

A quick examination of the model represented by equation 3.13 shows that it lacks 

practicality in many instances, since it is basically premised on the assumption of a perfectly 

elastically bonded interface with no possibility of yielding or de-bonding. In reality, the 

interface is expected to yield at considerable lower stresses compared to the two adjacent 

bulk materials, as stresses localize or concentrate in the region of the interface largely due 

to bond imperfection and elastic properties mismatch between the bulk materials. In the 

literature, it has been shown that such localized or concentrated stresses can be in the 

order of about 3 times the average stresses developing in the adjacent materials (Kirsch, 

1898; Dantu, 1958). Thus, characterizing the interface by a finite strength is commonplace 

in practice. Typically, for composite interface model of this nature, a general stress-based 

failure criterion could take the form:  

𝐹 (𝜏 ,𝜎,𝑃𝑖) = 0                 𝑖 = 1 … . ,𝑛                                 (3.14) 

Where, 𝑃𝑖  is one of 𝑛 strength parameters, while other parameters are as given before.  

Invariably from equation 3.14, the interfacial de-bonding process within the domain of limit 

analysis thus permits the bonded interface to separate once it is loaded beyond its critical 

bond strength. The governing constitutive relations in this case are generally based on the 

kinematics of the interface, as the interface changes from its continuity condition to a 

prescribed surface traction boundary condition. In this case, the failure criterion takes the 

form (Shah and Stang, 1996):  

𝜏𝑡𝑜𝑝 = 𝜏𝑏𝑡𝑚 = 𝑓
𝑣𝑡𝑜𝑝 = 𝑣𝑏𝑡𝑚 = 𝑔
𝑢𝑡𝑜𝑝 −  𝑢𝑏𝑡𝑚  ≥ 0

�  𝑜𝑛 𝐼𝑑                                  (3.15) 

 

 

0  (u)1

7   (v)

   

   

  



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  51 
 

 Where, 𝐼𝑑 is all points on the de-bonded interface, while ‘𝑓’ and ‘𝑔’ are prescribed surface 

tractions in the general case. 

Again, while the conditions given in equation (3.15) show  a high explicit level about the 

nature of the de-bonding, possibility of surface overlapping during de-bonding process is 

precluded a priori; and often this can be difficult to substantiate in practice, especially in 

cementitious materials where complicated interfacial contact problems dominate during de-

bonding initiation stage (Shah and Stang, 1996). Further, during subsequent steps, and at 

critical cracking stage of the interface, it is expected that the interface attains a stress-free 

state (Atkinson et al., 1982; Stang and Shah, 1986; and Morrison et al., 1988); hence, the 

frictional stress given in equation (3.15) vanishes accordingly, so that it reads:  

𝜏𝑡𝑜𝑝 = 𝜏𝑏𝑡𝑚 = 0
𝑣𝑡𝑜𝑝 = 𝑣𝑏𝑡𝑚 = 0�  𝑜𝑛 𝐼𝑑                                        (3.16) 

Following the above, if the interface is simultaneously influenced by stress and 

displacement continuities perpendicular to the interface, then, the boundary conditions given 

in equation (3.16) can be extended to include:  

𝜎𝑡𝑜𝑝 = 𝜎𝑏𝑡𝑚 = 0
𝑢𝑡𝑜𝑝 = 𝑢𝑏𝑡𝑚 = 0�  𝑜𝑛 𝐼𝑑                                                  (3.17) 

So far, from engineering perspective, the use of limit analysis as demonstrated for both 

perfectly bonded and de-bonded interface surface characterizations seems reasonable and 

acceptable, but its inability to explain or capture the infinite stress condition at the crack-tip 

between the perfectly bonded region and the de-bonded zone of the interface is still seen as 

a major drawback. It should be noted that the analytical proof of such stress singularities are 

based on complete linear elastic solution of the de-bonded interface problem. 

In the literature, it has been shown that the presence of these singularities is the reason why 

finite element analysis involving interface problem is mesh-dependent, especially with 

respect to its interface stress response (Mormonier et al., 1988). In contrast, the justification 

of infinite stress state is also hard, if not impossible, since no material can be loaded beyond 

its yield strength.  

Therefore, it can be concluded that many of the parameters employed in determining stress-

based de-bonding criterion cannot be regarded as absolute material parameters, knowing 

that their values vary widely according to the type and complexity of the analysis used. 
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Besides, it is likely - due to the incompleteness of the analysis - that the value of the 

strength parameters corresponding to a given interface will depend on the geometry and the 

loading conditions of the composite system. Size effects have been observed in similar 

tests, which, for instance, pure shear analysis fails to predict (Shah and Stang, 1996; 

Bazant and Zi, 2003). With the advent of modern computational tools, however, many of the 

problems associated with incomplete analysis or rigorous analytical solutions for de-bonded 

interface can be overcome.  

3.2.2   Energy-based criterion  
In terms of energy-based criterion, methods based on classical linear elastic Interface 

fracture mechanics (LEIFM) have been found effective in describing and modelling crack 

propagation, especially where material nonlinearities cannot be neglected (Turon, et. al, 

2004). As illustrated in Figure 3.3, for a bonded bi-material interface with adjacent domains 

characterized linearly by 𝐸𝑖, 𝜇𝑖 and 𝑣𝑖 for Young’s Modulus, shear modulus, and Poisson’s 

ratio of each domain respectively; it has been shown that there exists an intrinsic singularity 

with oscillatory field ahead of the crack tip (Williams, 1959), caused largely by the 

asymmetry in the elastic properties across the interface. The oscillatory, afterward, controls 

the measure of the competing or complex stress state near the crack-tip, which in terms of 

stress intensity factors takes the form: 

𝜎𝑦𝑦 + 𝑖𝜏𝑥𝑦 = (𝐾1+𝑖𝐾2)𝑟𝑖𝜀

�(2𝜋𝑟)
                                                     (3.18) 

 

Figure 3.3: Linear crack along a Bi-material Interface 

Where 𝑟𝑖𝜀 = exp(𝑖𝜀 𝑙𝑜𝑔 𝑟) = cos (𝜀 log 𝑟) + 𝑖 𝑠𝑖𝑛 (𝜀 log 𝑟), 𝑖 = √−1 , 𝑟 is the distance ahead of 

the crack-tip, 𝜀 is the oscillatory index defined by equation (3.21), 𝐾1 and 𝐾2 are 

components of the complex stress intensity factor derived by Rice and Sih (1965) by solving 
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the following logarithmic expressions arising from a full boundary-value problem of a given 

test specimen (Carlsson and Prasad, 1993; Chandra, 2002): 

𝐾1 = 𝜎[cos(𝜀 log2𝑎)+2𝜀 sin (𝜀 log2𝑎)]+{𝜏[sin (𝜀 log2𝑎)−2𝜀 cos (𝜀 log2𝑎)]}
cosh𝜋𝜀

 √𝑎                 (3.19) 

𝐾2 = 𝜏[cos(𝜀 log2𝑎)+2𝜀 sin (𝜀 log2𝑎)]−{𝜎[sin (𝜀 log2𝑎)−2𝜀 cos (𝜀 log2𝑎)]}
cosh𝜋𝜀

 √𝑎                 (3.20) 

From where, 𝜀 can be estimated:  

𝜀 = 1
2𝜋

In �1−𝛽
1+𝛽

�                                                                                           (3.21) 

In equation (3.21), (𝛽) relates to one of Dundur’s elastic mismatched parameters (Dundur, 

1969) and is a measure of the relative compressibilities of the two bonded materials, 

commonly estimated by equation (3.22), say, for plane strain problems (Mei et. al, 2007); 

while its counterpart (𝛼) given in equation (3.23) measures the corresponding relative 

stiffness (Mei et. al, 2007; Schmauder, 1990; Bower, 2010).   

𝛽 = 1
2

 �𝜇1 (1−2𝑣2)−𝜇2(1−2𝑣1) 
𝜇1(1− 𝑣2)+𝜇2(1 + 𝑣1) 

�                                     (3.22a) 

Which on simplifying yields:  

𝛽 =  𝐸1
′  (1−𝑣1)(1−2𝑣2)−𝐸2′(1− 𝑣2)(1−2𝑣1) 

2(1−𝑣1)(1− 𝑣2)(𝐸1′  + 𝐸2′) 
                         (3.22b) 

Where, 𝐸𝑖′ =  𝐸𝑖 (1 − 𝑣𝑖2)⁄  𝑝𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 𝑌𝑜𝑢𝑛𝑔’𝑠 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝑓𝑜𝑟 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖  

𝛼 = 𝐸1′  − 𝐸2′

𝐸1′  + 𝐸2′
                                                               (3.23) 

Subsequently, under Mode-Mixity, the energy release rate, (𝐺), for crack extension per unit 

length along the interface for a plain strain analysis is generally given by (Carlsson and 

Prasad, 1993):  

𝐺 = |𝐾|2

𝐸∗𝑐𝑜𝑠ℎ2𝜋𝜀
                                                            (3.24) 

Where, 

|𝐾| = �𝐾12 + 𝐾22                                                         (3.25) 

𝑐𝑜𝑠ℎ2𝜋𝜀 = 1/(1 − 𝛽2)                                                     (3.26) 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  54 
 

1
𝐸∗

= 1
2
� 1
𝐸1′

+ 1
𝐸2′
�                                                                 (3.27) 

Thus, by Mode-Mixity, the value of (𝐺) as a function of the loading phase angle (𝛹)́ , follows 

the real and imaginary stress intensity factors of the remote field lying ahead of the crack 

tip. This can be written as: 

�́� = 𝑡𝑎𝑛−1 �𝐼𝑚(𝐾1+𝑖𝐾2)𝐿𝑖𝜀

𝑅𝑒(𝐾1+𝑖𝐾2)𝐿𝑖𝜀
�                                                   (3.28a) 

Where, 𝐿 is the arbitrary reference length selected to characterize the remote field. For most 

bi-material systems, it is clear that the value and the effect of nonzero (𝛽) is small, and 

usually insignificant (Bower, 2010; Buyukozturk and Hearing 1998); thus, by setting 𝜀 = 0, 

for most material combinations, equation 3.28a then simplifies to: 

�́� = 𝑡𝑎𝑛−1 �𝐾2
𝐾1
�                                                                (3.28b) 

The corresponding displacement components behind the crack tip are given in Bower 

(2010) by:  

𝑑𝑦 + 𝑖𝑑𝑥 = 4|𝐾|𝑒𝑖�́�

𝐸∗(1+2𝑖𝜀)cosh (𝜋𝜀)�
𝑟
2𝜋
�𝑟
𝐿
�
𝑖𝜀

                                 (3.29) 

From the above equations, it is clear that the asymptotic solution for the interface crack 

differs significantly from the corresponding solution for a homogenous solid, because the 

oscillatory character due to both stresses and displacements increases frequency as the 

crack tip is approached; hence, making it difficult to discretize the remote loading. Besides, 

the crack planes are predicted a priori as overlapping near the crack-tip, which perhaps is 

still unclear in many practical instances (Bower, 2010). 

In sum, the above LEIFM model is attractive when considering crack propagation process 

for brittle materials; and a critical condition is usually assumed to have been reached when 

the energy release rate 𝐺 equals the fracture toughness of the interface 𝐺(�́�). That is:   

𝐺 = 𝐺(�́�)                                                                                (3.30) 

Experimentally, it has been shown (Suo and Hutchinson, 1989; Charalambides et. al., 1990) 

that this interface resistance to delamination increases rapidly with phase angle.   
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In essence, while both approaches described above provide some level of analytical 

comfort; in reality, evidence of initial perfect interfacial bonding or the presence of initial 

interfacial crack, together with its location and size may be difficult to spot or substantiate in 

cementitious overlay composite system. It is therefore imperative to think of an enhanced 

method, where both interfacial crack initiation and propagation processes are described 

within a unified model. Evidently, employing nonlinear interface cohesive models affords a 

common opportunity for implementing such task. The models are well-known as particularly 

suitable for representing adhesion and de-cohesion processes between dissimilar materials 

(Mei et al, 2010).  

3.2.3      Interface Cohesive Zone Model (ICZM) 
In the Interface Cohesive Zone Model (ICZM), the primary consequence of nonlinear 

fracture models is based on the assumption of a finite fracture (cohesive) zone existing in 

the vicinity and ahead of the crack-tip, based on Dugdale’s strip yield (1960) and 

Barenblatt’s cohesive force (1962) models shown in Figure 2.3. Apparently, the models as 

depicted imply that the so-called stress singularity (infinite stress state) concept associated 

with crack-tips in the elasticity theory (see Figure 2.3b) is somewhat unrealistic (Cornec, et 

al., 2003).   

 

Figure 3.4: Comparison between (a) Dugdale and Barenblatt Models and (b) Stress 
singularity in Elasticity theory 

Thus, for description purpose (Shah and Stang, 1996), the cohesive interface models 

represent a condition of a perfectly bonded interface changing to a de-bonded regime when 

the cohesive strength of the bonded interface varnishes with displacement discontinuity. 

Hence, for nucleation and propagation descriptions, ICZM appears most attractive; in 

particular in materials like concrete, where the non-linearity in the vicinity of crack-tip cannot 

be neglected, due to the presence of a large damage zone lying ahead of the crack-tip.  
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In this respect, for a complete interface nonlinear fracture model description, the following 

are essential:  

• The behaviour of the bulk materials, and 

• The behaviour of the fracture zone, where conditions for crack formation and 

evolution are pre-defined along a known crack path.  

For instance, in this thesis, the cementitious bi-material was classified as quasi-brittle. 

Besides, because the bi-material exhibits no bulk dissipation, an isotropic linear elastic 

behaviour, characterized by elastic modulus (𝐸) and Poisson’s ratio (𝑣), was assumed. With 

respect to the fracture zone behaviour, a softening damage characteristic along the 

interface was assumed based on the kinetics and kinematics relations defined in Figure 3.5.  

 

 

Figure 3.5: Interface configurations with Fracture Process Zone (FPZ) and Interface Stress 
Distribution 

Broadly, Figure 3.5 shows a BCO in its un-deformed and deformed configurations with a 

visible or true crack. The resulting FPZ, interface stress / conjugate variables, stress 

distribution curve between the FPZ and the elastic bi-material interface, and the constitutive 

relation defining each zone in the cohesive model after deformation are equally depicted. 

The overall cohesive model defined here follows the assumptions given below:   
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• The FPZ along the interface localizes into a single line ahead of the crack tip, with no 

possibility of kinking. 

• The FPZ or the fictitious crack length is assumed mostly dominated by inelastic 

deformation.  

• The materials lying adjacent the fictitious crack behave linearly elastic.  

• The constitutive law governing the inelastic deformation at the FPZ assumes stress-

displacement relationship. 

Consequently, the associated kinematics refers to the relative motion of the two deformed 

layers at the interface and may be described as follows: 

• In Figure 3.5(c), 𝑢 represents a unit vector in normal direction to the interface. 

• At the interface, two mutual tangential unit vectors, 𝒗 and 𝒘, are introduced. 

• But for cementitious interface of this nature, it is usual to assume an isotropic 

condition; thus, the tangential deformation along 𝒗 and 𝒘 directions is treated as 

equal, hence, the constitutive relation can be defined in terms of scalar Cartesian 

components ∆𝒖 and ∆𝒕 only (Bower, 2010), which represent the relative 

displacements of two initially coincident points at the interface, in normal and 

tangential directions respectively. (Note: ∆𝒕 =  √𝒗𝟐+𝒘𝟐). 

The kinetics of the interface on the other hand, relate to the forces acting between the two 

contacting layers. In this case, the two equal and opposite tractions are assumed acting on 

two initially coinciding points before and during interface deformation. Thus, under isotropic 

condition, the corresponding interface tractions are given by the scalar components 𝑻𝒏 and 

𝑻𝒕 in the normal and tangential plane respectively. 

Ultimately, the kinetics and kinematics descriptions given above result in an irreversible 

(cumulative) force-displacement relation which helps simulate the fracture process that 

creates two delaminated surface at the interface. From here, the subsequent section 

discusses the theory employed to represent full interfacial fracture process within the 

framework of cohesive zone model. In addition, methods for characterizing the interface are 

also underlined.  

3.2.4  Modelling Interface Cohesive Zone Model with ANSYS FEA  
The use of finite cohesive zone for cementitious materials is well-established following 

Hillerborg et al. (1976) linear softening model. Subsequently, the use of cohesive zone 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  58 
 

model (CZM) for cementitious materials has grown into popularity due mainly to its 

computational convenience, and as it stands today, CZM is probably the best fracture model 

for simulating fracture processes in cementitious materials and structures (Bazant, et al., 

2002).  

Interestingly, for concrete, both linear softening model, introduced by Hillerborg et al. 

(1976), and bilinear softening model, developed by Petersson (1981), can be implemented.  

With ANSYS FEA, the surface traction was obtained as an extrapolation of standard Gauss 

nodal stresses between adjacent continuum interface elements.  

In this thesis, the delamination model assumes a zero-thickness contact interface, and uses 

associative cohesive elements with constitutive properties along a pre-defined interface 

between two adjacent continuum elements. The resulting interface damage initiation and 

evolution was governed by the nonlinear traction-separation (bi-linear) law described in 

Alfano and Crisfield (2001) and illustrated in Figure 3.6.  

In the bi-linear model shown in Figure 3.6, it is assumed that the interface behaves 

elastically under loading with initial stiffness (𝑘0) until the applied stress reaches the 

cohesive strength (𝜎0) of the interface, at which point the damage initiation occurs. Note 

here that the initial elastic stiffness (𝑘0) has a character of a penalty factor only rather than a 

physical stiffness, and is often discretionary kept high to ensure minimum elastic 

deformations of the interface (i.e. of negligible degree), so as to minimise interpenetration or 

sliding prior to cracking.  

a)          b)  

Figure 3.6: a) Definition of stress and conjugate variables, and b) Bilinear softening relation 

As illustrated in Figure 3.6, the delamination process is defined by two slopes OA and AC. 

The initial slope OA represents the linear elastic regime of the curve, while the second slope 

defines the softening part of the curve in a linear function. De-bonding is assumed to 
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initiates at peak contact stress (𝜎0) at point A, and grows linearly as a function of de-

bonding parameter (𝑑). The value of (𝑑) evolves progressively from 0 to 1 as shown in 

equation 3.31 till all the interface stresses reduce to zero at critical crack point C (𝑢𝑛  
𝑐 ).  

𝑑 = �0                        𝑓𝑜𝑟   𝑢𝑛  = 𝑢�𝑛
0 < 𝑑 ≤ 1      𝑓𝑜𝑟  𝑢𝑛  > 𝑢�𝑛

                                     (3.31) 

Where, 

𝑢𝑛 = 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒 𝑒𝑛𝑡𝑖𝑟𝑒 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 ℎ𝑖𝑠𝑡𝑜𝑟𝑦. 

𝑢𝑛 =
𝜎0
𝑘0

= 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑑𝑎𝑚𝑎𝑔𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛 

𝜎0 = 𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 

𝑘0 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 

Thus, for each pure mode of failure during loading, the fracture cohesive stress (𝑇) can be 

related to the opening or sliding displacement linearly by:  

𝑇 = �𝜎 = 𝑘𝑛𝑢𝑛 (1 − 𝑑𝑛)                   𝑓𝑜𝑟   𝑀𝑜𝑑𝑒 𝐼
𝜏 =  𝑘𝑡𝑢𝑡  (1 − 𝑑𝑡)                    𝑓𝑜𝑟   𝑀𝑜𝑑𝑒 𝐼𝐼                        (3.32) 

Where, 𝜎 and 𝜏 are the cohesive stresses in the normal and tangential directions 

respectively, while 𝑘𝑛 and 𝑘𝑡 denote the corresponding contact stiffnesses. 𝑢𝑛 and 𝑢𝑡 

represent the accompany displacements after deformation while 𝑑𝑛 and 𝑑𝑡 are the resulting 

de-bonding parameters in Mode I and Mode II respectively.   

However, for bonded dissimilar materials, Mixed-Mode delamination is a common 

phenomenon due to the competing interfacial stress effect during loading and failure 

process, which implies that criteria for damage initiation and final failure must account for 

the concomitant effects of Mode I and Mode II. In that case, both normal and tangential 

traction-separation curves can be expanded in the (𝑢𝑛 𝑎𝑛𝑑 𝑢𝑡) - plane, as illustrated in 

Figure 3.7, such that the normal and shear stresses depend not only on their corresponding 

displacement, but on both the shear and normal opening; which follows the expression in 

equation 3.33.  

𝜎 (𝑢𝑛,  𝑢𝑡)
𝜏 (𝑢𝑛,  𝑢𝑡)

�                                                              (3.33) 
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Figure 3.7: Mixed-Mode oscillatory field at crack-tip 

Consequently, the effective traction vector and the corresponding effective displacement 

can respectively be given by:  

𝜆𝑚 = �〈𝜎〉2 + 𝜏2                                                     (3.34) 

𝑢�𝑚 =  �〈𝑢𝑛〉2 + 𝑢𝑡2                                                 (3.35) 

Thus, for local Mixed-Mode fracture, the critical magnitude of the traction vector now 

depends on the ratio between the shear and normal tractions, which by definition is the 

phase angle given in equation 3.36. 

𝛹 = 𝑡𝑎𝑛−1 � 𝜏
〈𝜎〉
�                                                              (3.36) 

Combining equations 3.34 and 3.36, it can be shown that: 

𝜆𝑚 = �〈𝜎〉2 + 𝜏2   = 〈𝜎〉
𝐶𝑜𝑠 𝛹

=  𝜏
𝑆𝑖𝑛 𝛹

                                  (3.37) 

So that by considering identical ratios between the two tractions and their corresponding 

displacements, equation (3.37) can be expanded in the form:    

𝑢�𝑚 =  �〈𝑢𝑛〉2 + 𝑢𝑡2 =  〈𝑢𝑛〉
𝐶𝑜𝑠 𝛹

=  𝑢𝑡
𝑆𝑖𝑛 𝛹

                                  (3.38) 

In effect, as 𝛹 increases, the normal stress-crack opening curve diminishes from 𝛹 =  00, 

while the shear stress-sliding curve expands towards a maximum for 𝛹 = 900. 

For clarity purpose, the phase angle (𝛹) defined here can be at variance from the global 

phase angle (�́�) defined earlier in equation (3.28b) for the LEIFM, though they both 

measure the relative proportion of the effect of Mode II fracture to Mode I fracture on the 

interface. For many practical systems (Buyukozturk and Hearing, 1998), including 
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cementitious interface, the effect of non-zero (𝛽) is of secondary consequence; hence, the 

global phase angle can conveniently be reduced to �́� = arctan �𝐾𝐼𝐼
𝐾𝐼
� as depicted earlier.    

Therefore, since the phase angle given by equation 3.36 is of local Mixed-Mode effect, its 

numerical value may vary along the interface - from element to element – (Mei et al, 2010); 

though such level of variation with respect to the delamination length, is usually relatively 

insignificant for short crack limit. Therefore, it sounds reasonable to assume a constant 

steady-state phase angle during the analysis, while treating the interface toughness as 

independent of the delamination length, but a dependent function of the phase angle, so 

that the interface attains its critical fracture condition when the Mixed-Mode energy release 

rate 𝐺𝑖𝑐 equals the fracture toughness of the interface 𝐺𝑖𝑐(𝛹). Again, as in the LEIFM, it can 

be stated that: 

𝐺𝑖𝑐 = 𝐺𝑖𝑐(𝛹)                                                            (3.39) 

Note, the value of (𝛹) shown in equation 3.39 is local while that of (𝛹)́  is global (see 

equation 3.30).  

In the literature, several de-bonding criteria are available for Mixed-Mode analysis, including 

the elliptic form (Mei, et al., 2010), where the damage initiation criterion is given by: 

�〈𝜎〉
𝜎0
�
2

+ � 𝜏
𝜏0
�
2

= 1                                                          (3.40) 

Where,  𝜏0 = shear strength of the interface, 〈𝜎〉 = 𝜎 if 𝜎 > 0 (tension) and 〈𝜎〉 = 0 if 

otherwise. Hence, by including the Macauley bracket it is presumed that interface 

debonding is impeded under compression.   

In addition, de-bonding for Mixed-Mode can also be specified in terms of energy based 

criterion (Mei, et al., 2010):   

� 𝐺𝐼
𝐺𝐼𝑐
� + � 𝐺𝐼𝐼

𝐺𝐼𝐼𝑐
� = 1                                                             (3.41) 

With,              𝐺𝐼 = ∫𝑃 𝑑𝑢𝑛                                                                        (3.42) 

𝐺𝐼𝐼 = ∫�𝜏12 + 𝜏22  𝑑𝑢𝑛                                                       (3.43) 

𝐺𝐼𝑐 =  1
2

 𝜎0𝑢𝑛𝑐                                                                        (3.44) 
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𝐺𝐼𝐼𝑐 =  1
2

 𝜏0𝑢𝑡𝑐                                                                        (3.45) 

Where, 

𝜎0 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 

𝜏0 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 

𝐺𝐼 = 𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑟 𝑤𝑜𝑟𝑘 𝑑𝑜𝑛𝑒 𝑏𝑦 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑢𝑟𝑒 𝑚𝑜𝑑𝑒 𝐼  

𝐺𝐼𝐼 =  𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑟 𝑤𝑜𝑟𝑘 𝑑𝑜𝑛𝑒 𝑏𝑦 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑢𝑟𝑒 𝑚𝑜𝑑𝑒 𝐼𝐼  

𝐺𝐼𝑐 =  𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑡𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 𝑜𝑟 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛 𝑝𝑢𝑟𝑒 𝑚𝑜𝑑𝑒 𝐼 

𝐺𝐼𝐼𝑐 =  𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑡𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 𝑜𝑟 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛 𝑝𝑢𝑟𝑒 𝑚𝑜𝑑𝑒 𝐼𝐼 

From equations (3.38), (3.40) and (3.41), it can be shown (Mei, et al., 2010) that both the 

strength and toughness depend on the phase angle 𝛹. The relationships are given by 

expressing equation (3.40) in the form: 

�
𝜆𝑚cos𝛹

𝜎0
�
2

+  �
𝜆𝑚sin𝛹

𝜏0
�
2

= 1 

So,                                           𝜆𝑚2  ��cos
2𝛹
𝜎0

�  +  �sin
2𝛹
𝜏0

� � = 1 

Therefore,                                  𝜆𝑚 =  ��cos
2𝛹
𝜎0

�  + �sin
2𝛹
𝜏0

��
−1

2�
 

From where the critical traction magnitude for damage initiation is given by: 

𝜆𝑚 =  𝜎0  �cos2 𝛹 +  𝜎0
2

𝜏02
 sin2 𝛹�

−1
2�
                                             (3.46)   

Sequel to definitions obtained from equations (3.37) and (3.38), at the point of final failure it 

can be shown that: 

〈𝜎〉 = 𝜆𝑚 𝑐𝑜𝑠𝛹     𝑎𝑛𝑑 𝜏 =  𝜆𝑚 𝑠𝑖𝑛𝛹                                                (3.47) 

and,          〈𝑢𝑛〉 = 𝑢𝑚𝑐  𝑐𝑜𝑠𝛹     𝑎𝑛𝑑          𝑢𝑡 =  𝑢𝑚𝑐  𝑠𝑖𝑛𝛹                                     (3.48) 

where,   𝜎 𝑎𝑛𝑑 𝜏 =  𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑠ℎ𝑒𝑎𝑟 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 

𝑢𝑛 𝑎𝑛𝑑 𝑢𝑡 = 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑠ℎ𝑒𝑎𝑟 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 

So, from equations (3.47) and (3.48), the work done by the tractions can then be expressed 

as: 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013  63 
 

𝐺𝐼 =  1
2

 𝜆𝑚𝑢𝑚𝑐 𝑐𝑜𝑠2𝛹                                                                     (3.49) 

𝐺𝐼𝐼 =  1
2

 𝜆𝑚𝑢𝑚𝑐 𝑠𝑖𝑛2𝛹                                                                     (3.50) 

Again, with reference to equations (3.49) and (3.50), equation (3.41) can be expressed in 

terms of the phase angle 𝛹 as:  

�
1
2 𝜆𝑚𝑢𝑚𝑐 𝑐𝑜𝑠2𝛹

𝐺𝐼𝑐
 � +   �

1
2 𝜆𝑚𝑢𝑚𝑐 𝑠𝑖𝑛2𝛹

𝐺𝐼𝐼𝑐
�  = 1                                                (3.51) 

So that the total Mixed-Mode fracture energy (per unit area) becomes:  

𝐺𝑇𝑜𝑡𝑎𝑙 = 𝐺𝐼𝑐 +  𝐺𝐼𝐼𝑐 = 1
2

 𝜆𝑚𝑢𝑚𝑐 =  1
2

 𝜆𝑚𝑢𝑚𝑐  𝐺𝐼𝑐  �𝑐𝑜𝑠2𝛹 + 𝐺𝐼𝑐
𝐺𝐼𝐼𝑐

 𝑠𝑖𝑛2𝛹�          (3.52) 

Which can also be expressed as:  

𝐺𝑇𝑜𝑡𝑎𝑙 = 𝐺𝐼𝑐 +  𝐺𝐼𝐼𝑐 = 1
2

 𝜆𝑚𝑢𝑚𝑐 =  𝐺𝐼𝑐  �𝑐𝑜𝑠2𝛹 + 𝐺𝐼𝑐
𝐺𝐼𝐼𝑐

 𝑠𝑖𝑛2𝛹�
−1

                (3.53) 

From equation 3.53, a graphical representation of the delamination envelop for Mixed-Mode 

can be drawn as shown in Figure 3.8. In the figure, the Mixed-Mode ratio constitutive 

relation is defined by the triangle at the middle, and acts to lower the parameters associated 

with the pure Mode failure criteria. 

    

 

Figure 3.8: Constitutive model for Mixed mode delamination ((Drawn from Gözlüklü, 2009) 
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From figure 3.8 above, the ICZM implementation under Mixed-Mode loading in this thesis 

was characterized by the following parameters:  

• Stiffness (𝑘0) 

• Strengths (𝜎0 𝑎𝑛𝑑 𝜏0) and their conjugate variables (displacement) 

• 𝐺𝐼𝑐 and 𝐺𝐼𝐼𝑐 

Note, for effective ICZM implementation, two additional special features were provided for 

both Mixed-Mode and Mode II de-bonding models in FEA ANSYS. These included the 

possibility of controlling tangential slip under compression normal contact stress by 

activating the flag (β) when 1 (tangential slip allowed) is used, or 0, implying no tangential 

slip allowed. The second feature relates to artificial damping coefficient (η). It was desirable 

to include artificial damping coefficient (η) in order to overcome convergence difficulties 

during debonding process. Its value may be chosen between 0.01 and 0.1 and has the units 

of time. It represents a multiplying effect on the smallest time increment to ensure an 

accurate numerical solution is obtained.  

This chapter presented the theoretical concepts and equations governing the material 

mixture design and optimization techniques used in this thesis; potential mechanisms of 

delamination process of the overlay under pure mode (Mode I or Mode II) and Mixed-Mode 

remote loading conditions were clearly shown. Lastly, the fracture parameters defining the 

bilinear stress-separation softening relation between the two planes of the interface were 

identified. Note, these parameters are to be experimentally determined together with other 

thermo-mechanical properties of the overlay. Detailed experimental work and fracture 

analysis are presented later in chapters 5 and 7 respectively.  

4.0 Methodology 

This section discusses the methodology adopted in this study for the design of the optimum 

overlay mixture. The material selection process of the overlay was implemented in terms of 

qualitative and quantitative assessments experimentally and computationally. Afterward, the 

bond capability of the optimum mixture was measured, and the structural response of the 

interface was examined experimentally, numerically and analytically. The numerical and the 

analytical studies here were employed to extend the pure Mode (Mode I and Mode II) 

fracture experimental test results into a Mixed-Mode remote response which appears 
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common with bi-material interface. Finally, possible Mixed-Mode shape was analytically 

determined for an edge condition buckling-driven delamination.    

4.1 Overview of Research Approach 

As clearly stated above, adequate description and simulation of interfacial bonding and 

delamination behaviour require well suited experimental tests with results that can be used 

as calibration tools for both numerical and analytical studies.     

The prime rationale for such interfacial calibration is premised on common notion that many 

of the experimental results are usually not sufficient to capture and determine all the 

parameters required for a complete fracture analysis of concrete structures, especially 

where delamination at the interface is involved.  

In this respect, the preference for any particular test method adopted in this thesis was 

guided by the scale of description involved, coupled with the relative merit associated with 

the method. In addition, other relevant fundamental factors considered for any choice test 

method included:  

• Availability of testing equipment and measuring devices, 

• Accuracy of the method, and  

• Versatility of the method. 

Specifically, the selected test methods related to critical fracture conditions in composite 

interface under both elastic property mismatch and differential length change effects 

between the bonded layers. All fracture tests assumed monotonic remote loadings.    

Methodologically, the sequential optimum design process for the proposed BCO system 

was implemented and discussed as follows:  

1. Overlay Material Modelling, Design, and Characterization; 

2. Interface Characterisation;  

3. Interface Structural (Delamination process) response;  

4. Numerical and analytical simulations; and  

5. Design output and propositions. 
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Figure 4.1: BCOs Design Methodology 

4.2 Overlay Material Modelling, Design, and Characterisation 

This section considers methods of achieving the best possible overlay mixture through 

experimental and statistical optimization techniques. The process of optimum selection was 

based on both possible field applicability of the overlay material and its structural 

performance evaluation within the acceptable desirability range found in various codes of 

practice and technical publications.  

The applicability quality was measured in terms of the material’s consistency MVB 

(Modified-Vebe) performance and its apparent maximum density (AMD) after roller 

compaction. Conceptually, Roller Compacted Concrete (RCC) differs from conventional 

concrete principally in its consistency requirement. For effective consolidation and bonding, 

the concrete mixture must be dry enough to prevent sinking of the vibratory roller 

equipment, but sufficiently wet to permit adequate distribution of the binder paste in the 

concrete during mixing.   

Following the applicability quality determination, structural performance evaluation of the 

test material mixtures was implemented.  The following were the bulk properties used to 

characterise and define the relative level of performance of the optimum overlay material: 

• Mechanical / Elastic properties: Compressive strength (𝑓𝑐), Tensile strength (𝑓𝑡), 

Elastic modulus (𝐸𝑐), Poisson’s ratio ()𝑣, and Drying shrinkage (𝜀𝑐); 
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• Fresh Mix and Physical properties: Consistency-time (MVB) and Density (AMD); 

• Thermal properties: Co-efficient of thermal expansion (𝛼). 

 

Note, the mechanical and elastic properties were used to determine the level of structural 

and dimensional compatibility between the optimum mixture and the substrate concrete, 

while the fresh / physical properties help determine the suitability of the same mixture for 

field application in its wet state and at acceptable level of compaction. Lastly, the thermal 

properties relates mainly to dimensional variation between the overlay and the substrate 

under temperature gradient. Note, full test descriptions of each of the above properties and 

results are given in Chapters 6 and 7 of this thesis. 

4.3 Interface Characterization  

Following the tasks given in section 4.2 above, substrate surface characterization and 

interfacial bond evaluations were performed. The surface characterization examines the 

degree of roughness at three different levels introduced to foster good bonding. 

Theoretically, surface roughening is known to increase contact area between bonded 

materials, thus, bond capability of the interface increases as well.  

The roughness measurement (𝑅𝑧) adopts the sand-patch method, while the bond testing 

uses stress-based and fracture-based experiments. Note, the stress-based experiments 

measured the delamination initiation stage while the fracture-based experiment determined 

the propagation process of the interface.          

The following were the bond performance properties determined to characterise the 

interface under a prescribed interface texture:  

• Interfacial tensile strength (𝜎0) and the corresponding critical crack opening 

displacement (𝑢𝑛𝑐 ); 

• Interfacial shear strength (𝜏0) and the corresponding slip displacement (𝑢𝑡𝑐);  

• Interfacial toughness or resistance to fracture (𝐺𝐼𝐶 and 𝐺𝐼𝐼𝐶). 

Note, full test descriptions of each of the above parameters and results are given in 

Chapters 7 and 8 of this thesis. 
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4.4 Interface delamination Numerical and analytical simulations  

Because of the difficult and complex nature of determining the Mixed-Mode fracture 

parameters of the interface experimentally, numerical and analytical simulations were 

implemented to extend the pure Mode fracture experimental test results given in section 4.3 

into a Mixed-Mode delamination concept. The FEA model as illustrated in Figure 4.2, 

idealizes delamination failure across the BCO slab system into a 2D beam resting on elastic 

foundation. Note that the generalization of delamination fracture as assumed here is 

simplistic, it is however reasonable because it addresses areas more prone to elevated 

stresses and delamination problems. 

  

a)        b)  

Figure 4.2: Conceptual Overlay Edge Deformation and Delamination FEA Model 

 The FEA model shown in Figure 4.2, assumed a differential edge deformation between the 

two bonded materials. The model helps determine the equivalent Mixed-Mode interfacial 

fracture parameters relative to different elastic mismatched properties between the overlay 

and the substrate and the possible failure mode shape of the overlay under a buckling-

driven delamination state. The analytical solution to the problem was implemented using the 

proposed Modified Eigenvalue Buckling Analysis (MEBA). Afterward, result outputs and 

propositions for overlay reliability design were presented. 

5.0 Material Modelling, Evaluation and Optimization 

The overall composite performance of concrete is generally contingent on achieving the 

right proportion of blend. The use of mixture experiments provides a flexible, easy, and 

quick way of optimizing multi-component materials of this nature. This chapter describes the 

use of optimization techniques within the concept of material mixture experiments for 
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proportioning and designing the constituents of the bonded overlay material (BRCFRPMC) 

used in this research.  

Although, applied optimization techniques are nearly as old as calculus of variations, their 

direct and possibly frequent application to mixture processing in the concrete industry is still 

relatively new, compared to pharmaceutical, petrochemical, and medical biology where 

considerable successes have been recorded (Ruiz et al., 2005). In concrete industry, the 

use of historical data or traditional trail-and-error mixture proportioning methods based on 

ACI 211.1 is common and has long enjoyed wider acceptance. However its applications can 

be rigorous and uneconomical, particularly where several material constituents and complex 

multi-criteria properties are involved. Besides, neither method gives a detailed procedure for 

optimizing mixtures (Simon 2003), which at this point necessitates the need for a more 

robust and cost / time-efficient method.  

In the present study, a high performing BRCFRPMC overlay is designed using Mixture 

Optimization Techniques to meet the following multi-criteria performance: (1) No sinking 

attribute during vibratory compaction, (2) sufficient mechanical and dimensional 

compatibility properties with the substrate, and (3) early and durable interfacial bond 

performance.  

The overall objective here is to ensure that the designed overlay material is optimized for 

both structural performance and bond compatibility.  

5.1 Material and Test Requirements of BRCFRPMC. 

           5.1.1 Roller Compacted Concrete Overlay 

In ACI 207.5R [5], Roller Compacted Concrete (RCC) is defined as concrete compacted by 

a vibrating roller. RCC therefore differs from conventional concrete principally in its 

consistency requirement. For effective consolidation, the concrete mixture must be dry 

enough to prevent sinking of the vibratory roller equipment, but sufficiently wet to permit 

adequate distribution of the binder paste in the concrete during mixing. In addition, in 

situations where RCC is applied as a bonded overlay, it should as a necessity provide good 

bonding with the substrate.  

In order to ensure proper mixture proportioning of RCC, ACI 207.5R identifies five distinct 

methods, but in practice, two main approaches are common:     
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I. The first approach is based on the principle of soil compaction, where the optimum 

water content of the concrete results in a mix with maximum compacted density. 

Typically, the best compaction is expected to yield the best strength; and that occurs 

only when the operating vibrating roller is effectively supported.    

II. The second approach is based on the use of concrete consistency tests to produce a 

high-paste RCC mixture. In this method, mixture proportioning is dependent on 

achieving good consolidation, thereby ensuring that much of the void content is filled 

with paste, even at considerable low water content.    

 

In the present work, the latter is preferred due to its associated high-paste content required 

for good bonding with the substrate. Besides, the apparent maximum density (AMD) in 

concrete consistency approach is normally greater than that of soil compaction approach; 

typically its value can be as high as 98% of the theoretical air-free density (TAFD) (Mehta 

and Monteiro 2006).  

Hence, for very stiff to extremely dry RCC mixtures like the present; the test samples were 

prepared with Modified-Vebe (MVB) method in accordance to ASTM C1170 / C1170M-08 

requirements. The vibration induced by the apparatus is usually done such that it simulates 

the field compaction under the action of a 12.5kg or 22.7kg surcharge mass, depending on 

the observed consistency level as described in ASTM C1170 / C1170M-08. In the field, 

however, the laboratory determined optimum mix can be adequately consolidated using 

vibratory rollers.   

In the literature, a typical MVB time for RCC pavement and overtopping materials ranges 

between 30 and 40 seconds (ACI 325.10R-10), though RCC with high consistency times, up 

to 180 seconds, have been successfully compacted in the laboratory, and probably could be 

applied in the field with high compaction effort  (Casias et al. 1988). As a general guide, it is 

desirable to ensure that the maximum compaction force exerted does not break or crush the 

aggregates, so as to prevent any change to the granulometric curve. In this respect, an 

MVB time range of 25 to 40 seconds was chosen to define the thresholds of acceptance 

and rejection, with a target of 35 seconds for the optimum mix.  

5.1.2 Polymer admixture and Steel-fibre additive.  
Polymer-modified concretes essentially contain two binder phases, such that their 

composite behaviour depends on achieving complete cement hydration and polymer film 
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formation processes during the curing period (Czarnecki et al., 1999; Ohama, 1995). With 

proper mixture design, the benefits of Polymer-modified concrete (PMC) over conventional 

concrete can be enormous, ranging from improved mechanical properties to enhanced bond 

properties with other materials (Czarnecki and Lukowski, 1998). In addition, the presence of 

micro-cracks is also limited in PMC due to its lower shrinkage property. When such cracks 

develop, they are controlled and bridged to a great extent by the polymer films, thus 

preventing the likelihood of brittle crack propagation. 

For polymer modification of concrete, the use of Styrene-Butadiene Latex / Rubber (SBR) is 

common, while Polyvinyl Acetate Latex and Poly (vinylidene Chloride (VnC) - vinyl Chloride 

(VC) latexes are not recommended as cement modifiers (Ohama, 1995) due to their 

respective poor water resistance and chloride ion liberation tendencies. In ASTM C 150, 

SBR is recommended for concrete or mortar modification with Type I, II or III Portland 

cement. Most polymer-modified concretes in the literature are however composed of Type I 

cement and SBR latexes. The use of Type III cement is very limited, except where early 

rapid strength is required to sustain a service load within 24 hours (ACI 548.3R-03). The 

investigation in this work was based on the use of SBR polymer emulsion and CEM I 

Portland cement. The specifications and properties of the materials used are given in Table 

5.1, while the combined aggregate grading data is shown in Table 5.2. 

Table 5.1: Material specifications and physical properties 

Materials Specification and Physical Properties 

Cement (CEM I) CEM I, 52.5N; specific density 3150 kg/m3  

SBR White emulsion, solid content 46%, water content 54%; specific density 1040 

kg/m3 

Coarse aggregate (CA) Crushed gritstone; size 4.75 -10mm, water absorption 0.5%, particle density 

on saturated surface-dried 2770 kg/m3  

Fine aggregates (FA) Quartz river sand, particle density 2670 kg/m3 

Steel Fibre (SF) Length 35mm, hooked-end, aspect ratio 60 
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Table 5.2 Combined aggregate grading 

Sieve size 14mm 10 mm 4.75 mm 2.36 mm 1.18 mm 600 μm 300 μm 150 μm 75 μm 

Cumulative 

% passing 

100 96 41.2 35.3 33.0 26.8 4.44 1.19 0.14 

 

5.1.3 Mixture Design Method     
Hypothetically, BRCFRPMC can be considered as a matrix of two phases: the paste (P) 

phase and the solid inclusion (SI) phase. The paste phase consists of WATER and Portland 

cement (CEM 1) modified with SBR, and occupies about 39% by volume of the total 

mixture; while the remaining 61% is filled with solid inclusion phase comprising coarse 

aggregate (CA), fine aggregate (FA) and steel fibre (SF).   

By this hypothesis, the paste phase was considered central to consistency and optimum 

bond requirements, in order to ensure ease of applicability during vibrating compaction and 

satisfactory composite behaviour of the overlay system. Therefore, the mixture experiments 

in this work investigate variable combinations of the paste constituents that will be required 

for optimal performance when mixed with a constant proportion of the solid inclusions. Table 

3 represents the proportion of the mixture components.  

It should be noted that the total volume shown in Table 5.3 indicates a theoretical air-free 

mixture, while the variable proportions of SBR and WATER depend on the amount of CEMI.

Tables 5.3: Mixture proportion of solid inclusions phase and paste phase 

  Solid Inclusion phase Paste phase 

Material CA FA SF 
 

CEM I SBR WATER 

Weight (kg) 952.5 635 117 ≤ 635 Variable Variable 

Volume (𝑚3) 0.35 0.24 0.015 - - - 

Total Vol. (𝑚3) 0.61 0.39 

 

In this experiment, the maximum cement content was restricted to ≤635kg, while the 

trial range of variabilities for Water-Cement (W/C) and Polymer-Cement ratio (P/C) was 

constrained between 18% - 22% and 10% - 15% respectively. 
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It has been shown that (P/C) ratios ≥ 20% impair both compressive strength and elastic 

modulus properties considerably (Van Gemert, 2005), while ratios ≤ 5% are insufficient 

to create any additional continuous phase within the hardened concrete matrix. In 

addition, the choice of high cement contents was based on ACI guidelines (ACI 548.1R-

92; ACI 548.4-93). Cement contents in the range of 600 – 700 𝑘𝑔 𝑚3⁄  are typically 

recommended for bridge deck and pavement overlays modified with SBR, for enhanced 

bonding and strength development. Although, the use of high cement contents to 

enhance bonding and strength could also results in high risk of shrinkage and thermal 

cracking; with adequate polymer content and sufficient inclusion of steel-fibre, usually 

within 1.5% - 2.0% by volume of the mix (Šušteršič, 2007), the risks can be minimized. 

Thus, in the present work, a fixed volume of 1.5% steel-fibre was added in the mix at a 

maximum aspect ratio of 60, thereby limiting the likely effects of curling (Swamy and 

Mangat, 1975). 

From above, since the amount of solid inclusions (SI) shown in Table 5.3 is held fixed for 

all possible mix combinations of the paste (P), it follows that the proportion of (SI) to (P) 

can be implemented as a three-component mixture experiment, involving only SBR, 

CEM 1, and WATER. Thus, in Table 5.4, if the upper and lower bounds are applied on 

[𝑆𝐵𝑅 𝐶𝐸𝑀1]⁄  and [𝑊𝐴𝑇𝐸𝑅 𝐶𝐸𝑀1]⁄  ratios based on the variability limits discussed above, 

then the actual amount of each component can be estimated. Table 5.5 presents the 

proportion of each component as a fraction of a constant total paste.  

Table 5.4: Actual range of Cement Contents 

𝑅𝑎𝑛𝑔𝑒 𝐿𝑖𝑚𝑖𝑡 �𝑆𝐵𝑅
𝐶𝑒𝑚

� (%) �𝑊𝑎𝑡𝑒𝑟
𝐶𝑒𝑚

� (%) 𝑆𝐵𝑅 (kg) 𝑊𝑎𝑡𝑒𝑟(kg) 𝐶𝑒𝑚. (𝑘𝑔) 𝑇𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡 ( 𝑘𝑔) 

Lower 10 18 63.5 114.3 635 812.8 

Upper 15 22 95.25 139.7 577.85 812.8 

 

Table 5.5: Paste Components Proportion 

𝑅𝑎𝑛𝑔𝑒 𝐿𝑖𝑚𝑖𝑡 𝑆𝐵𝑅 (𝑥1) 𝑊𝐴𝑇𝐸𝑅(𝑥2) 𝐶𝐸𝑀𝐸𝑁𝑇 (𝑥3) 𝑇𝑂𝑇𝐴𝐿 

Lower 0.078 0.141 0.781 1.00 

Upper 0.117 0.172 0.711 1.00 

 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013 
 74 
 

In Table 5.5, based on the conditions stated in equation (3.1), the sum of each possible 

paste combination (each row) is constrained to a total of 1. Hence, from the resulting 

lower and upper bound values given in Table 5.5, an Extreme Vertices Design (EVD) 

was implemented to formulate some possible mix combinations based on the following 

constraints:  

0.078 ≤ 𝑥1 ≤ 0.117 

0.141 ≤ 𝑥2 ≤ 0.172 

0.711 ≤ 𝑥3 ≤ 0.781 

The implementation of the mixture model was done on the initial assumption that a 

second-degree (quadratic) design will be sufficient. In the design, 4 vertex design points 

were created with 4 augmented axial points. In addition, in order to ensure a more 

robust model, 4 interior and 1 centre points were incorporated. In total, these make up 

13 points on which all required properties were associated. The corresponding 

coordinates and design output space are depicted in Table 5.6 and Figure 5.1 

respectively. 

 

 

 

 

 

 

 

 

 

 

Figure 5.1: Extreme Vertices Design for BRCFRPMC 
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Table 5.6: BRCFRPMC Paste Component Proportions 

𝐷𝑒𝑠𝑖𝑔𝑛 𝑝𝑜𝑖𝑛𝑡 𝑃𝑡 𝑇𝑦𝑝𝑒 𝑆𝐵𝑅 (𝑥1) 𝑊𝐴𝑇𝐸𝑅 (𝑥2) 𝐶𝐸𝑀 𝐼 (𝑥3) 

1 1 0.078 0.141 0.781 

2 1 0.078 0.172 0.750 

3 1 0.117 0.141 0.742 

4 1 0.117 0.172 0.711 

5 2 0.078 0.157 0.766 

6 2 0.098 0.141 0.762 

7 2 0.117 0.157 0.727 

8 2 0.098 0.172 0.731 

9 0 0.098 0.157 0.746 

10 -1 0.088 0.149 0.764 

11 -1 0.088 0.164 0.748 

12 -1 0.107 0.149 0.744 

13 -1 0.107 0.164 0.729 

 

In Figure 5.1, the thick dashed line defines the design region, while the dots represent 

the design points. From Table 5.6, the basis for batching by weight in kg of each paste 

constituent was established. Further, in order to allow for sufficient repeatability of each 

associated response, a total of five runs for each design point were implemented per 

specified response. Subsequently, ANOVA was performed with Minitab statistical 

software. In the analyses, components and models with p-value ≤ 0.05 were selected as 

viable. Also, for each chosen model, checks on normality, outliers, and consistency of 

the residuals were carried out accordingly. 

5.2 Mixture Proportion Evaluation and Optimization  

       5.2.1 MVB and Wet Density tests 

In order to determine the suitability range of the mixture proportions listed Table 5.7, the 

test procedures of MVB and wet density used complied with ASTM C1170 / C1170M-08 

[7], while the general mixing procedure for each batch followed ASTM C1439-99.  
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The ASTM C1170 / C1170M-08 method involves proportioning mixture of concrete for 

optimum consolidation, by using such apparatus as the MVB described in the U.S. Army 

Corps of Engineer’s test procedure CRD-C-53-01 and U.S. Bureau of Reclamation’s 

Technical Memorandum No. 8. By definition, the MVB consistency is the time required 

for a given mass of stiff-plastic to extremely dry-concrete to be consolidated by vibration 

in a cylindrical mould under a surcharge mass. Afterward, the wet-density of the 

compacted mix is determined by measuring the mass of the consolidated specimen and 

dividing by its volume. 

The apparatus as illustrated in Figure 5.2 consists of a vibrating table of fixed frequency 

(60±1.67𝐻𝑧) and a double-amplitude of 0.43±0.08mm which is similar to field 

compaction when a 27.2±1.1kg surcharge is bolted to the centre of the table. The 

apparatus also consists of a 0.0091m3 metal cylindrical mould securely attached to the 

table, into which a representative mixture of the concrete specimen can be loosely 

placed under a surcharge mass of 12.5kg or 22.7kg. Note that the choice of the 

surcharge mass generally depends on which modified apparatus meets the procedures 

described in ASTM C1170 / C1170M-08.   

 

Figure 5.2: Vibrating Table – Modified Vebe consistency test (Adapted from ASTMC 

1170-08) 
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On the basis of visual observations of some trial test specimens, procedure requiring 

22.7kg surcharge mass was deemed fit and subsequently maintained all through the 

experiments. Clearly, the use of a single surcharge mass for all test specimens helps 

comparison in results. Figure 5.3 shows the visual appearance of some representative 

mixtures consolidated under the action of the surcharge mass, while Table 5.7 provides 

the quantity in kg for each mixture combination. 

 

  

   

Figure 5.3: Representative mixtures: (a) M1 in the Vebe cylinder (b) 22.7 kg surcharg 

mass mounted on test specimen (c) Fully consolidate test specimen with a ring of mortar 

around the disk (d, e, f) Top finished surface of Mix 1, Mix 2 and Mix 3 after 

consolidation 

 

 

 

 

 

 

Ring of mortar  a) b) c) 

d) e) f) 
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Table 5.7: BRCFRPMC Components Proportion 

𝐷𝑒𝑠𝑖𝑔𝑛  

𝑝𝑜𝑖𝑛𝑡 
𝑀𝑖𝑥 𝐼𝐷 

𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 (𝑘𝑔) 

𝑆𝐵𝑅 𝑊𝐴𝑇𝐸𝑅 𝐶𝐸𝑀 𝐼 𝐶𝐴 𝐹𝐴 𝑆𝐹 

1  M1 63.40 114.60 634.80 952.50 635.00 117.00 

2  M3 63.40 139.80 609.60 952.50 635.00 117.00 

3  M7 95.10 114.60 603.10 952.50 635.00 117.00 

4  M9 95.10 139.80 577.90 952.50 635.00 117.00 

5  M2 63.40 127.20 622.20 952.50 635.00 117.00 

6  M4 79.25 114.60 618.95 952.50 635.00 117.00 

7  M8 95.10 127.20 590.50 952.50 635.00 117.00 

8  M6 79.25 139.80 593.75 952.50 635.00 117.00 

9  M5 79.25 127.20 606.35 952.50 635.00 117.00 

10  M12 71.32 120.90 620.57 952.50 635.00 117.00 

11  M10 71.32 133.50 607.97 952.50 635.00 117.00 

12  M11 87.17 120.90 604.72 952.50 635.00 117.00 

13  M13 87.17 133.50 592.12 952.50 635.00 117.00 

Note: The specified water proportion includes the free water in the aggregates, the water in the 
latex, and the added water. The Mix ID was discretionarily chosen, and represents the batching 
order.

The overlaid contour result shown in Figure 5.4 depicts the feasible space, and indicates 

that not all test samples experienced full consolidation within the desirable consistency-time 

range of 25 and 40 seconds. The corresponding wet-density response for each test mixture 

is shown in Table 5.8. Usually, for most RCC mixtures, it is expected that the apparent 

maximum density (AMD) after rolling vibration shall be ≥ 98% of the theoretical air-free 

density (TAFD), but where no AMD is specified a priori, compaction shall achieve density 

≥ 96% TAFD (National Engineering handbook, 2009).  

Hence, in order to simulate these compaction levels, cylindrical specimens were cast from 

each possible mixture and compacted with a modified electric plate compactor for 20 

seconds each layer of four per specimen. Each specimen measured 200mm high by 

100mm diameter, and density measured in accordance to ASTM D792. Note, by using 

similar range of AMD values as those specified here, it was possible to assess the 

consolidation level of each mixture for equal period of vibration or compaction. 
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Figure 5.4: Contour Plot of Consistency-time (sec)  

Table 5.8: Consistency and Density properties of test specimens 

𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦  

𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 

𝑇𝑒𝑠𝑡 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑚𝑖𝑥𝑡𝑢𝑟𝑒 𝐼𝐷 

𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6 𝑀7 𝑀8 𝑀9 𝑀10 𝑀11 𝑀12 𝑀13 

Consistency 
time (sec.) 78 50 32 40 34 29 24.5 22.8 20.7 30.1 23 37 22 

Wet density 
(kg/m3) 2333.77 2421.46 2476.11 2417.73 2417.57 2366.85 2442.06 2423.80 2401.98 2429.32 2446.70 2382.42 2442.21 

Compacted 
density 

(%TAFD) 95.76 97.19 98.43 96.87 96.99 96.12 97.96 97.39 96.68 97.71 98.26 96.71 98.00 

Air-Content 
(%) 4.24 2.81 1.57 3.13 3.01 3.88 2.04 2.61 3.32 2.29 1.74 3.29 2.00 

 

The TAFD and air-content (%) shown in Table 5.8 were determined using the procedures 

given in ASTM C138 and ACI 211.3. The result in Table 5.8 demonstrates that for similar 

condition of compaction, different levels of consolidation were achieved.  The optimum 

mixture based on the two properties defined here, attains about 98.43% TAFD, which in this 

case has a consistency-time of 32 seconds when vibrated on the MVB table. As seen, the 

consistency times due to MVB test fall generally between 20 and 80 seconds with a 

statistical mean of 34.08 seconds. The overall compacted density as seen falls within the 

limit 97.10 ± 1.34 %𝑇𝐴𝐹𝐷. Though, this limit falls slightly below the desirable AMD value 

(≥ 98% 𝑇𝐴𝐹𝐷) for most of the test mixtures, three mixtures – M3, M11, and M13 – exhibit 
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considerable high response in the vicinity ≥ 98% 𝑇𝐴𝐹𝐷, while all other mixtures, except M1, 

show values ≥ 96%. At this stage, only M3 seems to satisfy both consistency and density 

criteria. In details, based on visual observations, a classification for quality evaluation, as 

illustrated in Table 5.9, was made for specimens falling below 25 seconds, those between 

25 and 35 seconds, those between 35 and 40 seconds, and those falling above 40 seconds.  

 Table 5.9: Mix classification based on consistency time limits and visual observations 

Mix ID Time 
(sec) 

Remark 

M1 

M2 

78 

50 

Too dry and loose; exhibit poor consolidation and poor 
compaction; poor bond capability suspected; require high 
compaction effort. 

M4 

M12 

40 

37 

Dry; set quickly; may require some level of moisture adjustment 
during rolling and compaction for adequate strength and bond 
performance. 

M5 

M3 

M10 

M6 

34 

32 

30.1 

29 

 

Exhibit good consolidation and compaction; mainly within the 
prescribed laboratory Vebe-consistency time limit. 

M7 

M11 

M8 

M13 

M9 

24.5 

23 

22.8 

22 

20.7 

 

 

Zero-slump concrete; appear wet and sticky, sinking of vibratory 
roller suspected, mainly below the prescribed practical Vebe-
consistency time limit.  

  

Suspectedly, for those specimens exhibiting lower consistency time below 25 seconds 

benchmark, the visual effects of high polymer and water contents on consistency became 

strident even prior to mix specimen testing, hence trying with 12.5kg surcharge mass was 

not considered appropriate. It is evident that the presence of polymer in concrete increases 

workability in the same manner as water content. Unlike in conventional RCC where no 

polymer is included, such effect of polymer on RCC has received little or no attention in the 

literature. Hence, it is desirable to establish the optimum interaction level between P/C and 

W/C in a roller compacted concrete containing polymer.         
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As clearly seen in Tables 5.8 and 5.9, most of the test mixture specimens attained 

reasonable degree of consolidation at consistency-time below 90 seconds, though mixtures 

with low consistency-time appeared too wet from practical standpoint. Again, it is  clear that 

the reduced densification level obtained from the wet-density test illustrated in Table 5.8 can 

easily be compensated for in the field or in the laboratory to the required AMD by applying 

reasonable increased compaction effort similar to the roller compactor or electric plate 

compactor. This is usually the case in the field where compaction energy is standardized, 

and could be achieved with several passes of vibratory rollers; so long the overlay material 

does not exhibit pumping or causes the roller to sink during static passes.  

As illustrated in Figure 5.5, in the field, RCC is commonly compacted with a 10-ton dual-

drum vibratory roller just immediately after the concrete is placed, in a two-static pass 

pattern prior to vibratory and tire rolling operations (ACI 325.10R-10). Usually, right from the 

time of static rolling passes, one can tell if a mix is of proper consistency for compaction. 

The distinction made in ACI 325.10R-10 is clear, and follows that: a too dry concrete 

mixture will appear dusty or grainy and may even shear horizontally, while a too wet 

concrete will appear pasty, exhibit pumping behaviour under the roller, and often causes the 

roller to sink. As clearly observed in the laboratory, similar features were prevalent even 

where an electric hand-held vibrator was used. In addition, the ideal mixture should deflect 

evenly under the roller passes, and where adjustment is required for workability, only minor 

adjustments are made in terms of moisture content.  

Figure 5.5: Placing and roller compaction of RCC (Adapted from Wayne Adaska, 2012) 

 

Following the response properties given in Table 5.8, analysis of variance was implemented 

with Minitab16 by fitting and verifying a response model for consistency-time, wet-density, 

and compacted-density discretely. In all cases, model selection allows prediction based on 

This item has been removed due to third party copyright. The unabridged version of the thesis can be 
viewed at the Lanchester Library, Coventry University.
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a quadratic relation, but through the analysis of variance (ANOVA), a linear model may 

provide a sufficient fit to the data. The corresponding ANOVA table for each response 

property is shown in Table 5.10. 

 

Table 5.10: ANOVA table for consistency-time, wet density and compacted density 

Analysis of Variance for Consistency time (sec) (Paste component proportions) 

Source               DF      Seq SS       Adj SS        Adj MS       F             P 

Regression         5      13656.7       13656.74     2731.35   155.44     0.000 

   Linear             2      10579.9        277.42        138.71     7.89         0.001 

   Quadratic        3      3076.8         3076.83      1025.61    58.37       0.000 

Analysis of Variance for Wet Density (kg/m3) (Paste component proportions) 

Source              DF       Seq SS      Adj SS          Adj MS      F             P 

Regression        5        57988.2    57988.2       11597.6     26.85      0.000 

   Linear             2        7789.7      6908.9         3454.4       8.00        0.001 

   Quadratic        3        50198.5    50198.5       16732.8     38.74      0.000 

Analysis of Variance for % Compacted density (Paste component proportions) 

Source              DF      Seq SS     Adj SS         Adj MS        F              P 

Regression        5      39.0011     39.0011        7.8002       25.76      0.000 

   Linear             2      3.1490       6.2310           3.1155      10.29      0.000 

   Quadratic       3       35.8522     35.8522        11.9507     39.46      0.000 

 

In Table 5.10, the rows with “linear” are used to test whether the coefficients of linear terms 

are equal, while the rows with “quadratic” examine whether any quadratic terms is a non-

zero coefficient. As seen in Table 5.10, it is clear that the p-values associated with both 

linear and quadratic models in each response are less than 0.05. Hence, it was assumed 

that either a linear or a quadratic model is significant at an 𝛼 − level of 0.05, thus will suffice 

to fit the models. In this study, quadratic models were adopted. The resulting model for each 

response is presented in Table 5.11, while Figure 5.6 depicts the graphical trend of 

response and interaction between the paste constituents. For the avoidance of repetition, it 
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should be mentioned that the analyses for other response properties examined in this study 

followed a similar way. 

Table 5.11: Quadratic models for Consistency-time, Wet density, and Compacted density 

Property Model Equation S.D R-sq. 

Consistency-time(sec) 8346(𝑥1) + 9676(𝑥2) + 1307(𝑥3) − 168(𝑥1𝑥2) − 16291(𝑥1𝑥3)− 17876(𝑥2𝑥3) 4.2 92.9 

Wet density (kg/m3) 44050(𝑥1)− 4404(𝑥2) − 1857(𝑥3)− 94906(𝑥1𝑥2) − 26791(𝑥1𝑥3) + 83897(𝑥2𝑥3) 20.8 70.0 

Compacted 

density(%TAFD) 

1547(𝑥1)− 619(𝑥2) + 5(𝑥3) − 3701(𝑥1𝑥2)− 1112(𝑥1𝑥3)− 1517(𝑥2𝑥3) 0.6 70.0 

Where: S.D= standard deviation; 𝑥1 = 𝑆𝐵𝑅; 𝑥2 = 𝑊𝐴𝑇𝐸𝑅;  and 𝑥3 = 𝐶𝐸𝑀1  
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Figure 5.6: Response Trace Plot for Consistency and Mixture Surface Plot for Compacted 

density 

The Response Trace Plot and the Mixture Surface Plot shown in Figure 5.6 above represent 

the general trend of consistency-time and compacted density measured in this experiment. 

The variation of the effects of each component relative to other component is distinctly 

depicted, and is interpreted relative to the reference mixture (M5). The overall consistency 

response shows that as the proportion of SBR or WATER in the mixture increases, while 

other components decrease due to the constraint introduced by equation 3.1, consistency-

time decreases; but a decrease in SBR or WATER is expected to increase the response 

accordingly. On the other hand, increase in cement content is likely to increase consistency-

time, while decrease in cement decreases mixture consistency response. In Figure 5.6b, 

mixture response due to compacted density is illustrated. It is evident that densities increase 

a) b) 
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as SBR increases in proportion. The optimum response occurs around the mid-space of the 

design region, with %TAFD ranging between 96 and 98%.    

5.2.2 Elastic Modulus and Compressive Strength tests  

The test specimens used for both compressive and elastic modulus responses were cast 

into cylinder steel mould and compacted with a modified plate electric vibrator. The 

compaction effort was maintained for 20 seconds each layer of four per specimen. Each 

specimen was afterward covered with a light polythene sheet and cured in the mould at 

60% RH laboratory condition for 18 hours. After de-moulding, specimens were stored in the 

curing tank at 100% RH for 24 hours, followed by air curing under laboratory condition. 

Compressive strength tests were performed at 3, 14, 28, and 90 days, while elastic modulus 

was determined only for ages 3 and 28 days in accordance to ASTM 469 procedures. Each 

cylinder measured 200mm high by 100mm diameter. For both experimental tests, five 

replicates were implemented each for all possible mixtures shown in Table 5.7.  

The compressive and elastic modulus responses are shown in Figure 5.7. Here, the 

material performance of the optimum overlay mixture was assessed in terms of its structural 

response and elastic compatibility with the substrate material. Table 5.12 represents the 

mixture constituents of the substrate material used in this work. The substrate material was 

made of a typical high strength ordinary Portland cement concrete (OPCC). The OPCC was 

cured for 28 days in water and subsequently in air till when tested at 90 days. It exhibits a 

characteristic compressive strength of 47MPa, and a mean tensile strength and elastic 

modulus of 3.97MPa and 22.30GPa respectively.  

Table 5.12: OPCC material constituents 

𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝐶𝐸𝑀 𝐼 𝐶𝐴 𝐹𝐴 𝑊𝐴𝑇𝐸𝑅 𝑇𝑂𝑇𝐴𝐿 

Quantity (kg/m3) 400 1116 684 200 2400 

Specific / particle density 
(kg/m3) 

3150 2770 2670 1000 - 
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Figure 5.7: Mean Compressive strengths and Elastic Moduli responses at 3 and 28 days  

 

As seen in the contour plots shown Figure 5.7 (a & b), strength decreases clearly with 

increase in WATER and SBR proportions, but increases as the proportions of CEM I 

increase; while the contours due to elastic modulus in Figure 5.7 (c & d) show that SBR has 

a clear reducing effect on the overall elastic response. The observed mean compressive 

strengths within the design space at 3 and 28 days mostly fall above 32MPa and 50MPa, 

while the corresponding elastic moduli range between 11.5 – 17.5GPa and 17 – 26GPa 

respectively. Following similar analysis as in Table 5.10, the resulting regression models for 

compressive strengths and Elastic Moduli responses for ages 3 and 28 were determined 

and presented in Table 5.13. 

 

 

 

 

a) b) 

c) 
d) 
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Table 5.13: Quadratic models for Compressive strengths and Elastic Moduli 

𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑀𝑜𝑑𝑒𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑆.𝐷 𝑅 − 𝑠𝑞  

Compr. strength (MPa) 3-
day 

251(𝑥1) − 9665(𝑥2)− 260(𝑥3) + 12625(𝑥1𝑥2) − 740(𝑥1𝑥3) + 13538(𝑥2𝑥3) 1.9 70.0 

Compr. strength (MPa)      
28-day 

−1652(𝑥1)− 13412(𝑥2) − 286(𝑥3) + 23080(𝑥1𝑥2) + 656(𝑥1𝑥3) + 18262(𝑥2𝑥3) 1.8 83.2 

Elastic Moduli (GPa) 3-day 

Elastic Moduli (GPa) 28-
day 

−305.3(𝑥1) − 763.9(𝑥2)− 79.2(𝑥3)− 745.1(𝑥1𝑥2) + 784.7(𝑥1𝑥3) + 1516.1(𝑥2𝑥3) 

  
−1358251(𝑥1)− 478(𝑥2) − 76(𝑥3) + 165(𝑥1𝑥2) + 2041(𝑥1𝑥3) − 1160(𝑥2𝑥3) 

0.07 

0.1 

99.8 

99.8 

Where: S.D=standard deviation;  𝑥1 = 𝑆𝐵𝑅; 𝑥2 = 𝑊𝐴𝑇𝐸;  and 𝑥3 = 𝐶𝐸𝑀1   

From the analyses, the optimum overlay mixture was selected based on the desirability 

requirements specified in some selected codes of practice and published technical papers. 

In the US, for instance, due to severe exposure condition of concrete pavement and 

bridges, the minimum compressive characteristic strength for most overlays is usually 

limited to around 25 - 30MPa (VDOT, 2002). Similarly, EC2 specifies a minimum 

compressive strength of C30/37*. Consequently, a minimum target characteristic cylinder 

strength of 30MPa was set for the overlay within the first 72 hours of placing. In the long-

term (say 28 days and over), however, the overlay material should have equal or greater 

strength than the substrate (Emberson and Mays 1990). Also, in terms of elastic property 

compatibility requirements, the elastic modulus is required to be similar to that of the 

substrate (Emberson and Mays 1990). 

From the target characteristic strength set above, the corresponding target mean strength 

was estimated based on the computed minimum and maximum standard deviation values 

associated with the test results. At 5% defect, for age 3, the limits of the target mean 

strength fall within 32.71 ± 1.69𝑀𝑃𝑎; while for age 28, the OPCC characteristic compressive 

strength was set as the target. Thus, for age 28, the estimated limits of the target mean 

strength fall within 50.28 ± 1.92𝑀𝑃𝑎. Hence, by comparing these limits with the response 

contours shown in Figure 5.7 (a & b), it shows that all mixtures used in this experiment 

satisfied the strength requirements for both early age of 3 days and matured age of 28 days.   
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Similarly, for elastic properties compatibility, the choice of optimum response was 

constrained within 5% tolerance of that of the substrate OPCC; thus, the optimum limits fall 

between 21.18GPa and 23.42GPa. From here, by comparing these limits with the response 

contours shown in Figure 5.7 (c & d), it is evident that at age 3, none of the mixtures 

employed in the experiment satisfied the elastic compatibility requirement; hence, the 

resulting desirability based on equation 3.12 automatically yields zero.  

Note that the observation here is commonplace with newly cast fresh cementitious 

materials, and thus demonstrates that the material design of cementitious overlays typically 

introduces some degree of intrinsic elastic mismatch problem at early age. Intuitively, the 

rational solution at this stage of the analysis is to allow for some level of “trade-off” between 

what is intrinsically inherent and what to design against.  

Clearly, a direct enhanced mixture solution may not always be economical or practicable 

due to the autogenous nature of the problem, but its consequential effects on the composite 

elements can be minimized, especially at the interface, by ensuring that adequate bonding 

between the overlay and the substrate is achieved. In this respect, the overall composite 

desirability level was determined using the matured 28-day elastic modulus response.  

Similarly, due to time constraint and limited resources, the corresponding elastic modulus 

values for ages 14, and 90 days were derived as evolution parameters based on the 

observed compressive strength and the measured 28-day elastic modulus values.  From 

existing codes of practice and relevant standards (ACI 318, CEB-FIP’90, BS8110’85), it is 

acceptable to derive or relate the elastic modulus of cementitious materials to their 

compressive strengths and densities. 

Note the resulting compressive strength test results at 3, 14, 28 and 90 days are given in 

Appendix A1, while Table 5.14 shows the measured 28-day elastic modulus results.  
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Table 5.14 Elastic Modulus and Poisson’s ratio for BRCFRPMC and OPCC  

Mix 
ID 

Range of 
Poisson's 

ratio 

Elastic Modulus (GPa) (28-day) 

SP1 SP2 SP3 SP4 SP5 Mean (Ec) S.D (σ ̅ ) Cv (%) 
M1 0.25 -0.29 21.4 21.46 21.38 21.43 21.36 21.41 0.04 0.19 
M3 0.22 - 0.30 24.99 28.34 25.55 26.11 25.79 26.16 1.29 4.92 
M7 0.23 - 0.27 19.01 19.04 18.04 18.13 18.01 18.45 0.53 2.88 
M9 0.23 - 0.29 19.19 21.22 19.21 19.12 19.64 19.68 0.89 4.51 
M2 0.23 -0.27 23.76 22.46 23.79 23.11 23.58 23.34 0.56 2.41 
M4 0.20 -0.27 19.41 20.11 21.75 20.06 20.25 20.32 0.86 4.26 
M8 0.22 -0.28 20.36 19.11 20.05 19.12 19.14 19.56 0.60 3.08 
M6 0.20 - 0.25 21.83 24.35 24.21 23.82 23.51 23.54 1.01 4.30 
M5 0.22 - 0.29 23.89 23.84 21.83 20.97 23.65 22.84 1.35 5.91 

M12 0.22 - 0.26 22.01 22.17 22.24 22.09 22.21 22.14 0.09 0.42 
M10 0.23 - 0.31 24.61 24.6 24.56 24.33 24.3 24.48 0.15 0.62 
M11 0.21 - 0.27 20.38 20.74 20.48 20.66 20.71 20.59 0.16 0.76 
M13 0.24 - 0.30 21.06 21.34 21.16 21.29 21.31 21.23 0.12 0.56 
OPC 0.15 – 0.19 22.24 22.41 22.10 22.34 22.39 22.30 0.13 0.57 

 

From Table 5.14, it is evident that the Poisson’s ratios for all the mixture specimens range 

between 0.20 and 0.31 with a statistical mean of 0.25. These values however deviate 

slightly from that of OPCC, which gives a mean Poisson’s value of 0.18, with statistical 

minimum and maximum values of 0.15 and 0.19 respectively. Technically, the range of 

deviations here is not too far apart, hence the overall resultant effect of such variations will 

not be significantly critical if the elastic modulus values are perfectly matched, though the 

task of matching two dissimilar materials is no trivial.  

In order to obtain the elastic modulus values corresponding to 14 and 90 days, the following 

approximate approach was implemented based on the relationship between relative 

compressive strength and 28-day elastic modulus:  

𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶(𝑡)
𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28

= 𝜑 𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 (𝑡)
𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28

                                           (5.1) 

From where, 

𝐸𝑅𝐵𝐶𝐹𝑅𝑃𝑀𝐶(𝑡) = 𝜑 �𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 (𝑡)
𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28

.𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28�                   (5.2) 

Where, 

𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28 = 28-day Compressive strength for any BRCFRPMC mixture (MPa) 
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𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶28 = 28-day elastic modulus for any BRCFRPMC mixture (GPa) 

 𝜎𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶  (𝑡) = Compressive strength for any BRCFRPMC mixture at age t (MPa) 

𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶(𝑡) = Elastic modulus for any BRCFRPMC mixture at age t (GPa) 

𝜑 = variational coefficient accounting for the change in elastic modulus of a mixture 

specimen as compressive strength changes relatively due to age effect. 

Hence, by plotting the expression in the bracket against time, the elastic modulus values for 

a specified age as 𝜑 changes with time can be obtained. The resulting curves are 

presented in Figure 5.8 for all the mixture test specimens.   
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Figure 5.8: Estimated Elastic Modulus vs. Age 

So far, basic fresh and hardened material property evaluations have been performed 

experimentally on all possible mixture combinations given in Table 5.7 in order to determine 

the optimum mixture. In order to determine the optimum mixture, desirability goals and limits 

were set and imposed on each measured property respectively, while ensuring that the 

overall composite desirability response achieves optimum performance. Detailed 

computational analysis of the process of response optimization is undertaken in section 5.3. 

5.3 Composite Desirability analysis and Optimization results  

In Table 5.15, the desirability limits for each response (property) measured above are 

summarized, while Figure 5.9 illustrates the optimal composite desirability result. 
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Table 5.15:  Summary of multi-response desirability limits 

𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝐺𝑜𝑎𝑙 𝐿𝑜𝑤𝑒𝑟 𝑇𝑎𝑟𝑔𝑒𝑡 𝑈𝑝𝑝𝑒𝑟 𝑊𝑒𝑖𝑔ℎ𝑡 

Consistency-time (sec) Target 25.00 35.00 40.00 1 

Compacted density 
(%TAFD) 

Maximize 96.00 98.00 - 1 

Compressive strength 
(MPa) 3-day 

Maximize 31.02 34.40 - 1 

Compressive strength 
(MPa) 28-day 

Maximize 48.36 52.20 - 1 

Elastic Modulus (GPa) 28-
day 

Target 21.18 22.30 23.42 1 

 

 

Figure 5.9: Composite optimization Response plot  
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Figure 5.9 depicts the composite desirability response curves implemented with Minitab 

statistical software. The input variable settings that optimized all responses are given in 

Table 5.15. The choices of goal, lower, target, and upper were used to define the desirability 

function for each individual response as previously expressed in equations 3.9 to 3.11. In 

addition, equal weight of 1 was assigned for all the responses, therefore permitting 

composite desirability analysis based on equation 3.12 to be implemented. In the results 

shown in Figure 5.9, the overall composite desirability yields 0.88672, while the desirability 

value for individual response is denoted by “d”. As seen, the composite desirability value 

and individual desirability for each predicted property all show sufficient closeness to 1 as 

desired.  

As observed in Figure 5.9, the curves under each column show the property responses as 

each paste constituent employed for the computational experiment varies from its upper to 

its lower bound. Note that the bounds used here were based on the initial prescribed 

constraints drawn from Table 5.5. The constraints were done such that when one 

component increases in the mixture, the other two components decrease accordingly, due 

to the constraint that the overall proportion must add up to 1. From the results, the predicted 

optimum response “y” associated with each property corresponds strictly to the optimum 

mixture proportion.  

The results indicate that consistency-time decreases when SBR and WATER proportions 

increase beyond the optimum proportion, but tends to increase with increased CEM I. As 

seen, the compressive strength response indicates similar trend as that of consistency-time, 

except for some differences in response curvatures. On the other hand, response due to 

compacted density shows that density generally decreases with increased CEM I 

proportion, though increasing the proportions of both SBR and WATER above the optimum 

may yield a higher response. For elastic modulus, increasing SBR and CEM I proportions 

above the optimum lowers the response, while increasing WATER may give a higher value.  

In the analysis, the optimum mixture achieves about 98.71% of the optimum target 

response, which gives AMD value of about 97.11% of the TAFD. In addition, compressive 

strength at early age 3 and matured age 28 days were maximized and achieves 100% of 

the target response. Lastly, the elastic modulus response at 28 days attains about 99.96% 

of the target response as well.   
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As shown in the Figure 5.9, the optimum mixture proportion is indicated by the square 

brackets at the top of each column. It demonstrates that the optimum predicted responses 

are recorded when the proportions of SBR, WATER, and CEM I correspond to 0.0938, 

0.1523 and 0.7540 respectively in the paste content. Thus, for batching by weight, each 

optimum component indicated here was multiply by 812.8kg which gives the needed paste 

weight content in the total mix.  

Table 5.16 gives the resulting optimum amount by weight for a complete mixture, while 

Table 5.17 summarizes its predicted responses based on the results shown in Figure 5.9, 

and its actual responses when each property was tested experimentally for verification with 

three replicates each.    

Table 5.16: Optimum BRCFRPMC material constituents 

𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝐶𝐸𝑀 𝐼 𝑊𝐴𝑇𝐸𝑅 𝑆𝐵𝑅 𝐶𝐴 𝐹𝐴 𝑆𝐹 𝑇𝑂𝑇𝐴𝐿 

Quantity (kg/m3) 612.85 123.79 76.24 952.5 635.0 117.0 2517.38 

Specific / particle density (kg/m3) 3150 1000 1040 2770 2670 7800 - 

Volume in mixture (m3) 0.195 0.124 0.073 0.34 0.24 0.015 0.987 

Note: Air Content = 100 (1- Vt) = 100 (1-0.987) = 1.3% 

Table 5.17: Response properties of Optimum mixture 

Property 
Predicted Response Value 

Actual (Measured) 
Response Value 

Desirable Value / range 

Age-3  Age-28  Age-3  Age-28  Age-3  Age-28  

Consistency-time (sec.) 34.87 34.05 35.00  

Compacted Density 
(%TAFD)  

 

97.11 98.03 96≤ 𝐴𝑀𝐷 ≥ 98 

Air-Content (%) 2.89 1.97 1.30 

Compressive strength MPa) 36.66 59.6 35.21 54.94 ≥32.71±1.69 ≥50.28±1.92 

Elastic Modulus (GPa) 14.26* 22.3 12.87 19.95 22.30 

 Note: *Predicted Elastic Modulus at age 3 computed from Table 5.13.  

From Table 5.17, it is clear to a great extent that the actual response properties of the 

optimum mixture correlate reasonably well with the predicted and the desirable values.  
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Besides, visual observations indicated that the mixture was neither too dry nor too wet as 

expected; and no lumping, pumping or sinking was generally observed during compaction.  

This chapter, in sum, describes the use of optimization techniques within the concept of 

material mixture experiments for proportioning and designing the paste component of the 

Bonded Roller Compacted Fibre Reinforced Polymer Modified Concrete (BRCFRPMC) 

used as the overlay material in this thesis. By constraining the range of variability of the 

paste constituents, a feasible design space was created with 13 experimental points treated 

based on the required structural and elastic properties of the overlay. The optimum 

consistency-time for full consolidation and composite behaviour with the substrate ordinary 

Portland cement concrete (OPCC) was established between 34.05 and 34.87 seconds, 

while the resulting apparent maximum density achieves between 97.11% - 98.03% of the 

theoretical air-free density. In addition, compressive strength response at early and matured 

ages of 3 and 28 days were satisfied at 100% desirability. The elastic modulus response at 

age 3 shows 0% desirability, but attains about 99.96% of the target response by 28 days. 

The verification experiments conducted on each response property shows that positive 

correlations exist between the measured responses and the predicted values from the 

optimization analysis.  

From here, the on-going analysis was advanced to evaluate the interfacial bond capacity of 

the optimum mixture with the underlying OPCC substrate by employing the methods of 

direct shear and indirect tensile tests. The interfacial fracture tests were similarly conducted 

to assess the progressive fracture response of the interface under monotonic loadings. 

6.0 Interfacial Bond Evaluation    

In practice, where composite sections are required to transmit stresses across an interfacial 

plane, the bond capacity of the interface is very crucial and must therefore be designed to 

withstand all shearing and tensile loads (Nawy and Ukadike, 1983; Granju, 2001). The bond 

capacity as well-known depends on the interlocking action of the aggregates, the cement-to-

cement adhesion at the interface, and the dowel action of the rebar where shear 

reinforcement is present (Nawy and Ukadike, 1983; Delatte, et al., 1998). In the present 

study, the use of shear connectors was not considered; the interlocking action of the 

interface was enhanced through surface roughening of the substrate, while the adhesion at 

the interface relies on the chemical grip of the optimum paste mixture described in Table 

5.16.  
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In the experiments, seven replicates were implemented each for interfacial tensile and 

shear strength tests. The interfacial splitting tensile strength test adhered to the provisions 

given in BS EN 12390-6:2000 and ASTM C496/ C496M, while the direct shear test 

complied with Iowa Testing Method 406-C. The test specimens were made of bonded 

overlay material on substrate concrete (OPCC-BRCFRPMC composites). The tensile tests 

employed 150 x 150 x 75mm identical bonded prismatic square sections, while the shear 

tests were made of identical bonded 100 x 100mm diameter cylinder sections, and the 

loadings applied as shown in Figures 6.1. Here, the use of cylinder specimens simulates 

conventional method where core samples are taken from site for testing in the laboratory  

 

                            

                     

Figure 6.1: (a-b) Tensile splitting test (c-d) Direct cylinder (Guillotine) shear test 

The procedures for casting and preparing the substrate OPCC surface were similar in both 

experiments. In both tests, the hardened OPCC specimens were classified into three 

distinct surface textures. The classifications followed different degree of roughness 

intentionally induced on some specimens, while others were left un-roughened as shown in 

Figure 6.2. In Figure 6.2, the OPCC interface characterization defined as smooth 

corresponds to the interface cast directly against the mould with no further treatment added. 

These specimens were assigned 0.00mm (baseline texture). The other two classifications 

a) 
b) 

c) d) 
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were roughened intentionally, prepared by rubber brushing at two different controlled levels, 

just about four and half hours after casting into the moulds.  

Note, the reason for preparing the surface just after the initial setting period of the OPCC 

was to ensure texture repeatability for specimens required for similar degree of roughness 

during the experiments. It was observed that once the mortar in the concrete matrix 

becomes hardened, the process of exposing the aggregates or achieving similar degree of 

texture for effective interlocking action becomes problematic, as it tends to leave some 

loosed fractured surface behind. Such cracks serve as points of weak bond at the plane of 

the interface. Hence, for laboratory investigation purposes, the adopted method affords a 

better surface preparation compared to gunning, drilling or any forceful blasting attempted 

initially. In the field however, the use of high-pressure water jetting can be employed. 

 

   

    

Figure 6.2: a) Roughening brush (b) smooth interface (c) Roughened interface (15-stroke 

each lateral direction) (d) Roughened interface (30-stroke each lateral direction interface) 

 

≈2.316mm ≈1.465mm 

≈0.00mm 

a) b) 

c) 
d) 
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The texture figures shown in Figure 6.2 are the mean values obtained by the sand-patch 

measurement method (BS 598-3 1985; TRRL, 1969) illustrated in Figure 6.3. Before 

placing the sand; it was ensured that the surface was dry and non-sticky. As a result, all 

specimens measured were taken out of the curing tank and allowed to dry in the laboratory 

atmospheric condition for about five days before placing the sand.  

 

a)   b)  

c)       d)  

Figure 6.3: Sand Patch texture measurement 

In general, curing period of 90 days in water tank was allowed for all substrate specimens, 

after which they were removed and cured in air for 5 days. The interface was kept clean, 

free of grease smear, sprayed with tap water for 10 minutes and allowed to dry such that no 

free water was left on the surface prior to placing and compacting the fresh overlay material 

with the modified plate vibrator shown in Figure 6.4.  

The compaction effort was maintained for 20 seconds each layer of three per specimen. 

Each specimen was afterward covered with a light polythene sheet and cured in the mould 

at 60% RH for about 18 hours. After de-moulding, specimens were stored in the curing tank 

at 100% RH for 24 hours, followed by air curing under laboratory condition. In both 

experiments, tests were conducted at 3, 14 and 28 days.    

 

Diameter (mm) 
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Figure 6.4: Bonding of fresh overlay on old (hardened) concrete: a) Mould containing old 

OPC, b) Overlay material placed over old OPC prior to compaction, c) Modified electric 

plate compactor applied at 20sec. per layer

The composite splitting test specimens were loaded as shown in Figure 6.1 continuously in 

compression between two steel platens to failure along two axial lines which are 

diametrically opposite. As in the codes (BS EN 12390-6:2000 and ASTM C496/ C496M), 

standard compression-testing machine was used, with loading rates ranging between 0.01 

and 0.04 MPa/s for different age tests. The load was applied through 10mm wide by 4mm 

thick hardboard strips to prevent local damage. The resulting splitting tensile strength 

computed from equation 6.1 (Rocco, et al., 2001) are presented in Table 6.1 and Figure 

6.6(a).  

For the shear tests, the laboratory fabricated set-up loaded in compression is illustrated in 

Figure 6.1(d). The loading rates in this case also vary for different age test, but generally 

within 0.01 and 0.02MPa/sec. The shear bond strength was determined based on equation 

6.2, by dividing the failure load by the interface cross sectional area. In addition, after 

testing each shear specimen to failure as shown in Figure 6.5, splitting test was conducted 

on the remaining half cylinder portion of the overlay and its tensile strength was evaluated 

using equation 6.3 (Tang, 1994). It should be noted that only four half cylinder specimens 

were tested in splitting, the remaining three cylinders from the shear test were used for 

density test based on the method described in ASTM D792, and the percentage of air 

content was evaluated accordingly using equation 6.4 (ASTM C138, 2001).  

The resulting shear strength and the half cylinder splitting tensile strength results are given 

in Table 6.2 and Figure 6.6(b) and 6.6(d) respectively.    

 

c) a) b) 
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Figure 6.5: OPCC-BRCFRPMC Bi-interface after tested to failure 

𝜎𝑠𝑡,𝑚𝑜𝑑 𝑐𝑢𝑏. =  2𝑃
𝜋𝐷

 [(1 − 𝛾2)5 3� −  0.0115]                                               (6.1) 

𝜏𝑐𝑦𝑙. =  𝑃
𝐴
                                                                                                (6.2) 

𝜎𝑠𝑡,𝑚𝑜𝑑 𝑐𝑦𝑙. =  2𝑃
𝜋𝐷

 (1 − 𝛾2)3 2�                                                                   (6.3) 

𝐴𝑖𝑟 𝐶𝑜𝑛𝑡𝑒𝑛𝑡 (%) = �𝑇−𝐷
𝑇
�100                                                               (6.4) 

Where, 𝑃 is failure load, 𝐷 is prism depth, 𝐴 is cylinder cross sectional area and 𝛾 is relative 

width of the loading bearing strips, given by (𝑏 𝐷)⁄ ;  𝑏 =  𝑏𝑒𝑎𝑟𝑖𝑛𝑔 𝑠𝑡𝑟𝑖𝑝𝑠𝑤𝑖𝑑𝑡ℎ; 

 𝑇 = 𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 𝑎𝑖𝑟 − 𝑓𝑟𝑒𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 (2517.30𝑘𝑔/𝑚3);  

𝐷 = 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 = 2467.71𝑘𝑔/𝑚3 

OPCC 

 

 

BRCFRPMC 

Interface 
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Table 6.1: Tensile Bond Strength (MPa) 

Smooth Interface (Rz0) 
Component Proportion Age 

(days) 
Replicate 

Mean  SD COV (%) 
SBR WATER CEM 1 1 2 3 4 5 6 7 

0.0938 0.1523 0.7540 
3 1.56 1.64 1.66 1.59 1.58 1.61 1.6 1.61 0.03 2.15 

14 1.74 1.78 1.75 1.79 1.73 1.67 1.73 1.74 0.04 2.26 
28 1.83 1.8 1.85 1.87 1.8 1.79 1.88 1.83 0.04 1.98 

Roughened Interface (Rz1) 

0.0938 0.1523 0.7540 
3 2 1.96 2.05 1.97 1.98 1.96 1.94 1.98 0.04 1.82 

14 2.09 2.11 2.05 2.09 2.04 2.1 2.03 2.07 0.03 1.54 
28 2.14 2.17 2.15 2.11 2.09 2.13 2.09 2.13 0.03 1.43 

Roughened Interface (Rz2) 

0.0938 0.1523 0.7540 
3 2.09 2.04 2.13 2.07 2.11 1.99 2.03 2.07 0.05 2.37 

14 2.12 2.09 2.13 2.15 2.14 2.1 2.12 2.12 0.02 1.00 
28 2.25 2.29 2.23 2.18 2.19 2.19 2.2 2.22 0.04 1.81 

 

Table 6.2: Shear Bond Strength (MPa) 

Smooth Interface (Rz0) 
Component Proportion Age 

(days) 
Replicate 

Mean  SD COV (%) 
SBR WATER CEM 1 1 2 3 4 5 6 7 

0.0938 0.1523 0.7540 
3 2.28 2.24 2.31 2.22 2.25 2.25 2.24 2.26 0.03 1.33 

14 3.38 3.4 3.33 3.35 3.31 3.29 3.29 3.34 0.04 1.29 
28 3.82 3.77 3.76 3.81 3.77 3.79 3.74 3.78 0.03 0.75 

Roughened Interface (Rz1) 

0.0938 0.1523 0.7540 
3 3.27 3.31 3.23 3.22 3.21 3.21 3.20 3.24 0.04 1.23 

14 3.79 3.74 3.78 3.84 3.78 3.75 3.76 3.78 0.03 0.87 
28 4.24 4.17 4.26 4.19 4.12 4.14 4.1 4.17 0.06 1.44 

Roughened Interface (Rz2) 

0.0938 0.1523 0.7540 
3 3.83 3.75 3.86 3.88 3.79 3.74 3.72 3.80 0.06 1.64 

14 4.1 4.13 4.14 4.08 4.08 4.11 4.11 4.11 0.02 0.56 
28 4.92 4.88 4.84 4.85 4.79 4.87 4.87 4.86 0.04 0.82 
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Figure 6.6: (a) Tensile Bond strength (b) Shear bond strength (c) Shear bond vs. Tensile 

Bond strength (d) Overlay BRCFRPMC Cylinder splitting (tensile) strength 

From equation 6.4, the calculated air-content yields about 1.97%. This value was presented 

in Table 5.17. This value demonstrates that the optimum mixture achieves about 98.03% 

TAFD. This correlates well with the desirable air content and the predicted compacted 

density given in Tables 5.16 and 5.17 respectively. In addition, the cylinder splitting tensile 

result for the optimum mixture illustrated in Figure 6.6(d) exhibits an early high strength 

tendency. The mixture attains an average tensile strength of 5.69MPa in 3 days and 

increases averagely by 17.80% in 25 days. In the result, it is indicative that the material 

should be able to withstand significant tensile stresses before cracking during restrained 

drying shrinkage, so long the induced strain is gradually applied.  

Further, in Figure 6.6(a & b), interfacial tensile and shear strengths as a function of AGE 

and ROUGHNESS are illustrated. As seen in both cases, strength increases as each 

predictor increases. For specimens with  0.00𝑚𝑚 texture, tensile bond increases averagely 

by 13.66% between age-3 and age-28; while for specimens with 1.465𝑚𝑚 and 2.316𝑚𝑚 

textures; it increases by 7.58% and 7.25% respectively for the same age difference. The 

trend of shear bond strength as shown in Figure 6.6(b) is similar to that of tensile, though 

a) b) 

c) d) 
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the overall contribution of surface texture appears more beneficial in shear than in tensile. 

This is explicable because the mechanics of interfacial de-bonding and interlocking differ in 

both cases. Similar observations have been argued elsewhere (Beushausen, 2005; Benoît 

et al., 2012). Specifically, as shown in Figure 6.6(c), the estimated benefits of surface 

texture on shear over tensile strength range averagely between 14% and 31% for equal 

differential texture levels of 1.465mm and 2.316mm respectively.  

6.1 Interfacial Bond capacity assessment 

For concretes cast at different age, several codes are specific about the requirements for 

bond capacity. In BS EN 1504-3 for instance, the tensile bond requirement for structural 

strengthening should be ≥ 2.0𝑀𝑃𝑎, while for non-structural work, it should exceed or be 

equal to 0.8𝑀𝑃𝑎. In other codes like Swedish National Road Administration (SNRA), tensile 

bond requirements differ in values from those given in BS EN 1504-3. SNRA provisions 

permit tensile bond capacity to be estimated using the conditions given in inequalities 6.5 

(Silfwerbrand, et al., 2012):   

𝑚 ≥ 𝑓𝑣 + 1.4(𝑠)   ;𝑥 ≥ 0.8 𝑓𝑣                              (6.5) 

Where, 𝑚 = 𝑚𝑒𝑎𝑛 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑏𝑜𝑛𝑑 ; 𝑠 = 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛;  

𝑓𝑣 = 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑏𝑜𝑛𝑑 = 1𝑀𝑃𝑎;   

𝑥 = 𝑠𝑖𝑛𝑔𝑙𝑒 𝑚𝑒𝑎𝑠𝑢𝑟𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒.   

Thus, by checking the experimental tensile bond results against the conditions given in (6.5) 

above, the check began with the worst tensile strength value which corresponds to smooth 

interface composite tested at age 3. Here, 𝑚 =  1.61𝑀𝑃𝑎, and 𝑠 =  0.03, while the lowest 

observed value (𝑥)  =  1.56𝑀𝑃𝑎. From here, it can be shown that:  

1.61 ≥ 1 + 1.4(0.03) 

1.61 ≥ 1.042  ;   𝑎𝑛𝑑 𝑥 ≥ 0.8(1)           (𝑜𝑘). 

By inspection, referring to Figure 6.6(a), it would imply that all test specimens satisfied the 

bond criterion in this case. Hence, it can be proven at this point that the choice of a code or 

bond requirements for design purposes depends on the design engineer and the level of 
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satisfaction one intends to achieve. In all, both strong chemical adhesion and sufficient 

degree of roughness are required for enhanced tensile bond performance.  

Similarly, in terms of interfacial shear capacity, codes provisions (EC2, ACI 318-02, CEP-

FIP - 90) differ in opinions and specifications. For instance, in ACI 318-02, where 0.55 MPa 

is specified as the design interfacial shear resistance, the provision for bond requirement is 

contingent on clean surface free of laitance and intentional roughening amplitude of 

approximately 6.4mm. But in CEP-FIP Model Code 90, a more calculative step is involved in 

determining interfacial shear resistance based on the expression given in equation 6.7: 

𝜏𝑅𝑑 𝑖 =  𝑐(𝑓𝑐𝑡𝑑) − 𝜇(𝜎𝑛 𝑖)                                                 (6.7) 

Where, 

𝑐 = 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑑𝑒𝑝𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑛 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑐𝑎𝑡𝑒𝑔𝑜𝑟𝑦 

𝑓𝑐𝑡𝑑 = 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑎𝑘𝑒𝑠𝑡 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 (𝑂𝑃𝐶 𝑜𝑟 𝑅𝐶𝐹𝑅𝑃𝑀𝐶) =
𝑓𝑐𝑡𝑘,𝑚𝑖𝑛

𝛾𝑚
  ; 

 𝛾𝑚 = 1.5 

𝜇 = 𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 

𝜎𝑛 𝑖 = 𝑐𝑜𝑛𝑓𝑖𝑛𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 

Using the above expression, for an unconfined overlay with, say 25MPa characteristic 

strength, bonded on high strength concrete with category II roughness, the design shear 

resistance yields: 

𝜏𝑅𝑑 𝑖 = 0.4 (1.167) −  0.9(0) 

𝜏𝑅𝑑 𝑖 = 0.47 𝑀𝑃𝑎 

For similar conditions as the example cited above, the EC2 however yields a different value, 

following equation 6.8: 

𝜏𝑅𝑑 𝑖 =  𝑐 ⋅ 𝑓𝑐𝑡𝑑 +  𝜇 ⋅ 𝜎𝑛 𝑖 +  [𝜌 ⋅ 𝑓𝑦𝑑(𝜇 ⋅ 𝑠𝑖𝑛 𝛽 +  𝑐𝑜𝑠 𝛽)]  ≤ 0.5 𝜈 ⋅ 𝑓𝑐𝑑         (6.8) 
 

Where, 

𝜌 =    𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 𝑟𝑎𝑡𝑖𝑜  
𝛽 =  𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 𝑎𝑛𝑑 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒  
𝑓𝑐𝑑 = 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑑𝑒𝑠𝑖𝑔𝑛 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 
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𝜈 = 0.6 𝑓𝑜𝑟𝑓𝑐𝑘 ≤ 60 𝑀𝑃𝑎 =  0.9 –𝑓𝑐𝑘/200 ≥ 0.5 𝑓𝑜𝑟𝑓𝑐𝑘 ≥ 60𝑀𝑃𝑎 

By ignoring the reinforcement terms in the bracket, the resulting design shear gives: 

𝜏𝑅𝑑 𝑖 = 0.45(1.167) +  0.7(0) 

𝜏𝑅𝑑 𝑖 = 0.53 𝑀𝑃𝑎 

As demonstrated in the three different codes cited above, it is clear enough that the design 

shear values will generally be lower compared to most values obtained from the laboratory 

(Granju, 2001). For comparison purpose, the results obtained in the present study correlate 

well with those found in the literature (Silfwerbrand et al, 2012); which typically fall well 

above 3𝑀𝑃𝑎 for 28-day bond test. However for design purposes, lesser values as those 

recommended in the appropriate codes would be employed. For instance, if EC2 is 

considered, the following will be the design shear bond strength limit for smooth and 

roughened interface:   

𝑓𝑐𝑡𝑑 =
𝑓𝑐𝑡𝑘,𝑚𝑖𝑛

1.5
=  

3.97
1.5

= 2.65𝑀𝑃𝑎 

Note, the 𝑓𝑐𝑡𝑑 used here corresponds to that of OPCC design tensile strength since it is 

smaller in magnitude compared to that of BRCFRPMC optimum mixture. This is so because 

yielding at the interface is generally governed by the tensile strength of the weaker material 

between the substrate and the overlay. Hence,  

𝜏𝑅𝑑 𝑠𝑚𝑜𝑜𝑡ℎ =  0.35 (2.65) +  0.6(0) =  0.93𝑀𝑃𝑎 

𝜏𝑅𝑑 𝑟𝑜𝑢𝑔ℎ𝑒𝑛𝑒𝑑 = 0.45 (2.65) +  0.7(0) =  1.19𝑀𝑃𝑎 

As seen these values are far lesser than the measured values in Figure 6.6(b). The average 

shear strength for smooth texture specimens is 3.80𝑀𝑃𝑎, while 1.465𝑚𝑚 and 2.316𝑚𝑚 

texture specimens yield 4.11𝑀𝑃𝑎 and 4.86𝑀𝑃𝑎 respectively. However for design purposes, 

lesser values as those calculated above or recommended in appropriate codes would be 

adopted. Usually, these design values are influenced by some long-term material response 

such as creep and differential length change. Besides, most of the methods for determining 

design bond strength in many codes do not account for the effect of different chemical 

bonding per se. Arguably, overlay material with minimal compressive strength can also 

provide good bonding where a satisfactory interface texture is available and sufficient 

adhesive like SBR polymer is included as concrete modifier. Whereas, many codes rely 
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more on the interface texture and material strength parameters, which in this case does not 

account for extra bond enhancement provided by additives like SBR polymer. No doubt that 

code provisions are highly conservative and generally incur huge economic implications on 

bonded concrete overlay construction projects.  

In Tables 6.3 and 6.4 the summary of the target, predicted and measured values for the 

optimum mixture is given for each specified bulk and interface property  

Table 6.3 Summary of Bulk Properties of the Optimum Mixture 

 
𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 

𝐷𝑒𝑠𝑖𝑟𝑎𝑏𝑙𝑒 
𝑣𝑎𝑙𝑢𝑒 

𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 
𝑣𝑎𝑙𝑢𝑒 

𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑  
𝑣𝑎𝑙𝑢𝑒 

Consistency-Time (sec) 35 34.87 34.05 
AMD (%TAFD) 96 97.11 98.03 
Compressive strength (MPa) 
Age-3 
Age-28 

 
≥32.71±1.69 
≥50.28±1.92 

 

 
36.66 
59.60 

 

 
35.21 
54.94 

Elastic Modulus (GPa) 
Age-3 
Age-28 

 
22.30 
22.30 

 
14.26 
22.30 

 
12.87 
19.95 

Tensile strength (MPa) 
Age-3 
Age-28 
Age-90 

 
>4.50 
>4.50 
>4.50 

 
- 
- 
- 

 
5.69 
6.67 
6.92 

    
 

Table 6.4: Summary of Interface Bond Properties of Optimum Mixture 

Texture 
Level 

Mean Tensile Bond (MPa) Mean Shear Bond (MPa) 
Age (days) 

3 14 28 3 14 28 
𝑅𝑧0 1.61 1.74 1.83 2.26 3.34 3.78 
𝑅𝑧1 1.98 2.07 2.13 3.24 3.78 4.17 
𝑅𝑧2 2.07 2.12 2.22 3.80 4.11 4.86 

 

From Tables 6.3 and 6.4, it is clear that a significant level of desirability is recorded with 

optimum mixture response for both bulk and interface bond properties. In terms of bond 

strength responses, only specimens with texture level 𝑅𝑧2 seems to satisfy tensile 

requirement in line with EC2 at any given age. On the other hand, in shear, all specimens 

show adequate bond strength in the upward of 2.26MPa to 3.80MPa at early-age of 3 and 

3.78MPa to 4.86MPa for matured age of 28; though generally less than 5.0MPa.    
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From here, it is evident that only test specimens with texture level of 𝑅𝑧2 showed good bond 

response, hence all subsequent investigations in this research were based on texture 𝑅𝑧2.    

6.2 Supplementary material properties: Coefficients of thermal expansion and length 
change measurement 

In reality, all materials expand and contract to some degree under variational temperatures. 

Consequently, since the optimum mixture is also required to satisfy the relative thermal 

movement / differential length change requirements with the substrate OPCC, coefficients of 

thermal expansion were experimentally determined for both materials, while shrinkage 

properties was measured for the BRCFRPMC overlay only.                                  

6.2.1 Coefficients of thermal expansion 

The coefficient of thermal expansion is the property of a material which reflects the measure 

of its expansion or contraction when subjected to temperature variations. As discussed in 

Chapter 2, the curling phenomenon of concrete pavement is greatly influenced by this 

parameter, and is generally critical in the overlay systems when the coefficients of thermal 

expansion are mismatched. Usually, in practice, the coefficients of thermal expansion of 

bonded materials are kept as close as possible within the concept of dimensional 

compatibility, unless it is envisaged that the temperature change between the overlay and 

the substrate will be negligible (Delatte, 2008).  

 

In this respect, in order to account for the coefficients of thermal expansion of the overlay 

and the substrate, the standard method according to AASHTO TP60-00, also reported in 

TxDOT (Tex-428-A, 2011), was adopted. The method measures the length change of 

saturated test specimen under a prescribed temperature range of 10 - 50℃, and is generally 

based on mounting a cored or cast cylindrical specimen on the set-up shown in Figure 

6.7(a).  

 

In this present work, prism specimens measuring 40 x 40 x 230mm were used rather than 

the standard cylindrical specimens. Prism specimens were used based on the mould 

available, and it has been shown (Yang et. al, 2003) that specimen shape has no significant 

effect on such experimental test.  
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a)  

b)  

Figure 6.7: a) Set-up for measuring length change b) Typical test cycle graph 

The resulting thermal expansion values for three test specimens cast from OPCC and the 

optimal BRCFRPMC mixture are presented in Table 6.5; while Figure 6.8 shows their 

representative graphs.   
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Figure 6.8: Thermal displacement vs. Temperature for OPCC and BRCFRPMC 

In order to obtain the coefficient of thermal expansion (CTE) from the graphs shown above, 

the following procedures were followed: 

• The gradient for each regression line shown in the graphs was determined, 

• Only regression lines with R-sq. value greater than 0.999 were considered, 
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• Each gradient was divided by the specimen length (230mm) to obtain the CTE, 

• The average CTE for Rising and Falling was determined accordingly.   

 

Table 6.5: Coefficients of thermal expansion for OPCC and BRCFRPMC 

Specimen 
no   

CTE (OPCC)        ( /0C) CTE (BRCFRPMC)    ( /0C) 
Rising Falling Average Rising Falling Average 

1 12.2 x 10-6 11.7 x 10-6 11.95 x 10-6 13.91 x 10-6 13.48 x 10-6 13.70 x 10-6 
2 11.9 x 10-6  11.3 x 10-6  11.6 x 10-6 13.5 x 10-6 13.11 x 10-6 13.31 x 10-6 

3 12.0 x 10-6   11.5 x 10-6  11.75 x 10-6 14.11 x 10-6 13.82 x 10-6 13.97 x 10-6 
Grand 
Mean  11.8 x 10-6  13.66 x 10-6 

 

As clearly shown in Table 6.5, the CTEs of BRCFRPMC and OPCC match closely, though 

BRCFRPMC generally shows higher values. The margin of variability here is tolerable since 

the usual range for cementitious materials lies within 10 and 14 x 10-6.  

In practice, for prediction purposes, the CTE values given above can be extended to obtain 

an approximate estimate of the range of temperature change that will cause the 

BRCFRPMC overlay to crack. Supposed the BRCFRPMC tensile strength (𝜎𝑡) is set as the 

maximum stress (𝜎𝑚𝑎𝑥) that can be resisted before cracking develops; by constitutive 

relation, it can be shown that the strain (𝜀𝑓) at failure, at any given age of the overlay will 

correspond to: 

𝜀𝑓 = 𝜎𝑡
𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶

= 𝛼𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶∆𝑇                                      (6.9) 

From where, 

Change in temperature, (∆𝑇) =  𝜀𝑓
𝛼𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶

                                           (6.10) 

Where, 

𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 = 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 

𝛼𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 = 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 
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Thus, from equation 6.10, Table 6.6 can be drawn to illustrate the temperature change in 

the overlay that will result in cracking.    

Table 6.6: Predicted cracking due to temperature change 

𝐴𝑔𝑒 (𝑑𝑎𝑦𝑠) 𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶  (𝑀𝑃𝑎) 𝜎𝑡 (𝑀𝑃𝑎) 𝜀𝑓 (%) 𝛼𝑅𝐶𝐹𝑅𝑃𝑀𝐶( /℃) ∆𝑇 (℃) 

3 12870 5.33 0.0442 13.66 x 10−6 32.36 

28 19950 6.67 0.0334 13.66 x 10−6 24.48 

90 21220 6.92 0.0326 13.66 x 10−6 23.87 

 

Explicably, for an axially restrained overlay, a reduction in temperature will result in 

increased tensile stress. If, at any time, the increased tensile stress in the BRCFRPMC 

overlay exceeds its tensile strength value, cracking in the overlay is hypothetically predicted 

following changes in temperature values as shown in Table 6.6. As seen in Table 6.6, it is 

envisaged that temperature change in the tune of 23℃ and above can be critical to the 

BRCFRPMC overlay.  

By extension, the stress condition at the interface can be assessed if the estimated 

temperature change shown here is applied to the expression given in equation 6.11.  

𝜎 = (𝛼𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶− 𝛼𝑂𝑃𝐶𝐶)(∆𝑇)𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶
1− 𝑣2𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶

                                        (6.11) 

In his respect, if 𝛼𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 = 13.66 𝑥 10−6/℃; 𝛼𝑂𝑃𝐶𝐶  𝑥 10−6/℃; 𝐸𝐵𝑅𝐶𝐹𝑅𝑃𝑀𝐶 = 12870𝑀𝑃𝑎; 

19950 and 21220; ∆𝑇 = 32.36℃; 24.48; and 23.87; 𝑣 = 0.25 based on the experimental data 

given previously, then the induced stress at the overlay interface under a plane strain 

condition is given by: 

For age 3: 

𝜎 =
(13.66 𝑋 10−6 − 11.80 𝑋 10−6 )(32.36)12870

1 − 0.252
= 0.83𝑀𝑃𝑎 
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For age 28: 

𝜎 =
(13.66 𝑋 10−6 − 11.80 𝑋 10−6 )(24.48)19950

1 − 0.252
= 0.97𝑀𝑃𝑎 

 

For age 90: 

𝜎 =
(13.66 𝑋 10−6 − 11.80 𝑋 10−6 )(23.87)21220

1 − 0.252
= 1.01𝑀𝑃𝑎 

From here, by comparing the estimated values shown above with those in Table 6.4, it was 

concluded that the interface is no likely to de-bond even under the worst thermo-elastic 

mismatched properties between the designed overlay material and the substrate OPCC 

used in this experiment. Besides, it is apparent at this juncture that the reduced elastic 

modulus of the overlay is practically advantageous as illustrated in the computation shown 

above; the reason being that it reduces tensile and de-bonding stresses in the overlay and 

at the interface. In fact, in order to initiate cracking in the overlay or induce interfacial 

separation at the early-age of 3, temperature change well above 32℃ is needed.    

6.2.2  Drying Shrinkage  

By definition, drying shrinkage of cementitious materials is the reduction in volume or length 

as a result of loss of moisture. This length reduction is a time-dependent phenomenon 

under a constant temperature when no other load is applied on the test specimen. In this 

work, the specimen size (40 x 40 x 230) used were similar to those used for the coefficient 

of thermal expansion test; and to ensure constant temperature, the specimens were stored 

with all sides exposed equitably in the temperature controlled room at 250C and 60% 

humidity. 
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Figure 6.9: Drying shrinkage measurement 

 
Though in most codes and technical documents, a distinction is often made between the 

drying shrinkage and other kinds of phenomena like autogenous shrinkage and carbonation 

shrinkage, for simplicity purpose, the ACI 224R-01 on the other hand, suggests no need of 

distinction from structural standpoint and due to high degree of uncertainty in quantifying 

such phenomena under several influencing factors such as concrete composition, source of 

aggregate, ambient relative humidity, specimen geometry, the ratio of the exposed surface 

to the volume of the structural element and the slow development of shrinkage over time 

which makes it difficult to obtain accurate prediction from short-term laboratory 

measurements.  

 

In view of the above, the observations in this research consider only drying shrinkage. The 

corresponding drying shrinkage response is presented in Figure 6.10 together with the 

moisture loss graph.    
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Figure 6.10: Free shrinkage strain and Moisture loss vs. age 
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Generally, as observed in this work and demonstrated elsewhere (Ohama and Kan, 1982) it 

has been shown that the addition of polymer to concrete does not usually increase its total 

shrinkage. Shrinkage measurements observed here at various curing times is the average 

of three test specimens, and indicates that shrinkage was influenced primarily by the 

moisture content. By using a quadratic polynomial function, the corresponding fitted 

regression model between the moisture loss and the resulting drying shrinkage is shown in 

Figure 6.11 and equation 6.12. 
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Figure 6.11: Relationship between Moisture loss and Drying shrinkage 

𝑀𝑜𝑖𝑠𝑡𝑢𝑟𝑒 𝑙𝑜𝑠𝑠 (%) =  −923.5 (𝑠ℎ𝑟𝑖𝑛𝑘𝑎𝑔𝑒 𝑠𝑡𝑟𝑎𝑖𝑛%)2 + 61.88 (𝑠ℎ𝑟𝑖𝑛𝑘𝑎𝑔𝑒 𝑠𝑡𝑟𝑎𝑖𝑛%) + 0.1192     (6.12) 

Further, note that the free strain shown in this case does not cause any stress in the 

absence of any internal or external restraint to the test specimen. However, in the overlay 

systems, prior to attaining a reasonable level of moisture equilibrium within the overall 

section, internal restraint to shrinkage movement is usually imposed (ACI 224R-01) due to 

moisture gradients, thereby causing self-equilibrating internal stresses, with tension on the 

exposed overlay surface and compression in the interior depth as illustrated in Figure 6.12. 

Worse still, the effect of bond restraint at the interface aggravates the stress condition and 

can  cause cracking in the overlay or at the interface if not relieved by creep; depending on 

the most stressed region, either the bulk overlay material or the interface. 
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Figure 6.12: Self-equilibrating stress conditions in the BCOs 
 
For instance, from the shrinkage values given in Figure 6.10, the observed free shrinkage 

(𝜀𝑠ℎ.𝑓𝑟𝑒𝑒) can be used to estimate the magnitude of tensile stress (𝜎𝑡) and the compressive 

stress (𝜎𝑐) developing in the bulk BRCFRPMC and OPCC respectively as shown in Figure 

6.13, if the interface is assumed to provide sufficient restraint via its bond and interlocking 

actions.  

 

 
Figure 6.13: Strain and Stresses in Bi-material Composite section under Axial and Bending 

Loadings 

 

Consider Figure 6.13 (a, d, & e), where the free shrinkage (𝜀𝑠ℎ.𝑓𝑟𝑒𝑒) of the fresh PMC or 

BRCFRPMC overlay is restrained by the substrate OPCC; under no slip condition, strain will 

be continuous across the specimen cross section, but stress will be discontinuous. 

BRCFRPMC 

OPCC 
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Subsequently, under self-equilibrating pure axial deformation; since the two materials 

deformed monolithically, it can be shown that: 

𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝜀𝑎,𝑝𝑚𝑐 + 𝜀𝑎,𝑜𝑝𝑐 = 𝜎𝑝𝑚𝑐

𝐸𝑝𝑚𝑐
+ 𝜎𝑜𝑝𝑐

𝐸𝑜𝑝𝑐
                        (6.13) 

So that the equilibrium of forces will be: 
 

𝑃1 = 𝑃2 = 𝜎𝑎,𝑝𝑚𝑐𝐴𝑝𝑚𝑐 = 𝜎𝑎,𝑜𝑝𝑐𝐴𝑜𝑝𝑐                             (6.14) 
 

From where, 
 

𝜎𝑎,𝑝𝑚𝑐 = 𝜎𝑎,𝑜𝑝𝑐.𝐴𝑜𝑝𝑐  
𝐴𝑝𝑚𝑐

                              (𝑇𝐸𝑁𝑆𝐼𝑂𝑁)            (6.15) 

 
By substituting for 𝜎𝑎,𝑝𝑚𝑐 in equation (6.13), it yields: 

𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝜎𝑎,𝑜𝑝𝑐.𝐴𝑜𝑝𝑐  
𝐸𝑝𝑚𝑐.𝐴𝑝𝑚𝑐

+ 𝜎𝑎,𝑜𝑝𝑐

𝐸𝑜𝑝𝑐
                                                                               

 

∴ 𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝜎𝑎,𝑜𝑝𝑐 ��
𝐴𝑜𝑝𝑐

𝐸𝑝𝑚𝑐 .𝐴𝑝𝑚𝑐
� + 1

𝐸𝑜𝑝𝑐
�                          (6.16)      

 
But then, if the ratio of the elastic moduli of the two materials, i.e. 𝑛 = 𝐸𝑜𝑝𝑐

𝐸𝑝𝑚𝑐
, it follows that 

𝐸𝑝𝑚𝑐 =  𝐸𝑜𝑝𝑐
𝑛

 
 
Hence, equation (6.16) becomes: 
 

                        𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝜎𝑎,𝑜𝑝𝑐 ��
𝑛 𝐴𝑜𝑝𝑐

𝐸𝑜𝑝𝑐.𝐴𝑝𝑚𝑐
� + 1

𝐸𝑜𝑝𝑐
�       

                      
From where, 
 

𝜎𝑎,𝑜𝑝𝑐 =
𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 . 𝐸𝑜𝑝𝑐

1+𝑛�
 𝐴𝑜𝑝𝑐
𝐴𝑝𝑚𝑐

�
          (𝐶𝑂𝑀𝑃𝑅𝐸𝑆𝑆𝐼𝑂𝑁)             (6.17) 

 
Thus, equations 6.15 and 6.17 are the respective tensile and compressive stresses 

developing in the bulk BRCFRPMC and OPC materials, under pure axial deformation or 

loading due to axial shrinkage effect. In order to determine their numerical values, a 

measured free shrinkage value in the BRCFRPMC together with the elastic moduli of the 

two materials is required as illustrated in Table 6.7.    
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Table 6.7: Overlay Free Shrinkage strain, Elastic Modulus, Tensile strength, Axial Tensile 
and Compressive stresses in the bulk PMC and OPCC. 

Age 

(days) 

Strain, 

𝜀𝑓 (%) 

Elastic 
Modulus, 
𝐸𝑝𝑚𝑐  (𝑀𝑃𝑎) 

𝐸𝑜𝑝𝑐
𝐸𝑝𝑚𝑐

 

(𝑛) 

Tensile 
strength  

𝜎𝑝𝑚𝑐.𝑡  (𝑀𝑃𝐴) 

Axial 
Compressive 

stress 
𝜎𝑜𝑝𝑐  (𝑀𝑃𝑎) 

Axial 
Tensile 
stress 

𝜎𝑝𝑚𝑐 (𝑀𝑃𝑎) 

Axial 
Force 

𝑃 (𝑁) 

3 0.004 12,870 1.733 5.69 0.144 0.432 43.2 

28 0.033 19,950 1.118 6.67 1.690 5.070 507.0 

90  0.037 21,220 1.051 6.92 1.987 5.961 596.1 

 
The estimated stress and force values shown in Table 6.7 above represent conditions of no-

slip between the overlay and the substrate layer, as the two layers deform under uni-axial 

length change effect of drying shrinkage. As seen in the table, while the compressive 

stresses developing in the bulk OPCC are not critical in magnitude and also from structural 

integrity viewpoints; the corresponding tensile stresses in the overlay (PMC or RCFRPMC) 

domain are substantially high, especially for at 28 and 90 days where the stress levels are 

in the tune of 76.01% and 86.14% of the ultimate failure stress, respectively. In a more 

severe condition, where the two layers are fully restrained axially, stress values in the 

BRCFRPMC overlay are expected to be higher in magnitude than those given in Table 6.7; 

to the tune of 19%, 29% and 31% higher for ages 3, 28 and 90 days respectively.   

 
Thus, if at any age, the net tensile stress in the overlay attains or exceeds its tensile 

capacity; transverse cracks are expected to occur in the overlay, if not effectively relieved by 

creep. In Figure 6.14, the predicted point of tensile cracking is illustrated with the red-

dashed arrow line, indicating that for fully restrained overlay specimen, shrinkage crack or 

cracks might be evident after its twenty-eighth day of casting. However, for partly restrained 

specimen, where restrained is probably induced only by the aggregate interlocking and 

chemical bonding of the interface, likelihood of crack(s) occurring appears dicey.  
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Figure 6.14: Axial Tensile stress vs. Age   

 
Moreover, in the on-going analysis, if the magnitude of the shrinkage deformation shown in 

Table 6.7 above is considered in terms of bending rather than pure axial effect, stress 

conditions in the overlay and OPCC will be different. Consider Figure 6.13(b), where the 

overlay gradient deformation induces a bending moment as shown.  As in axially loaded 

condition, Figure 6.13(b, f, & g) also indicates that strain is still continuous while the stress 

remains discontinuous. But hen, stain and stress in the current configuration are 

represented as linear functions of depth (𝑦) through the neutral axis (N-A), on either side of 

the composite.  

 

In this respect, it can be shown that: 

 

𝜎𝑎,𝑝𝑚𝑐 = 𝐸𝑝𝑚𝑐  𝑦
𝜌

                                               (6.18) 

𝜎𝑎,𝑜𝑝𝑐 = 𝐸𝑜𝑝𝑐 𝑦
𝜌

                                                 (6.19) 

 
From where it can be written that: 
 

𝑑𝐹𝑝𝑚𝑐 = 𝜎𝑎,𝑝𝑚𝑐𝑑𝐴 = 𝐸𝑝𝑚𝑐  𝑦
𝜌

 𝑑𝐴                         (6.20) 

 
𝑑𝐹𝑜𝑝𝑐 = 𝜎𝑎,𝑜𝑝𝑐𝑑𝐴 = 𝐸𝑜𝑝𝑐 𝑦

𝜌
 𝑑𝐴                             (6.21) 
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Given that,   𝑛 = 𝐸𝑜𝑝𝑐
𝐸𝑝𝑚𝑐

,  

 
Then, it can be shown that 𝐸𝑜𝑝𝑐 = 𝑛𝐸𝑝𝑚𝑐                                        (6.22) 
 
By substituting for 𝐸𝑜𝑝𝑐 in equation (6.21), it becomes: 
 

𝑑𝐹𝑜𝑝𝑐 = 𝑛𝐸𝑝𝑚𝑐  𝑦
𝜌

 𝑑𝐴 = 𝐸𝑝𝑚𝑐 𝑦
𝜌

 (𝑛𝑑𝐴)                        (6.23) 

 
Which by comparison between equations 6.20 and 6.23, indicates that the same force 

(𝑑𝐹𝑝𝑚𝑐) would be acting on an element of (𝑛𝑑𝐴) of the OPCC. This then implies that the 

bending resistance of the composite would remain the same if both portions of the 

composite were assumed to be made of just one material, so long the width of the other 

material portion is adjusted by (𝑛) amount. This consequently informs the transformed 

section analysis illustrated in Figure 6.15 below for different ages of the PMC overlay.  

 

 
Figure 6.15: Transformed section at ages 3, 28 and 90 days of the overlay 

 
From the transformed sections illustrated above, the following Table 6.8 can be drawn to 

determine the neutral axis and the corresponding area of inertia for each configuration. 
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Table 6.8: Properties of the transformed sections 
Section 
Property 

Age 3 Age 28 Age 90 

Area (𝐴) 100 x 1.00 =  100 

300 x 1.733 = 519.9 

𝑨𝑻 = 𝟔𝟏𝟗.𝟗𝒎𝒎𝟐 

100 x 1.00 =  100 

300 x 1.118 =  335.4 

𝑨𝑻 = 𝟒𝟑𝟓.𝟒𝒎𝒎𝟐 

100 x 1.00 = 100 

300 x 1.051 = 315.3 

𝑨𝑻 = 𝟒𝟏𝟓.𝟑𝒎𝒎𝟐 

First 
moment of 
area (𝑄)  

(x-x) 

𝑍1.𝐴1 = 350 x100 = 35000 

𝑍2.𝐴2 = 150 x 519.9 = 77985 

𝑸𝑻 = 𝟏𝟏𝟐𝟗𝟖𝟓𝒎𝒎𝟑 

350 x 100 =  35000 

150 x 335.4 =  50310 

𝑸𝑻 = 𝟖𝟓𝟑𝟏𝟎𝒎𝒎𝟑 

350 x 100=35000 

150 x 315.3=47295 

𝑸𝑻 = 𝟖𝟐𝟐𝟗𝟓𝒎𝒎𝟑 

Location of 
N-A from 

bottom (𝑍0) 

 

𝑍0 = 𝑸𝑻  ÷  𝑨𝑻 = 𝟏𝟖𝟐.𝟐𝟔 𝒎𝒎 

 

𝑍0 = 𝑸𝑻  ÷  𝑨𝑻 = 𝟏𝟗𝟓.𝟗𝟑 𝒎𝒎 

 

𝑍0 = 𝑸𝑻  ÷  𝑨𝑻 = 𝟏𝟗𝟖.𝟏𝟔𝒎𝒎 

Moment of 
inertia 𝐼 

(x-x) 

𝑏1ℎ1
3 12⁄ + 𝐴1 (𝑍1 − 𝑍0)2 + 

𝑏2ℎ2
3 12⁄ + 𝐴2 (𝑍2 − 𝑍0)2 =  

𝑰 = 𝟕.𝟑𝟒 x 𝟏𝟎𝟔 𝒎𝒎𝟒 

 

 

𝑰 = 𝟓.𝟔𝟖 𝑿 𝟏𝟎𝟔𝒎𝒎𝟒 

 

 

𝑰 = 𝟓.𝟒𝟖 𝑿 𝟏𝟎𝟔𝒎𝒎𝟒 

 
Having determined the properties of the transformed sections, the corresponding bending 

moment at any given age of the overlay system can be estimated following Figure 6.13. As 

illustrated in Figure 6.13, the magnitude of the total strain in the composite section is given 

by: 

 
𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝜀𝑏,𝑝𝑚𝑐 + 𝜀𝑏,𝑜𝑝𝑐 + 𝜀𝑎,𝑜𝑝𝑐                    (6.24) 

 
From where the bending strain is given by: 

 
𝜀 = 𝑦∅ = 𝑦

𝜌
                                                     (6.25) 

Where, 
𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 𝑓𝑟𝑒𝑒 𝑠ℎ𝑟𝑛𝑘𝑎𝑔𝑒 
𝜀𝑏,𝑝𝑚𝑐 = 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝑃𝑀𝐶 𝑜𝑣𝑒𝑟𝑙𝑎𝑦 
𝜀𝑏,𝑜𝑝𝑐 = 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝑂𝑃𝐶 
𝜀𝑎,𝑜𝑝𝑐 = 𝑎𝑥𝑖𝑎𝑙 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝑂𝑃𝐶 𝑖𝑓 𝑛𝑜𝑡 𝑓𝑢𝑙𝑙𝑦 𝑎𝑥𝑖𝑎𝑙𝑙𝑦 𝑟𝑒𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 
∅ = 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 
𝜌 = 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 
𝑦 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑑𝑒𝑝𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 
 
Thus, from equations 6.24 and 6.25, it can be written that: 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013. 118 
 
 

𝜀𝑠ℎ.𝑓𝑟𝑒𝑒 = 𝑦1∅ + 𝑦2∅ + 𝜀𝑎,𝑜𝑝𝑐 
 
So that the curvature ∅ becomes: 

 
∅ =  𝜀𝑠ℎ.𝑓𝑟𝑒𝑒−𝜀𝑎,𝑜𝑝𝑐

𝑦1+𝑦2
                                              (6.26) 

 
If 𝑦𝑇 = 𝑦1 + 𝑦2 is the lever arm between the points of application of 𝑃𝑝𝑚𝑐 and 𝑃𝑜𝑝𝑐 as 

illustrated in Figure 7.13(b); then equation 6.26 can be re-written as: 

 
∅ =  𝜀𝑠ℎ.𝑓𝑟𝑒𝑒−𝜀𝑎,𝑜𝑝𝑐

𝑦𝑇
                                                  (6.27) 

 
Therefore by considering force equilibrium, it follows that: 

 
𝑃 = 𝜎𝐴 = 𝜀𝑎,𝑝𝑚𝑐(𝐸𝐴)𝑝𝑚𝑐 = 𝜀𝑎,𝑜𝑝𝑐(𝐸𝐴)𝑜𝑝𝑐  

 

∴  𝜀𝑎,𝑜𝑝𝑐 = 𝜀𝑎,𝑝𝑚𝑐(𝐸𝐴)𝑝𝑚𝑐

(𝐸𝐴)𝑜𝑝𝑐
                                          (6.28) 

Where, 
 
(𝐸𝐴)𝑖 = 𝑎𝑥𝑖𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑜𝑓 𝑎𝑛 𝑖𝑡ℎ 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 

𝜀𝑎,𝑝𝑚𝑐 = 𝑛𝑒𝑡 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑚𝑐 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 6.15 =
𝜎𝑎,𝑝𝑚𝑐

𝐸𝑝𝑚𝑐
 

Thus, combining equations 6.27 and 6.28, the curvature given in equation 6.27 can now be 

written as:  

 

∅ =  
𝜀𝑠ℎ.𝑓𝑟𝑒𝑒− �

𝜀𝑎,𝑝𝑚𝑐(𝐸𝐴)𝑝𝑚𝑐
(𝐸𝐴)𝑜𝑝𝑐

�

𝑦𝑇
                                  (6.29) 

 
The final curvature given in equation 6.29 can subsequently be considered relative to its 

associated bending moment, following equation 6.30, where: 

 
𝑀
𝐼

= 𝐸
𝜌
                                                                    (6.30) 

 
And the resulting bending moment yields, 

 
𝑀 =  ∅(𝐼𝐸)0                                                          (6.31) 
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Where, 
 
𝑀 = 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑚𝑜𝑚𝑒𝑛𝑡 𝑑𝑢𝑒 𝑡𝑜 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 
(𝐼𝐸)0 = 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 
 
The bending stiffness (𝐼𝐸)0 of the composite following Figure 6.15 is generally given by: 

 
(𝐼𝐸)0 =  (𝐸𝐼)𝑝𝑚𝑐 + (𝐸𝐼)𝑂𝑃𝐶 + (𝑍1 − 𝑍0)2(𝐸𝐴)𝑝𝑚𝑐 + (𝑍2 − 𝑍0)2(𝐸𝐴)𝑜𝑝𝑐             (6.32) 

 
Thus, in Figure 6.15, where the PMC layer is transformed into an equivalent OPC layer, it 

follows that the new OPC layer must have the same bending stiffness as the actual PMC 

layer; consequently, it can be written that: 

 
(𝐸𝐼)𝑝𝑚𝑐 = (𝐸𝐼)𝑜𝑝𝑐                                           (6.33) 

 

∴  𝐼𝑝𝑚𝑐 = �𝐸𝑂𝑃𝐶
𝐸𝑝𝑚𝑐

� 𝐼𝑜𝑝𝑐                                        (6.34) 

 
Combining equations 6.22 and 6.34, it follows that: 
 

𝐼𝑝𝑚𝑐 = 𝑛 𝐼𝑜𝑝𝑐                                                    (6.35) 
 
By using equations 6.29, 6.31, 6.35 and values of 𝐼𝑜𝑝𝑐 given in Table 6.8, the corresponding 

moments of inertia of the overlay PMC �𝐼𝑝𝑚𝑐�, the composite bending stiffness (𝐸𝐼)0, and 

the bending moment values for each specified age of the composite can be computed as 

illustrated in Table 6.9. 
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Table 6.9: Bending parameters of the composite section 
Bending 

parameters 
Age 3 Age 28 Age 90 

Moment of 
inertia 𝐼𝑝𝑚𝑐 

(x-x) 

 

𝐼 = 1.733 x 7.34 x 106 =
12.72 x 106 𝑚𝑚4 

 

𝐼 = 1.118 x 5.68 x 106 =
6.35 𝑋 106 𝑚𝑚4 

 

𝐼 = 1.051 x 5.48 𝑋 106 =
5.76 𝑋 106𝑚𝑚4 

bending 
stiffness 

(𝐸𝐼)0 

 

(𝐸𝐼)0
= 3.76 x 1011 𝑁𝑚𝑚2 

 

(𝐸𝐼)0
= 3.53 x 1011 𝑁𝑚𝑚2 

 

(𝐸𝐼)0
= 3.51 x 1011 𝑁𝑚𝑚2 

Curvature 
(∅) 

∅ = 1.81 x 10−7/𝑚𝑚 

 

∅ = 1.31 x 10−6/𝑚𝑚 ∅ = 1.43 𝑥 10−6/𝑚𝑚 

Bending 
Moment 

(𝑀) 

 

𝑀𝑏 = ∅(𝐼𝐸)0
= 0.068𝐾𝑁𝑚 

 

𝑀𝑏 = ∅(𝐼𝐸)0
= 0.46𝐾𝑁𝑚 

 

𝑀𝑏 = ∅(𝐼𝐸)0
= 0.50𝐾𝑁𝑚 

 
From the estimated bending moment values given in Table 6.9, the corresponding bending 

stresses at critical locations of the composite can be determined. In this respect, the 

bending stress at any location in the OPCC layer corresponds to:  

𝜎𝑥,𝑜𝑝𝑐 =  − 𝑀𝑦
𝐼𝑜𝑝𝑐

                                              (6.36) 

 
So, that the bending stress at any location in the BRCFRPMC layer will be given by: 
 

𝜎𝑥,𝑝𝑚𝑐 =  − 𝑀𝑦
𝑛𝐼𝑜𝑝𝑐

                                             (6.37a) 

Or, 
𝜎𝑥,𝑝𝑚𝑐 =  − 𝑀𝑦

𝐼𝑝𝑚𝑐
                                                (6.37b) 

Where, 
 

𝑦 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑙𝑦𝑖𝑛𝑔 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑁 − 𝐴 𝑜𝑟 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑙𝑦𝑖𝑛𝑔 𝑏𝑒𝑙𝑜𝑤 𝑡ℎ𝑒 𝑁 − 𝐴 
 
Following these sign conventions, and the values of 𝐼𝑜𝑝𝑐 , 𝐼𝑝𝑚𝑐, and 𝑀𝑏 given in Tables 6.8 and 

6.9, Table 6.10 can be drawn to illustrate the numerical values of the bending stresses at 

critical locations of the composite.   
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Table 6.10: Bending stress at critical locations of the BCO composite 
Location Distance y 

from  

N-A (mm) 

Bending stress 

Age (𝑀𝑃𝑎) 

PMC top at age  

3 

28 

90 

 

216.74 

204.07 

201.84 

 

-1.16 

-14.78 

-17.52 

PMC bottom at age 

3 

28 

90 

 

116.74 

104.07 

101.84 

 

-0.63 

-7.54 

-8.84 

OPC top at age 

3 

28 

90 

 

116.74 

104.07 

101.84 

 

-1.08 

-8.43 

-9.29 

OPC bottom at age  

3 

28 

90 

 

-183.26 

-195.93 

-198.16 

 

1.70 

15.87 

18.08 

 
Form Table 6.10, it is clear that bending deformation might not be critical to the overlay 

portion of the composite since it lies in the compression zone. The possibility of tensile 

cracking developing is therefore not feasible. However, it is expected that the substrate 

OPCC will take most of the flexural stresses, and can be highly critical in instances where 

the substrate is not firmly supported by the soil foundation or is not in excellent to fairly good 

condition before considering bonded overtopping option.  

 
For ease of representation therefore, the respective axial and bending stress distributions 

together with their combined stress envelop are given Figure 6.16.    
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Figure 6.16: Axial, Bending, and combined stress distributions 

 
As clearly seen in Figure 6.16, the stress gradient through the BCO system is illustrated. 

The combined stress envelopes indicate that compressive bending stress appears dominant 

in the overlay, while the bulk of the tensile stresses are transferred to the bottom of the 

underlay. At critical tensile load in the underlay, flexural cracks initiate, and as 

circumstances under cyclic structural and environmental actions permit, a possible through 

crack to the region of interface may develop and subsequently initiate delamination or 

reflect through the overlay; depending on the fracture toughness of the concerned zones. 

 

At this juncture, it can be inferred that flexural strength of the underlay plays a vital role 

while considering bonded concrete overlay solution. In the above illustration in Figure 6.16, 

it is expected that the substrate OPCC must be sufficiently strong to resist flexural strength, 
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up to and above 16𝑀𝑃𝑎; though a firmly placed soil foundation support is expected to 

lessen the effect of such flexural tensile response. 

 

This chapter presents the laboratory test methods for evaluating the interfacial bond 

capability of the optimum designed overlay material. Both tensile and shear bond strengths 

were established based on relevant codes of practice. Result were presented, analysed and 

discussed accordingly. In addition, stress transfer capacity of the interface was also 

assessed based on various code requirements. The overall assessment results showed that 

the overlay material exhibits good bonding with the substrate OPCC and would be able to 

withstand substantial stresses where sufficient surface texture is provided for aggregates 

interlocking. 

In addition, supplementary material properties of the optimum designed overlay material 

were evaluated concurrently. The properties included its tensile strength, coefficient of 

thermal expansion, and drying shrinkage. Stresses in the overlay, substrate, and at the 

interface were assessed analytically under various differential movement related conditions. 

As illustrated, though the interface and the overlay material exhibit sufficient strength 

against thermal and shrinkage cracking, the theoretical shrinkage cracking in the overlay 

was predicted at 6.92MPa when fully restrained axially.   

 

7.0 Interfacial Fracture Process Modelling and Analysis 

7.1 Determination of Tensile fracture Parameters 

In this section, the interface fracture process is implemented via laboratory captured fracture 

experiments and numerical modelling and analysis. The whole process presented here 

follows the interface cohesive model described for a bonded contact surface described in 

chapters 3 of this thesis. The objective of this chapter is to describe the progressive fracture 

process of the interface under monotonic loadings. 

For the Mode I fracture test, wedge splitting test (WST) method was adopted. Generally, the 

test method is a stable fracture mechanics test capable of measuring tensile fracture 

parameters, especially the fracture energy, since it traces the complete load-displacement 
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history of the test specimens beyond their peak loads. The specimens usually are compact 

in size and do store little elastic energy. 

Due to bond requirements characterising this study, common cubical shaped specimens 

were used while bonding the optimal BRCFRPMC on the substrate OPCC. As illustrated in 

Figure 7.1. The set-up requires casting or sawing an initial groove and a notch through its 

top edge. A vertical or compressive load is then applied through which a horizontal tensile 

force is induced via the wedge / rollers contact mechanism to cause splitting on the test 

specimen. In this case, the friction between the wedge and the contacting rollers is 

negligible, thereby simplifying the splitting force estimation.   

Figure 7.1: Schematic of a wedge splitting test specimen (Brϋhwiler and Wittmann, 1990) 

 

In the Figure 7.1 above, because the experiment is usually controlled monotonically by 

increasing the displacement until the sample fails, the complete applied load vs. crack 

opening displacement data can be capture via the computer data logging device connected 

to the load cell and the clip gage placed at the top-mouth of the notch. In the current study, 

the loading rate of 0.0016mm/s was used and maintained for all test specimens throughout 

the experiment. 

This item has been removed due to third party copyright. The unabridged version of the thesis can be viewed 
at the Lanchester Library, Coventry University.
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Figure 7.2: Wedge splitting force diagram 

From Figure 7.2, under a condition of frictional reaction, the splitting force (𝑃𝐻) is related to 

the applied load (𝑃𝑉) via equation 7.1:  

𝑃𝐻 = 𝑃𝑉
2𝑡𝑎𝑛𝜃

 �1−𝜇𝑡𝑎𝑛𝜃
1+𝜇𝑡𝑎𝑛𝜃

�                       (7.1a) 

Or, 

𝑃𝐻 = 𝑃𝑉
2𝑡𝑎𝑛𝜃

 � 1
1+𝜇𝑐𝑜𝑡𝜃

�                      (7.1b) 

Where, 

𝑃𝐻 = ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑝𝑙𝑖𝑡𝑡𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑒 (𝐾𝑁) 

𝑃𝑉 = 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑙𝑜𝑎𝑑 (𝐾𝑁) 

𝜃 = 𝑤𝑒𝑑𝑔𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑛 𝑑𝑒𝑔𝑟𝑒𝑒 

𝜇 = 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 

Often, because the frictional reaction between the wedge and the rollers is small, its effect 

can be eliminated from equation 7.1, thereby reducing the expressions given in equation 7.1 

to that of 7.2: 

𝑃𝐻 = 𝑃𝑉
2𝑡𝑎𝑛𝜃

                                       (7.2) 

In this research, the adopted set-up is illustrated in Figure 7.3, and due to non-availability of 

a standard set-up as those depicted in Figure 7.1, it became necessary to account for the 

effect of friction. 
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Figure 7.3: Wedge splitting set-up 

In the set-up shown in Figure 7.3, a steel wedge was held rigidly between the machine 

adjustable claws which was positioned mid-way of the specimen’s notched mouth via which 

compressive load was applied to induce a splitting force as the wedge pushed the notched 

walls sideways. The loading method followed the conventional wedge splitting testing in 

which the specimen’s loading is controlled by the displacement clip gage placed in between 

the knife edges at the load application line (wedge/notched walls).  

The wedge angle was approximately 19.30, while the specimen’s depth (D), width (W) and 

thickness (B) were 150, 150, and 75 mm respectively. The initial notch length of 45mm was 

maintained for all specimens, resulting from the initial finite element notch sensitivity 

analysis, thus giving a total 105mm depth bonded ligament. Details of the finite element 

analysis (FEA) are given in section 7.3. Note also that, the presence of two roller supports 

shown in Figure 7.3 helps eliminate the effect of self-weight on the result during overturning 

at failure.    

Crack 
propagation 

W 

B 
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Considering the effect of texture, only one degree of surface texture (2.316mm) was 

implemented following previous findings that bond response at this texture level provides 

reliable and satisfactory values as those required in the codes. In terms of age however, 

both early and matured-age, that is 3 and 28-day fracture were tested respectively. In 

addition, for each combination of age and texture, three replicates were implemented. 

By using equation 7.1, the magnitude of the horizontal splitting force relative to CMOD was 

estimated. Figure 7.4 presents the representative curves from this test. Note, in most 

structural codes and guidelines such as PCI design Handbook and Australian Bridge design 

code, the coefficient of friction between steel and hardened concrete generally ranges 

between 0.4 and 0.5. Thus, in this work, 0.45 was arbitrarily adopted. 

In order to estimate the interface fracture energy, the analysis followed the procedures 

given below: 

• The 𝑃𝐻 was determined from equation 7.1, using 𝜇 = 0.45,  

• The 𝑃𝐻 vs. CMOD was plotted, and the area under the graph was calculated, which 

represents the work of fracture, 

• The fracture energy was determined by dividing the work of fracture by the area of 

the bonded ligament. 

 

Following the above procedures, the graphs presented in Figures 7.4 and 7.5 correspond to 

3 and 28-day fracture tests respectively.  
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Figure 7.4: Splitting Force – Crack mouth opening displacement curve (3-day) 
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Figure 7.5: Splitting Force – Crack mouth opening displacement curve (28-day) 
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In Figure 7.4, the splitting force at 3-day ranges between 1.87 and 1.91KN, while the 

resulting fracture energy  (𝐺𝐹) is estimated within the range 34.96 ± 1.56𝑁/𝑚. On the other 

hand, the 28-day interface response shown in Figure 75 yields average splitting force of 

2.35KN with fracture energy in the range of 56.82 ± 2.85𝑁/𝑚.  

No doubt, the values shown here for both early and matured-age are small in magnitude 

compared to those published values for bulk (single) cementitious materials, which can be 

in upward of 100𝑁/𝑚 (Kishen and Saouma, 2004).  However, when compared with bonded 

specimen results recorded by Kishen and Saouma (2004), for limestone-Concrete interface, 

a positive correlation exists.   

In the single bulk specimens, a perfect bond condition is often assumed; while bonding at 

the interface is more or less characterized with defects. In this respect, in bonded materials, 

bond imperfection at the interface remains a major challenge confronting design engineers; 

hence, techniques for enhancing bonding and fracture energy are in high demand globally.  

Moreover, while definite structural failure criteria in terms of material strength for the 

interface are well established in various codes and design guidelines, requirements for 

structural fracture are vague and vary circumstantially. Hence, the applications of fracture 

mechanics approach are mostly employed to describe the progressive propagation process 

of failure rather than defining failure initiation criteria. On this basis, there are no established 

design values to compare the above experimental values with; therefore, the fidelity of their 

strength lies in published literature.  

As illustrated in Figures 7.4 and 7.5, it is observed that the fracture energy increases with 

age which agrees with general observations in the literature. In Bordelon (2007) for 

instance, it is clear that bulk plain concrete materials are likely to develop sufficient fracture 

properties, up to 85% in 28 days which in a way correlates with the development of their 

compressive strengths. However, only about 40% - 50% of their 28-day’s fracture energy is 

likely to develop within 7 days. In this study, considering the values given in Figures 7.4 and 

7.5, the fracture energy recorded for 3-day represents about 61.53% of the 28-day’s value, 

which also agrees well with  those found in other publications - Zhang et al (2008) and Lim 

et al (2001).  
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7.2 Determination of Shear Fracture Parameters 

In this section, L-prism specimens were employed as a basis for fracture parameter 

measurement in terms of shear stress and shear slip. Precisely, the L-prism provides 

reasonable slip measurement when compared to cylinder specimens. The initial attempt of 

using cylinder specimens was borne out of the intention of ensuring similar specimen shape 

for fracture test as those used for stress criterion tests in section 6.0. 

Though, the initial finite element analysis illustrated in Figure 7.6 shows that cylinder 

specimens are likely to yield a more uniform interface stress condition compared to L-prism; 

means of measuring and obtaining reasonable interfacial slip was however elusive.  

 

a)     b)         c)  

Figure 7.6: a) Direct Cylinder shear test with clip gage and interface stress distribution 

contours for (b) cylinder specimen and (c) prism specimen  

From Figure 7.6b, aside the point of application of load marked in red for the cylinder 

specimen; relatively, its interface stress distribution contour is more uniform compared to 

the one resulting from the L-prism. But from experience, for purposes of interface slip 

measurement, the use of L-prism seems more attractive.     

In this respect, the L-prism introduced by Liu et al. (1985) was considered; knowing that it 

has been extensively used for shear transfer across the interface in Mode II fracture testing. 

Further, in L-prism specimens, research (Watkins and Liu, 1985) has also shown that 

keeping the lap/depth (a/W) ratio within 0.25 as shown in Figure 7.7 would help achieve a 

more smooth shear stress distribution. Hence, the specimens used in this work were kept 

within this limit.  
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Figure 7.7: Direct L-Prism shear test with clip gage 

As shown in Figure 7.7, loading was controlled by clip-displacement at 0.02MPa/s, 

positioned adjacent to the plane of the interface until failure. The resulting representative 

load vs. slip responses for ages 3 and 28 are given in Figure 7.8.  
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Figure 7.8: L-Prism Interface Load – Slip Response at 3 days and 28 days 

From Figure 7.8, the average response in both cases is similar, except that the loss of bond 

stiffness at the interface did not reduce completely to zero in two out of three specimens 

tested at 3 days. Also, the observed average peak loads differ by about 9KN, which 

represents about 35.8% increment in bond strength development between 3 and 28 days.  

Reproducing the above responses in form of their corresponding shear stresses, Figure 7.9, 

was used to estimate the fracture energy in Mode II directly as a fraction of the total area 

under the curve.     
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Figure 7.9: L-Prism Interface Shear stress – Slip Response at 3 days and 28 days 

In Figure 7.9, the initial ascending part of the curves experiences some measure of machine 

instability, but gradually eases out towards the peak stress region. In most experimental 

work of this nature, the interface is expected to respond linearly up to about 40% of its peak 

stress after which the remaining part of the response assumes nonlinearity up to the peak 

stress where strain localization occurs. Beyond this point, the interface loses bond 

gradually, though still able to transfer some degree of stresses as the two materials slip 

relatively up to a critical point of delamination (crack) where bond is completely broken and 

the stress comes to zero.   

The measured fracture energies in Mode II in these two cases fall within 171.51 ± 7.77𝑁/𝑚 

and 307.29 ± 5.13𝑁/𝑚 for three replicates each at 3 and 28 days respectively. 

As demonstrated above, it is evident that the fracture energy in Mode II is by far greater 

than that of Mode I in the order of about 490% and over, hence it can be concluded that the 

interface is more likely prone to delamination in tension than in shear.   

From the tensile and the shear fracture tests described above, sufficient parameters to 

characterize the interface for numerical delamination modelling and analysis are obtained. 

In the subsequent sections, numerical methods are employed based on the experimental 

data to describe delamination failure process in pure Mode I and Mixed-Mode failures. 
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7.3 Numerical Modelling and Analysis 

7.3.1 Optimum Notch Size Selection 

As mentioned earlier in section 7.1, prior to choosing an optimum notch length for the 

laboratory test specimens adopted for Mode I fracture test, an initial or preliminary notch 

sensitivity test was implemented using a 2D FEA. The analysis follows an interface 

cohesive zone model, requiring one to specify the interface cohesive strength, the allowable 

crack opening, and the elastic material properties for the bonded materials. 

The use of 2D analysis is generally preferred to that of 3D for ease of investigating and 

monitoring locally changes occurring at the interface due to both notch and material 

properties variations. The analysis assumes a plane strain condition.  

In details, the following arbitrary values were specified to characterise the cohesive 

elements which defined the boundary between the two contacting materials: 

• The cohesive tensile bond strength = 1MPa 

• The critical crack opening = 0.01mm 

• The allowable shear bond strength = 2MPa 

• The allowable bond slip = 0.02mm 

 

Note here that by specifying shear parameters for the interface as indicated above, a Mixed 

Mode failure common with bonded dissimilar materials is assumed, though the failure is 

predominantly a Mode I failure. Apparently, the higher shear failure parameters specified for 

the model were intently and discretionarily chosen so as to permit the interface to yield in 

Mode I prior to attaining its critical Mode II failure criteria.  

The elastic material properties for the optimum BRCFRPMC and OPC were selected based 

on the experimentally obtained values given in chapter 6 of this thesis. These values are 

hereby presented in Table 7.1. 
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Table 7.1 Material Properties for PMC and OPC 

Bulk Material Elastic Modulus -
28-day (N/ mm2) 

Poissson’s Ratio Density (g/mm3) 

RCFRPMC 19950 0.25 0.002412 

OPC 22300 0.18 0.002400 

NB: The densities were specified to account for the self-weight of the test specimens. 

The 2D geometry of the model shown in Figure 7.10 follows the one given in Figure 7.3 (a & 

b), with variable notch length of 0, 10, 20, 30, 40, 50, 60 and 70mm, tested consecutively 

after a preliminary mesh size test. Note, a constant 5mm mesh size was afterward chosen 

and maintained for all the test specimens. 

 

Figure 7.10: 2D Wedge Splitting specimen 

From Figure 7.10, the boundary constrains due to roller supports were specified using a 

zero displacement value (i.e. UY = 0), while the top inner-face sides of the interface were 

subjected to 12N in each direction. Note, the magnitude of the load was selected through a 

trial and error method to ensure that a reasonable level of damage would occur at the 

interface to propagate the initially induced notch or initiate a crack in the model where no 

crack exists (i.e. a = 0).  

Note, the condition of zero-notch was not implemented in the laboratory due to its difficulty, 

but has been included in this preliminary test to investigate the relative response between a 

perfectly bonded specimen (condition) and a defective specimen. In this respect, the full 

W 
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delamination process or history, beginning with interface de-bonding formation to its 

propagation, can be collectively represented, defined, and described.       

Table 7.2 presents the result of the numerical analysis.       

Table 7.2 Interface Notch sensitivity Result table 

Notch 
 Length 
(mm) 

Relative 
 size 

(a/W) 

Interface  
Cohesive stress 

(N/ mm2) 

Relative 
Interface 

Stress 

Lateral  
Tensile  

stress(N/ mm2) 

Lateral  
Compressive  

stress (N/ mm2) 
0 0.00 1.13 1.00 1.09 0.32 

10 0.07 1.06 0.94 1.07 0.29 
20 0.13 1.03 0.91 1.02 0.28 
30 0.20 1.04 0.92 1.02 0.31 
40 0.27 1.04 0.92 1.02 0.42 
50 0.33 1.03 0.91 1.01 0.53 
60 0.40 1.13 1.00 1.15 0.65 
70 0.47 1.59 1.41 1.54 0.79 

 

From Table 7.2, it is observed that the interface cohesive stress changes with notch size, 

once interfacial crack has initiated or propagated, depending on the initial specimen 

condition. The general regression curve and equation defining the relationship between the 

relative interface stress and that of the notch size is represented in Figure 7.11.  

 

Figure 7.11: Notch-Size Sensitivity Curve 

The curve as illustrated was fitted with a fourth-degree polynomial equation which yielded 

an R-sq. value of about 0.99. In the curve, it is clear that the interface cohesive stress 

y = 122.87x4 - 94.73x3 + 24.42x2 - 2.46x + 1.0 
R² = 0.9956 
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decreases nonlinearly relative to notch-size between 0 and 0.13. Afterwards, the interface 

attains an equilibrium stress state for notch lengths ranging between 20 and 50mm. Beyond 

this range, a noticeable increase in stress was recorded.     

For each test undertaken, three stress conditions were investigated relative to one another: 

the interface cohesive stress (𝜎0), the two stresses developing in the bulk materials principal 

directions, mainly those resulting parallel (𝜎𝑥) and perpendicular (𝜎𝑦) to the direction of the 

applied load.  

From the eight tests represented in Table 7.2, the effects of lateral bending stresses (i.e. 

both compression and tensile) on the interface is apparent. The trend of changes of these 

stresses relative to that of the interface is of particular interest. Thus, the following results 

are presented to show the relative effects of these stress conditions on the overall response 

of the interface 
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Lateral Bending Stress Contour Interfacial Cohesive Stress Contour 

 

Notch size: 0mm 
 

Notch size: 0mm 

 

Notch size: 10mm 
 

Notch size: 10mm 

 

Notch size: 20mm 

 

Notch size: 20mm 

Figure 7.12:  Relative Effects of Notch-size and Lateral Bending on Interface cohesive 

stress conditions (0 – 20mm). 

From the stress contours shown above, it is observed that the compressive lateral bending 

stress decreases averagely from 0.32 to 0.28MPa with respect to notch-size. Consequently, 

the resulting cohesive stress at the interface and that of the tensile bending stress occurring 

adjacent to the region of the interface decrease accordingly. As seen, the overall effects of 

this compressive bending stress on the interface changes gradually from its locally induced 
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high tensile effect within the vicinity of the interface to that of a reduced global effect as 

curvature effect increases due to increased notch-size which causes bending to localize 

away from the interface. This agrees with elastic bending theory where bending stress is 

assumed directly related to curvature. Hence, it is assumed that the regime of the stress 

curve defined by the relative notch-size, 0 to 0.13, is highly dominated by the notch-size 

effect. 

Lateral Bending Stress Contour Interfacial Cohesive Stress Contour 

 

Notch size: 30mm 

 

Notch size: 30mm 

 

Notch size: 40mm 

 

Notch size: 40mm 

 

Notch size: 50mm  

Notch size: 50mm 

Figure 7.13:  Relative Effects of Notch-size and Lateral Bending on Interface cohesive 

stress conditions (30 – 50mm). 
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However, as the global effect of the compressive bending stress increases and and 

gradually dominates the overall specimen size effects due to increased notch-size, a wider 

spread of tensile stress was induced and widely distributed at the interface and within its 

vicinity, thereby keeping the stress condition at the interface in a more stable and uniform 

state.    

The overall interactive response of the stresses at the interface and its vicinity is depicted in 

Figure 7.14.     
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Figure 7.14: Relative Responses of Interface cohesive stress and Lateral Tensile stress to 

Lateral Compressive stress due to Notch-size 

The stable stress state at the interface and its vicinity is expected to vanish as more 

compressive stress is induced and localizes directly adjacent to the position where cohesive 

stress occurs under increased notch-size and crack propagation. This condition occurs for 

notch-size 60 and 70mm, as can be seen in Figures 7.14 and 7.15. 
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Notch size: 60mm 

 

Notch size: 60mm 

 

Notch size: 70mm 

 

Notch size: 70mm 

Figure 7.15:  Relative Effects of Notch-size and Lateral Bending on Interface cohesive 
stress conditions (60 – 70mm). 

Clearly, the stable state stress regime defines the range of the optimum notch-size, where 

notch-size effect is supressed. This bending effect as shown in Figure 7.16 for 50mm notch-

size is therefore expected to remain effective or even more dominating for larger notch 

lengths that are not too far from this range of optimality. In this respect, it makes common 

sense to assess the responses due to 60 and 70mm notch lengths on this merit. This is so, 

because with increased notch-size, and in the absence of any lateral bending effect, it is 

unlikely that a substantial cohesive stress will develop at the interface. 
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a)    b)  

Figure 7.16: Lateral Compressive Effect a) Deformation Vector Plot b) Stress contour Plot 

Thus, it is supposed that the continued increase in the stress state at the interface and its 

vicinity for notch lengths 60 and 70mm illustrated in Figure 8.14 and 8.15 may not be 

directly connected with the notch-size effect itself, but due to increased compressive 

bending effect at the far side of the specimen, which consequently is accompanied by 

increased tensile effect at the interface and its vicinity. Engineering terms, this regime can 

exclusively be tagged as mainly dominated by compressive bending effects, rather than the 

combined effects of notch-size and bending.  In this respect, three distinct regimes are 

formed as illustrated in Figure 7.17.  

 

Figure 7.17: Notch-Size Sensitivity Curve  

From the curve shown above, the regression equation is given by: 

𝑦 = 122.87𝑥4 − 94.73𝑥3 + 24.42𝑥2 − 2.46𝑥 + 1.00    (7.3a) 

Where, 

𝑦 = 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 =
𝜎𝑁𝑖
𝜎𝑈𝑁
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Legend: 1=Notch-sensitivity zone; 2= Equilibrium zone; 3=Bending dominated zone 
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𝜎𝑁𝑖 = 𝑠𝑡𝑟𝑒𝑠𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑖𝑡ℎ 𝑛𝑜𝑡ℎ 𝑙𝑒𝑛𝑔𝑡ℎ 

𝜎𝑈𝑁 = 𝑠𝑡𝑟𝑒𝑠𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑛𝑜𝑡𝑐ℎ 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 

∅ = 𝑓(𝛼 ,𝛽,
𝑎
𝑊

 ) 

𝑥 = 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑠𝑖𝑧𝑒 =  �𝑎
𝑊
�  

𝑎 = 𝑛𝑜𝑡𝑐ℎ 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑠𝑖𝑧𝑒 (𝑚𝑚) 

𝑊 = 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑑𝑒𝑝𝑡ℎ (𝑚𝑚) = 150𝑚𝑚 

Therefore, the equation can be re-written as: 

𝜎𝑁𝑖
𝜎𝑈𝑁

(∅) = 122.87 �𝑎
𝑊
�
4
− 94.73 �𝑎

𝑊
�
3

+ 24.42 �𝑎
𝑊
�
2
− 2.46 �𝑎

𝑊
� + 1.00               (7.3b) 

So that the stresses at the interface for any possible 𝑖𝑡ℎ notch-size can be expressed as: 

𝜎𝑁𝑖(∅) =  𝜎𝑈𝑁 �122.87 �𝑎
𝑊
�
4
− 94.73 �𝑎

𝑊
�
3

+ 24.42 �𝑎
𝑊
�
2
− 2.46 �𝑎

𝑊
� + 1.00 �       (7.3c) 

Note here that the expression given in (7.3c) corresponds to the prescribed elastic 

mismatch between the substrate OPCC and the overlay BRCFRPMC given in Table 7.1. It 

follows therefore that at different age of the overlay when the elastic properties undergo 

changes; the expression will change accordingly based on the Dundur’s parameters 

(𝛼 𝑎𝑛𝑑 𝛽) given in equation 7.5.  

Hence, for every regression equation resulting from a specified elastic mismatch, optimum 

value for �𝑎
𝑊
� can be estimated by differentiating the regression model and equating the 

result to zero.  

Further, under combined stress conditions due to direct tension and bending discussed 

earlier, stresses developing at any point along the bonded ligament of the interface can 

generally be represented by:  

𝜎𝑁𝑖(∅) =  𝜎𝑈𝑁 �
𝑃𝐻
𝐴

+  𝑀𝑦
𝐼

 � (∅)                             (7.4) 

Where, 

𝑃𝐻 = ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑓𝑜𝑟𝑐𝑒   

𝐴 = 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑜𝑛𝑑𝑒𝑑 𝑙𝑖𝑔𝑎𝑚𝑒𝑛𝑡 
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𝑀 = 𝑚𝑜𝑚𝑒𝑛𝑡 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑏𝑦 𝑃𝐻 

𝐼 = 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎 

𝑦 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑎𝑥𝑖𝑠 𝑡𝑜 𝑝𝑟𝑒 − 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑡𝑖𝑝, and 

                                    ∅ = 𝑓(𝛼 ,𝛽, 𝑎
𝑊

 )                                            (7.5) 

Thus, as already shown in equations 3.22 and 3.23, using the simplified expressions for 

Dundur’s two parameters for a plane strain problem, the following elastic property table can 

be drawn for the optimum BRCFRPMC mix at ages 3, 28 and 90 days with respect to the 

prescribed OPCC elastic properties shown in Table 7.1.  

Table 7.3 Measured and Estimated Elastic Mismatch between PMC and OPC  

 

Material 

Plane stress 
 𝐸𝑝𝑚𝑐 (GPa) 

 

Plane strain 
𝐸𝑝𝑚𝑐
′  (𝐺𝑃𝑎) 

(Estimated) 

Poisson’s 
Ratio 

(Measured) 

Poisson’s 
Ratio 

(Estimated) 

𝐸𝑝𝑚𝑐
′

𝐸𝑜𝑝𝑐′  
 

𝛼 

PMC 3-day 12.87 14.71 - 0.354 0.638 -0.221 

PMC 28-day 19.95 21.28 0.25 - 0.923 -0.040 

PMC 90-day 21.22 22.38 - 0.228 0.971 -0.051 

OPC 22.30 23.05 0.18 - - - 

 

Note here that the estimated Poisson’s values shown above were obtained by setting the 

Dundur’s second parameter (𝛽) at constant value of 0.014, which corresponds to the 

measured elastic properties mismatch between BRCFRPMC and OPCC in Tables 7.1. This 

approach is commonplace in numerical work of this nature if it is assumed that the effects of 

𝛽 is secondary (Mei et al, 2007).   

From the above, a direct graphical estimate for Dundur’s paramount parameters (𝛼) can be 

made relative to the ratio of elastic moduli of the bi-material; which may be viewed as age-

history curve, as elastic properties of BRCFRPMC change with time.   
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Figure 7.18 Dependence of 𝛼 on Ratio of Elastic Moduli 

As shown in Figure 7.18, it is clear that 𝛼 increases as the ratio of the elastic modulus of the 

overlay BRCFRPMC to that of substrate OPC increases. Often, due to the relevance of 

elastic moduli, 𝛼 is regarded as paramount in studies involving elastic response of bi-

material interface. In the on-going discussion, the effects of the changes in 𝛼 for ages 3, 

and 90 days are illustrated in Table 7.4.   

Table 7.4: Variation of Relative stress by Dundur’s first paramount parameters (𝛼) 

Relative 

 size (a/W) 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 

(𝛼3) 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 

(𝛼90) 

0.00 1.000 1.000 

0.07 0.978 0.942 

0.13 0.969 0.909 

0.20 0.976 0.918 

0.27 0.962 0.919 

0.33 0.948 0.912 

0.4 1.122 0.997 

0.47 1.491 1.369 

 

α 

𝑦 =  −0.32𝑥2  + 1.14𝑥 − 0.82 

R-sq.=1 
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Similarly, if the values in Table 7.4 above is plotted and fitted with a four-degree polynomial 

model as in Figure 7.11, the corresponding elastic responses of the interface for ages 3 and 

90 days can be written as:  

For age 3, we have: 

𝑦 = 76.99 �𝑎
𝑊
�
4
− 49.97 �𝑎

𝑊
�
3

+ 9.97 �𝑎
𝑊
�
2
− 0.81𝑥 + 1.00                    (7.6) 

While for age 90, we have: 

𝑦 = 108.99 �𝑎
𝑊
�
4
− 83.00 �𝑎

𝑊
�
3

+ 21. 58𝑥2 − 2.26𝑥 + 1.00                    (7.7) 

Now, if each of equations (7.3), (7.7), and (7.8) is differentiated and then equated to zero, 

the optimum value for �𝑎
𝑊
� is obtained in each case. Consequently, the resulting differential 

equation in each case, starting with age 3 through 90, is respectively given by:  

�̇� = 307.96 �𝑎
𝑊
� 3 − 149.91 �𝑎

𝑊
� 2 + 19.94 �𝑎

𝑊
�  − 0.81                    (7.8) 

�̇� = 491.48 �𝑎
𝑊
� 3 − 283.19 �𝑎

𝑊
� 2 + 48.84 �𝑎

𝑊
�  − 2.46                     (7.9) 

�̇� = 432.40 �𝑎
𝑊
� 3 − 249.00 �𝑎

𝑊
� 2 + 43.16 �𝑎

𝑊
�  − 2.26                      (7.10) 

From equations 7.8, 7.9 and 7.10, the values of �𝑎
𝑊
�  for which �̇� is zero is mutually 

approximated to 0.30. In this respect, the corresponding optimum notch length can be 

estimated using:  

𝑎 = 0.30𝑊 = 0.30 ∗ 150 = 45𝑚𝑚 

As a first approximate solution, this value of 𝑎 which corresponds to an average material 

mismatch property between BRCFRPMC and OPCC,  was generalized for the laboratory 

wedge tensile splitting experiments described in section 7.1.  

Further, in the analysis, a deduction can be advanced based on equations 7.3a, 7.6, and 

7.7, by considering and substituting the optimum value of 𝑥 or �𝑎
𝑊
� (i.e. 0.30) into the 

equations consecutively. The resulting values are plotted in the curves shown in Figure 7.20 

with respect to Dundur’s first parameters (𝛼) and the elastic mismatch ratio (𝐸′𝑝𝑚𝑐 𝐸′𝑜𝑝𝑐⁄ ).   
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Figure 7.19: Interface stress response to Elastic mismatch between PMC and OPC 

As illustrated in Figure 7.19, it is clear that the stress level at the interface during the early-

age, which corresponds to the lowest value of (𝐸′𝑝𝑚𝑐 𝐸′𝑜𝑝𝑐⁄ ), is relatively high, but then 

reduces and approaches a minimum as the ratio of elastic moduli of the bi-material tends to 

a unit. This change in the elastic moduli is envisaged to occur as the freshly placed overlay 

BRCFRPMC develops in strength and consequently in elastic properties with time. When 

this phenomenon of uniformity occurs, the corresponding value of 𝛼 and its effects in the 

overall analysis reduces to zero as illustrated in Figure 7.19b, thus implying that only the 

notch-size effect dictates response at the interface under loading; since the effect of  𝛽 is 

treated as secondary.  

This state of uniformity between the overlay and the substrate is often referred to as a 

condition of perfect elastic match. In practice however, especially in cementitious overlay 

where material properties change relative to age, perfect elastic match is difficult to attain 

during the early-age of placing the overlay material as clearly shown in Figure 7.19.  

As seen, the prescribed optimum BRCFRPMC mix attains the state of uniformity with the 

substrate OPCC after its 90-day’s life history. This represents about 2.6% stress reduction 

relative to its early-age stress profile. As seen here, in the long term, it is not likely that a 

substantial level of stress reduction would occur after 90 days of casting. In this respect, it 

can be concluded that the material design of the interface in this work is reasonable.            

𝛽 = 0.014 

 
𝛽 = 0.014 

 

a) 

b) 

𝜶 

 
Relative stress vs. E’pmc/E’opc 

 

 
𝜶 vs. E’pmc/E’opc 

 

RS 

De
sir

ab
le

 st
re

ss
 

Re
du

ct
io

n 
le

ve
l 

Computed Predicted 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013. 147 
 
 

7.3.2 Numerical determination of Interfacial Fracture Parameters 

In the on-going discussions, it is observed that in order to successfully model and simulate 

stresses developing at the interface between the overlay and the existing substrate on site, 

the following parameters are required to characterise the interface for Mixed Mode failure:  

• The cohesive interfacial bond tensile strength,  

• The cohesive interfacial shear bond strength, 

• The interfacial fracture toughness or allowable crack opening width in case of Mode I, 

or allowable slip for Mode II.      

 

At this stage of the work, all parameters relating to Mode II fracture, that is, the cohesive 

fracture shear strength, maximum fracture energy, and the allowable slip are already made 

available. For Mode I fracture however, only the interfacial fracture toughness is given 

based on the experimental work described in section 7.1. Usually in numerical work of this 

nature, to complement such a value, it is customary to make use of the cohesive tensile 

bond strength obtained by direct tensile pull test or indirect tensile (Brazilian splitting) test. It 

therefore implies that two separate tests are required in determining the fracture parameters 

in Mode I.  

In this study however, an attempt was made to circumvent this approach by proposing that 

the wedge splitting test described previously is sufficient as a single test geometry for 

determining the full fracture parameters in Mode I. The attempt here was to ensure that 

based on the preliminary numerical investigations undertaken in section 7.3.1, it is possible 

to fit the experimental and numerical results given in section 7.1 and section 7.3.1 

respectively in order to compute for the cohesive interfacial bond strength. It is obvious that 

a direct bond strength value of the interface cannot be determined from the wedge splitting 

test described in section 7.1, but if coupled with some numerical shrewdness, it is possible 

to estimate mathematically the required strength at the interface.   

For instance, from equation 7.4, it can be shown that:      

𝜎𝑁𝑖
𝜎𝑈𝑁

(∅) =  �𝑃𝐻
𝐴

+ 𝑀𝑦
𝐼

 � (∅)                         (7.11) 
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Thus, if the left hand side (LHS) of the expression given above is replaced with the 

numerical values obtained for the optimum notch-size (i.e. 0.30) shown in Figure 7.19a, it 

follows that for ages 3, 28 and 90, the respective interfacial bond strength can be computed 

as follow:   

For age 3 we write that: 

0.929 =  �𝑃𝐻𝐴 + 𝑀𝑦𝐼  � (∅)                         (7.12) 

For age 28, we write that: 

 

0.907 =  �𝑃𝐻𝐴 + 𝑀𝑦𝐼  � (∅)                           (7.13) 

While for age 90, we write that: 

0.906 =  �𝑃𝐻𝐴 + 𝑀𝑦𝐼  � (∅)                           (7.14) 

Further, in the above equations, if  �𝑃𝐻
𝐴
� is depicted by DS (direct stress), and �𝑀𝑦

𝐼
� is 

denoted by BS (bending stress); it follows that equation 7.12 for instance yields:  

0.929 =  (𝐷𝑆 +  𝐵𝑆 )(∅) 

where, 

𝐵𝑆 (∅) = 0.929 − 𝐷𝑆(∅) 

Therefore, for a 1-D interfacial delamination model, the above expression becomes: 

𝐵𝑆 (∅) = 0.929 −
𝑃𝐻
𝑧

(∅) 

Where, 𝑧 is the 1-D ligament bond length.   

From here, it can be stated mathematically that the 𝑙𝑖𝑚𝑖𝑡 of 𝐵𝑆(∅) as 𝑧 approaches �𝑊
2
�  is 

�0.929 − 𝑃𝐻
𝑧

(∅)�. 

Meaning that,             𝑙𝑖𝑚𝑧  → � 𝑊2 �
  𝐵𝑆(∅) = 0.929 − 𝐷𝑆(∅) 

Thus, if 𝑧 is taken as 74.99mm, which approaches  𝑊
2

= 75𝑚𝑚, then 
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𝐵𝑆 (∅) = 0.929 − 𝑃𝐻
74.99

(∅)                              (7.15)  

If the above expression in (7.15) is replicated for 28 and 90 days, the following equations 

are obtained respectively:  

𝐵𝑆 (∅) = 0.907 − 𝑃𝐻
74.99

(∅)                                   (7.16) 

𝐵𝑆 (∅) = 0.906 − 𝑃𝐻
74.99

(∅)                                    (7.17) 

Note here that the value of 𝑃𝐻 = 12𝑁 in the analysis undertaken in section 7.3.1. 

Therefore, equations 7.15, 7.16 and 7.17 are respectively re-written as:  

𝐵𝑆 (∅) = 0.929 − 0.16 = 0.769                             (7.18) 

𝐵𝑆 (∅) = 0.907 − 0.16 = 0.747                              (7.19) 

𝐵𝑆 (∅) = 0.906 − 0.16 = 0.746                              (7.20) 

Hence, a table showing the percentage of both bending and direct stresses for each age 

represented in the experiment can be drawn and illustrated by Table 7.5.  

Table 7.5:  Percentage of Bending and Direct stresses in the total interfacial stress by 
age 

Age (days) Bending Stress 
(𝐵𝑆) % 

Direct Stress 
(𝐷𝑆) % 

3 82.8 17.2 

28 82.4 17.6 

90 82.3 17.7 

 

% 𝐿𝑖𝑚𝑖𝑡: 

 

82.55 ± 0.25 

 

17.45 ± 0.25 

 

As shown clearly above in Table 7.5, the variation in bending and direct stresses is 

generally limited to about 0.25% for ages between 3 and 90 days. The bending stress in this 

case accounts for about 82.5 % while the direct stress is in the vicinity of 17.5%. By 

implication, if the maximum horizontal (splitting) force can be determined experimentally as 

illustrated in Figures 7.4 and 7.5, then it is feasible that the corresponding 𝐷𝑆 for laboratory 

specimens as those used in section 7.1 can be calculated.  
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For instance, for ages 3 and 28 test specimens with maximum splitting limit values given in 

Figures 7.4 and 7.5 as 1.89𝐾𝑁 ± 0.02 and 2.34𝐾𝑁 ± 0.07 respectively, it can be shown 

that: 

For age 3 specimens: 

1890
74.99𝐵

= 0.34 = 17.5% 𝑜𝑓 𝑇𝑆 

Where, 

𝐵 = 75𝑚𝑚 = 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 𝑤𝑖𝑑𝑡ℎ 

 𝑇𝑆 = 𝑇𝑜𝑡𝑎𝑙 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 (𝑁 𝑚𝑚2⁄ )  

In this case, 

𝑇𝑆 =  
0.34 𝑋 100

17.5
=  1.94 𝑁 𝑚𝑚2⁄  

For age 28 specimens, the resulting 𝑇𝑆 is given by: 

𝑇𝑆 =  
0.42 𝑋 100

17.5
=  2.40 𝑁 𝑚𝑚2⁄  

From here, a direct means of validating the above results is to compare the estimated 

values with those obtained experimentally from the Brazilian splitting test given in Table 6.4. 

For specimens characterised as 𝑅𝑧2, the 3 and 28 days’ mean tensile strengths are given as 

2.07 and 2.22MPa respectively. By correlation, the estimated values compare well with 

those of Brazilian test results. Precisely, for age 3, the range of observed values and error 

falls within 2.01 ±  0.07𝑀𝑃𝑎; while that of age 28 falls within 2.31 ± 0.09𝑀𝑃𝑎. The limits 

shown here are acceptable for analytical solutions of this nature.  Thus, the proposed 

method is consistence with established existing methods.  

From here, if a bilinear cohesive model is assumed as mentioned in chapter 3, it follows that 

the only outstanding parameter required for complete fracture process description is the 

critical crack displacement or opening (𝑢𝑛𝑐 ). Note, 𝑢𝑛𝑐  is computed here based on equation 

3.44 shown below:  

𝑢𝑛𝑐 =  
2𝐺𝐼𝑐
𝜎0

 

Hence for age 3, the critical crack displacement (𝑢𝑛𝑐 ) is given by: 
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𝑢𝑛𝑐 3 =  
2 𝑋 34.96 𝑋 10−3

2.01
= 0.035𝑚𝑚  

While for age 28, the critical crack displacement (𝑤𝑐) yields: 

𝑢𝑛𝑐 28 =  
2 𝑋 56.82 𝑋 10−3

2.31
= 0.050𝑚𝑚  

By direct comparison, it is evident from the two values shown above that the interface is 

about 140% more likely to fracture or delaminate at age 3 than at age 28. Thus, age 3 

fracture conditions as illustrated in Table 7.6 are generally more critical in fracture analysis, 

and were used as the FEA failure criteria of the interface.  

Table 7.6: Fracture parameters Comparison table 

 

Age 
(days) 

Cohesive 
tensile 

strength (𝜎0) 
(𝑁 𝑚𝑚2⁄ ) 

Allowable 
shear 

strength (𝜏0) 
(𝑁 𝑚𝑚2⁄ ) 

Mode I 
Fracture 

toughness 
(𝐺𝑓𝐼) (𝑁 𝑚⁄ ) 

Mode II 
Fracture 

toughness 
(𝐺𝑓𝐼𝐼) (𝑁 𝑚⁄ ) 

Critical crack 
opening 

(𝑢𝑛𝑐 )  

(𝑚𝑚) 

Critical 
shear slip / 
displ’t (𝑢𝑡𝑐) 

(𝑚𝑚) 

3 2.01 ± 0.07 3.56 ± 0.24 34.96 ± 1.56 171.51 ± 7.77 0.035 0.108 

28 2.31 ± 0.09 4.69 ± 0.17 56.82 ± 2.85 307.29 ± 5.13 0.050 0.138 

 

At the crack tips along the interface between dissimilar materials, Mixed-Mode oscillatory 

field is prevalent. Hence, in the subsequent section, analyses based on Mixed-Mode 

interface fracture are implemented.   

7.4 Interfacial Mixed Mode Finite Element Fracture Model for Edge Delamination   
condition  

Consider a bonded concrete overlay system shown in Figure 7.20a resting on elastic 

foundation, and experiencing a differential length change with the substrate through its 

thickness, either as a result of thermal gradient or drying shrinkage of the overlay. The 

curling effects of the uniaxial edge-stress condition can be idealized as shown in Figure 

7.20b such that the resulting stresses may be assumed as acting on a beam at the edges 

rather than on the entire slab surface (Houben, 2006). With increased deformation 

concentrating at the top edge surface of the overlay during the early curing age, partial or 

true interface delamination length may be induced along the edges or corners. For 
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delamination to occur, it is assumed that the interface bonding strength and toughness have 

been overcome.     

  

a)                     b)  

Figure 7.20: Overlay Edge Deformation and Delamination 

In order to investigate the mechanism of Mixed-Mode interfacial failure of the above model, 

a 2D plane strain analysis was implemented with ANSYS FE code based on the idealized 

model shown in Figure 7.21. Similar buckling-induced delamination model has been 

implemented elsewhere (Mei et. al, 2007) for elastic thin-film structures, but usually without 

elastic foundation.     

a)            b)  

Figure 7.21: Idealized 2D plane strain FEM. 

The Finite Element Model shown in Figure 7.21 is basically required to calculate the Mixed-

Mode interfacial fracture energy using ANSYS Cohesive Zone Model discussed in chapter 

3.0. The model incorporates contact elements with cohesive material properties which 

define the cohesive law governing the delamination mechanism. In the analysis, the value of 

Dundur’s parameter (𝛽) was held constant, while (𝛼) was varied based on the measured 

elastic properties of the overlay material during its early and mature curing-age. The idea 

here was based on the premise that the effect of (𝛽) is secondary (Mei et al, 2007) in most 

practical applications.  

UX 
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In the model, the following geometric and material property inputs were specified: 

• A constant Overlay thickness of 100mm: Though in several codes of practice, the 

minimum constructible overlay thickness of 51mm is permitted; however, for 

structural strengthening intending to last for 25 year upward, a thickness up to 

127mm may be considered, depending on the anticipated traffic loading, condition 

of underlying pavement, desired service life and the required floor elevation level 

in situations where head-room imposes a constraint;  

• A constant (arbitrary) underlying OPCC pavement thickness of 300mm; 

• The Elastic Modulus and Poisson’s values correspond to those given in Table 7.3;  

• The bond strengths and fracture parameters correspond to those given for early-

age 3 in Table 7.6.  

• A constant (arbitrary) working pavement length of 1000mm.  

• Initial interfacial edge-defect lengths of 0, 50, 100, 200 and 300mm 

• The foundation model uses surface effect elements with an arbitrary soil stiffness 

of 25000𝑁/𝑚𝑚 and mass density of 1850 𝑘𝑔 𝑚3⁄ . 

• Mass densities of 2400𝑘𝑔 𝑚3⁄  and 2467.71𝑘𝑔 𝑚3⁄  for the underlay and overlay 

respectively. 

 

From here, in order to simulate the effects of differential length change between the overlay 

and underlay, two distinct magnitudes of horizontal line displacement loadings (UX) were 

imposed on the full edge-side (depth) of the overlay as illustrated in Figure 7.21; these 

enable two separate studies, namely: Partial (incomplete) delamination and true (complete) 

delamination responses of the interface. The partial delamination study was based on 

0.0851mm displacement loading, representing a characteristic observed free deformation 

due to the drying shrinkage of the overlay, while the true delamination investigation was 

instigated with an arbitrary value of 0.20mm. Note that all other geometric and material 

parameters were held constant in both cases.  

By classification, a crack is partial or initiates once an initially perfectly bonded interface 

forms into a fictitious crack, implying that the maximum induced crack displacement still falls 

below the effective displacement computed from equation 3.35. On the other hand, a crack 
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is true or propagates as soon as this critical crack condition is reached. In this case, the 

effective Mixed-Mode displacement was estimated to be 0.114𝑚𝑚 based on the values 

given in Table 7.6 for 𝑢𝑛  
𝑐  and 𝑢𝑡  

𝑐 .  

7.5      Results Analysis and Discussions 
7.5.1 Partial (incomplete) interfacial delamination response  
In the current loading configuration, the response of the interface to Mixed-Mode 

delamination under incomplete separation is understudied, given proper reference to the 

elastic mismatched properties of the bi-material when it changes spontaneously from its 

early curing-age condition to its matured state.  

For all the test specimens, three distinct variables can be associated with the dimensionless 

delamination function (𝑍𝐷) (Mei et al, 2007) based on the expression given in equation 7.21.  

𝑍𝐷 = 𝑓( 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

 ,𝛼 , 𝛽)                                                           (7.21) 

From equation 7.21, the first parameter in the bracket � 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

� denotes a normalized defect 

length, and often in practice helps to investigate the edge response of the interface for 

different initial bond conditions when one of the two Dundur’s parameters is fixed. The 

range of such defect can fall within the limit 0 ≤ 𝑙𝑑 ≤ ∞. In this case, since the effect of non-

zero (𝛽) is treated as secondary, hence it value was held fixed at 0.014 for all possible test 

specimens. Note here that (𝑙𝑑) is the initial edge defect length, while (ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦) denotes the 

overlay thickness.  

In order to be able to estimate a reasonable FPZ (𝑙𝑐𝑧) along the interface, for a bi-material 

interface, the following relationship holds (Gdoutos, 2005):  

 

𝑙𝑐𝑧 = 𝑍𝐷 (𝑙𝐶ℎ) = 𝑍𝐷 �
𝐸∗𝐺𝐹𝑚
𝜆𝑚2

�                                                        (7.22) 

Where, 

 𝑍𝐷 𝑖𝑠 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 7.21, 

𝑙𝐶ℎ 𝑖𝑠 𝐻𝑖𝑙𝑙𝑒𝑟𝑏𝑜𝑟𝑔’𝑠 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑙𝑒𝑛𝑔𝑡ℎ 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 �𝐸
∗𝐺𝐹𝑚
𝜆𝑚2

�.  
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𝐸∗ = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑖 − 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 (𝑠𝑎𝑚𝑒 𝑎𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3.27),  

𝜆𝑚 = 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑚𝑖𝑥𝑒𝑑 𝑚𝑜𝑑𝑒 𝑑𝑎𝑚𝑎𝑔𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛 (𝑠𝑎𝑚𝑒 𝑎𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3.34),    

𝐺𝐹𝑚 = 𝑀𝑖𝑥𝑒𝑑 −𝑀𝑜𝑑𝑒 𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑡𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 

In practice, where thickness optimization plays a major role in the design of the overlay, it is 

more convenient to express the resulting energy release rate in terms of a structural length 

scale; such that equation 7.22 yields:    

𝐺𝐹𝑚 =  𝑍𝐷 ( 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

 ,𝛼 , 𝛽) 𝜆𝑚
2  ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

𝐸∗
                                            (7.23) 

From here, the delamination failure definition can then be given as a function of the 

normalized interface toughness by re-arranging equation 7.23 in form of equation 3.39; such 

that:  

𝑍𝐷 ( 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

 ,𝛼 , 𝛽) = 𝐺𝑖𝑐 = 𝐸 
∗𝐺𝑖𝑐(𝛹) 

𝜆𝑚2  ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
                                                  (7.24)  

In this respect, the delamination failure coefficient (𝑍𝐷) can be plotted as a function of the 

normalized delamination length for different values of (𝛼) shown in Table 7.3. The 

corresponding response for partial delamination problem is represented in Table 7.7.  
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Table 7.7: Interface Response to Elastic Mismatch between BRCFRPMC and OPCC 

 

Age 
(day) 

 

𝐸′𝑝𝑚𝑐
𝐸′𝑜𝑝𝑐

 

 

𝛼 

Initial 
notch 
length 

(𝐿𝑛) 𝑚𝑚 

Max. 
Crack 

opening 
𝑤𝑐  (𝑚𝑚) 

Max. 
Crack 
slip 

𝛿𝑠(𝑚𝑚) 

Effective 
Interface 

displ’t 
(𝑢𝑚) 𝑚𝑚 

Cohesive 
zone 

length 
 (𝑙𝑐𝑧) 𝑚𝑚 

 

 

3 

 

 

0.638 

 

 

-0.221 

0 

50 

100 

200 

300 

0.011 

0.011 

0.009 

0.006 

0.004 

0.084 

0.043 

0.025 

0.012 

0.007 

0.085 

0.044 

0.027 

0.013 

0.008 

90.00 

55.00 

35.00 

20.00 

10.00 

 

 

28 

 

 

0.923 

 

 

-0.040 

0 

50 

100 

200 

300 

0.013 

0.013 

0.010 

0.007 

0.005 

0.084 

0.048 

0.030 

0.015 

0.009 

0.085 

0.050 

0.032 

0.017 

0.010 

105.00 

70.00 

45.00 

30.00 

20.00 

 

 

90 

 

 

0.971 

 

 

-0.015 

0 

50 

100 

200 

300 

0.013 

0.013 

0.011 

0.007 

0.005 

0.084 

0.049 

0.030 

0.016 

0.009 

0.084 

0.051 

0.032 

0.017 

0.010 

110.00 

70.00 

45.00 

30.00 

20.00 

 

From Table 7.7, it is apparent that the observed effective crack displacements due to Mixed-

Mode delamination are all below the critical values (0.114𝑚𝑚) specified for failure. 

Evidently no true crack has developed yet in all the test specimens; however, evidence of 

crack formation was observed based on the associated cohesive zone lengths shown in 

Table 7.7 and Appendix A3. The results generally indicate that crack displacements 

decrease with notch length but tends to shown some degree of growth with 𝛼 values.  

The on-going interface fracture analysis has been implemented based on the parameters 

associated with equation 7.24. Hence, by re-arranging equation 7.24 in terms of the total 

interfacial Mixed-Mode energy release rate, it can be shown that: 
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𝑍𝐷 �
𝐿𝑛

ℎ𝑃𝑀𝐶
 ,𝛼 ,𝛽� = 𝐺𝑖𝑐 = 𝐺𝑖𝑐(𝛹) 

𝜆𝑚
2  ℎ𝑃𝑀𝐶
𝐸∗

                                     (7.25)  

If the denominator expression in equation 7.25 is denoted by ∅𝑑, then the expression 

becomes: 

𝑍𝐷 �
𝐿𝑛

ℎ𝑃𝑀𝐶
 ,𝛼 ,𝛽� = 𝐺𝑖𝑐 = 𝐺𝑖𝑐(𝛹) 

∅𝑑
                                             (7.26) 

From equation 7.26, the 𝐺𝑖𝑐 is evaluated numerically as a function of a constant steady-

state phase angle 𝛹. Thus, Table 7.8 and Figure 7.22 were drawn to represent the 

relationship between the resulting Mixed-Mode energy release rate 𝐺𝑖𝑐(𝛹) and the 

delamination dimensionless parameter 𝑍𝐷 based on equation 7.26. Note that the 𝐺𝑖𝑐(𝛹) 

values represented here were evaluated from Appendix A4.  

Table 7.8: Relationship between Structural dimensionless scale and Delamination 
dimensionless parameter under crack formation conditions 

𝐿𝑛
ℎ𝑃𝑀𝐶

 (∅𝑑)3  

𝑁/𝑚𝑚  

(∅𝑑)28 

𝑁/𝑚𝑚 

(∅𝑑)90 

𝑁/𝑚𝑚 

(𝐺𝑖𝑐(𝛹))3 

𝑁/𝑚𝑚  

(𝐺𝑖𝑐(𝛹))28 

𝑁/𝑚𝑚  

(𝐺𝑖𝑐(𝛹))90 

𝑁/𝑚𝑚  

𝑍𝐷3 𝑍𝐷28 𝑍𝐷90 

0 0.186 0.151 0.147 0.173 0.214 0.227 0.932 1.422 1.539 

0.5 0.186 0.151 0.147 0.161 0.172 0.173 0.866 1.141 1.176 

1.0 0.186 0.151 0.147 0.096 0.135 0.138 0.515 0.895 0.937 

2.0 0.186 0.151 0.147 0.061 0.086 0.086 0.328 0.570 0.586 

3.0 0.186 0.151 0.147 0.028 0.057 0.058 0.151 0.379 0.396 
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Figure 7.22: Relationships between the Structural Dimensionless length scale and (a) 

Delamination Dimensionless parameter and b) Relative fracture driving energy under partial 

delamination condition 

From Figure 7.22a, the interface response curves generally indicate that the delamination 

dimensionless parameter (𝑍𝐷) decreases as � 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

�  increases in size, but increases with 

(𝛼) values. Apparently, as the elastic mismatched properties of the bi-material approach 

unity, the effects of (𝛼) on (𝑍𝐷) dwindle and assume asymptotic respond. By implication, it 

shows that under the current loading, lesser fracture driving energy is generally required to 

extend an already existing crack along the interface as the BCO structural dimensionless 

scale increases. Also, it indicates that the interface is generally more prone to cracking 

extension at its early age than later, because at early age delamination is largely dominated 

by both material mismatched properties and imperfection in the plane of the interface. The 

range of fracture risk as seen here falls averagely above 1.8 times that of the matured-age 

of 28 or 90days.  

 On the other hand, Figure 7.22b illustrates the relative fracture driving energy response of 

the interface. Here, it is clear that crack extension from the edge for un-notched specimens 

is independent of the notch (defect) size, and so a higher driving force is required to open 

the interface compared to notched specimens. Precisely, the numerical reduction effects on 

the driving energy are estimated in the proximities of 20%, 40%, 60% and 75% for structural 

scale of 0.5, 1.0, 2.0 and 3.0 respectively. For exclusive relationship between the elastic 

mismatch properties and the crack propagation driving energy for a prescribed defect size, 

the following exponential models are valid: 
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𝐺𝑖𝑐 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝑒

�𝛼−1.16
0.78 �                  𝑓𝑜𝑟  �

𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

� =0             

𝑒
�𝛼−4.92

2.81 �                 𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=0.5               

𝑒
�𝛼−1.07

0.55 �                 𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=1.0              

𝑒
�𝛼−1.35

0.56 �                 𝑓𝑜𝑟 �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=2.0                

𝑒
�𝛼−0.74

0.27 �                 𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
� =3.0               

                              (7.27) 

From equation 7.27, if no elastic mismatch condition exists, the corresponding values of 

(𝐺𝑖𝑐) for 𝛼 = 𝛽 = 0 can be evaluated for any initial defect size. In this work, the estimated 

values based on equation 7.27 and the computed values from ANSYS FEA are shown in 

Figure 7.23. 
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Figure 7.23 Comparison between Numerical and Estimated values of 𝐺𝑖𝑐 

As seen in 7.23, it is evident that the values estimated from equation 7.27 fit the numerical 

results well. This implies that for values of (𝛼) ranging between −0.221 and 0.0, equation 

7.27 is valid for value of  (𝛽)  fixed at 0.014 or adjusted accordingly to 0.0. 

Note however that the results illustrated here are based on the assumption of a constant 

phase angle (𝛹) at the oscillatory field during crack extension, but in reality the phase angle 

may change locally from element to element or relative to a defect size. Hence, in order to 

determine if the degree of such variations is significant on the observed values, the 

relationship between the computed interfacial fracture driving energy (𝐺𝑖𝑐) and the phase 

angle (𝛹) was investigated and subsequently plotted in Figure 7.24. 
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Figure 7.24: Relationship between Interfacial Fracture Driving Energy and Phase-angle 

From Figure 7.24, the linear regressions between (𝐺𝑖𝑐) and (𝛹) are given in equations 7.28 

to 7.30 from where the degree of variation of interfacial fracture energy due to changes in 

phase-angle was investigated. 

• 𝐹𝑜𝑟 𝛼 = −0.221, the regression model yields: 

𝐺𝑖𝑐3 = 0.0083𝛹 − 0.459                                             (7.28) 

• 𝐹𝑜𝑟 𝛼 = −0.040, the regression model ii given by: 

 

𝐺𝑖𝑐28 = 0.0084𝛹 − 0.439                                            (7.29) 

 

• 𝑊ℎ𝑖𝑙𝑒 𝐹𝑜𝑟 𝛼 = −0.015, the regression model gives: 

 

𝐺𝑖𝑐90 = 0.0088𝛹 − 0.465                                          (7.30) 

Thus, the average differential value �𝑑𝐺𝑐𝑖
𝑑𝛹

� =  0.0085, which indicates that the fracture diving 

energy in this case only changes by 0.85% for every degree change of the phase-angle (𝛹). 

As demonstrated here, this amount of variation is minimal and insignificant.    

Thus, within the limit (0 ≤ 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

≤ 3.0) of experimentation, the energy release rate only 

increases by 0.0153𝑁/𝑚𝑚 for a total of 18° differential (observed) phase angle.    
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7.5.2 True (complete) interfacial delamination response 

It is clear that the observations given in section 7.5.1 relate directly to the magnitude of the 

applied external displacement. However, for a sufficiently large external displacement 

loading, the trend of response of the interface may differ from those discussed above. 

Usually for a complete crack propagation problem, a substantial external load is required. In 

order to implement a full delamination response of the interface, displacement value in the 

magnitude of 0.20mm was discretionarily applied. This value after several incremental 

attempts proved to be adequate in ensuring that all notched and un-notched test specimens 

undergo complete delamination during testing. 

By keeping other geometric and material parameters constant as before, the resulting 

interfacial response representing the relationship between (𝑍𝐷) and � 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

� are 

represented in Table 7.9 and Figure 7.25.  

Table 7.9: Relationship between Structural dimensionless scale and Delamination 
dimensionless parameter under crack propagation conditions 

𝐿𝑛
ℎ𝑃𝑀𝐶

 (∅𝑑)3  

𝑁/𝑚𝑚  

(∅𝑑)28 

𝑁/𝑚𝑚 

(∅𝑑)90 

𝑁/𝑚𝑚 

(𝐺𝑡𝑚(𝛹))  

𝑁/𝑚𝑚 

(𝐺𝑡𝑚(𝛹))28 

𝑁/𝑚𝑚 

(𝐺𝑡𝑚(𝛹))90 

𝑁/𝑚𝑚 

𝑍𝐷3 𝑍𝐷28 𝑍𝐷90 

0 0.186 0.151 0.147 0.148 0.182 0.174 0.797 1.209 1.182 

0.5 0.186 0.151 0.147 0.147 0.188 0.191 0.792 1.249 1.297 

1.0 0.186 0.151 0.147 0.140 0.175 0.182 0.754 1.162 1.236 

2.0 0.186 0.151 0.147 0.158 0.195 0.189 0.851 1.295 1.284 

3.0 0.186 0.151 0.147 0.116 0.189 0.194 0.625 1.255 1.318 
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Figure 7.25: Relationships between the Structural Dimensionless length scale and (a) 

Delamination Dimensionless parameter and b) Relative fracture driving energy under 

complete delamination propagation condition 

It is clear from Figure 7.25 that the interface response curves under complete delamination 

propagation deviates from those presented in Figure 7.23. In the current load configuration, 

the interface delamination dimensionless coefficient and the relative fracture driving force 

show a decline response for extreme low value of (𝛼) as � 𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

�  → 𝑚𝑎𝑥, but appear to be 

steady or increase marginally as the bi-material mismatched properties approach unity. In 

practical sense, for a more compliant overlay (𝛼 ≪ 0), the delamination driving energy from 

the edge can be expected to be of a lower magnitude and diminishes concomitantly as the 

initial notch defect (𝑙𝑑) increases, when compared to less complaint overlay, where 𝛼 ≈ 0.     

As in the previous analysis, exclusive relationships between the elastic mismatched 

properties and the full delamination driving energy for a prescribed defect size, was fitted 

and given in equation 7.31.   

𝐺𝑖𝑐 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝑒

�𝛼−1.66
0.98 �                  𝑓𝑜𝑟  �

𝑙𝑑
ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦

� =0             

𝑒
�𝛼−1.24

0.76 �                 𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=0.5               

𝑒
�𝛼−1.34

0.79 �                𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=1.0              

𝑒
�𝛼−1.55

0.96 �                 𝑓𝑜𝑟 �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
�=2.0                

𝑒
�𝛼−0.61

0.39 �                 𝑓𝑜𝑟  �
𝑙𝑑

ℎ𝑜𝑣𝑒𝑟𝑙𝑎𝑦
� =3.0               

          (7.31) 
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Thus, by ignoring the effects of initial defect size (𝑙𝑑), a comparison between equations 5.5 

and 5.6 shows that the interface generally exhibits lesser resistance to delamination driving 

force in complete separation model than in incomplete separation model. The effects of 

initial structural defect however appear positive under complete delamination model, but 

negative in the incomplete delamination model.  

For ease of result validation, several values of (𝑍𝐷) based on plane stress problems have 

been observed in the literature (Turon, et. al., 2007), ranging between 0.21 and 1.0. Some 

of these models are given in Table 5.1; though Hillerborg’s and Rice’s models, where the 

values of (𝐷) approach or equal to unity, still remain most common in practice. 

Table 7.10: Cohesive zone length and equivalent delamination dimensionless parameter 

𝑀𝑜𝑑𝑒𝑙 𝑙𝑐𝑧 𝑍𝐷 

𝐻𝑢𝑖 2 3𝜋⁄ .𝐸 𝐺𝑐 𝜆𝑐𝑚
2⁄  0.21 

𝐼𝑟𝑤𝑖𝑛 1 𝜋⁄ .𝐸 𝐺𝑐 𝜆𝑐𝑚
2⁄  0.31 

𝐷𝑢𝑔𝑑𝑎𝑙𝑒,𝐵𝑎𝑟𝑒𝑛𝑏𝑙𝑎𝑡𝑡 𝜋 8⁄ .𝐸 𝐺𝑐 𝜆𝑐𝑚
2⁄  0.40 

𝑅𝑖𝑐𝑒,𝐹𝑎𝑙𝑘 9𝜋 32⁄ .𝐸 𝐺𝑐 𝜆𝑐𝑚
2⁄  0.88 

𝐻𝑖𝑙𝑙𝑒𝑟𝑏𝑜𝑟𝑔 𝐸 𝐺𝑐 𝜆𝑐𝑚
2⁄  1.00 

 

Evidently, from Table 7.10, no unified value of (𝑍𝐷) exist per se; a close observation of the 

response curves shown in Figures 7.23 and 7.25 suggest that the values of (𝑍𝐷) depend 

largely on the initial edge defect size of the interface, the plane of loading, the magnitude of 

the applied external load, and on the elastic bi-material properties, if any mismatch exists. 

Thus, in the on-going plane strain problems, it is found that the values of (𝑍𝐷) vary 

numerically between 0.15 and 1.54 for partial delamination problems, and between 0.63 and 

1.32 for complete delamination problems.     

7.6 Analytical solution for Predicting the Critical Crack displacement and the 
Failure Mode-Shape of the overlay.  

Consider Figure 7.26(a) which depicts the Finite Element Model presented in Figure 7.21 in 

its un-deformed state. If after deformation, Figure 7.26(b) results, reaction forces and 
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displacements at designated locations along the interface can be calculated, by assuming 

an effective interfacial stiffness acting continuously along the plane of the interface. 

In the deformed configuration shown in Figure 7.26(c), three designated points 0, 1 and 2 

are identified. Point 0 represents the crack tip with reaction forces (𝑓0) and (𝜏0) acting 

vertically and horizontally respectively. Due to oscillatory field developing within this vicinity, 

the resultant force (𝑅0) forms angle 𝜃 with the plane of the interface.    

    

 

 

                         

Figure 7.26: Un-deformed, Deformed, and Mechanical Model of a delaminated interface 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013. 165 
 
 

If the deformation of the interface is initially de-coupled into it normal and tangential form, 

then a solution can be obtained for Mode I (opening mode) as distinctively depicted at point 

1 and 2 of Figure 7.26, and subsequently modified for Mode II and Mixed-Mode. Here, it is 

assumed that at point 1, crack opening (𝑑1) approaches the critical value for de-bonding, 

while the crack front between point 1 and point 2 already exceeded the critical crack 

opening value. Thus, between points 1 and 2 true crack forms, while fictitious (cohesive) 

crack lies between points 0 and 1.  

 

Figure 7.27: Oscillatory field at crack tip 

Therefore following Figure 7.27, at crack tip, it can be shown that: 

𝛹 = arctan �𝜏
𝜎
� = arctan �𝑘𝑡

𝑘𝑛
�                                         (7.32) 

Where, 

𝜎 𝑎𝑛𝑑 𝜏 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 𝑜𝑟 𝑓𝑜𝑟𝑐𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑛𝑑 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠 

𝑘𝑛 𝑎𝑛𝑑 𝑘𝑡 = 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑛𝑑 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠    

From equation 7.32,  

𝑘𝑡 =  𝑘𝑛 tan𝛹                                                               (7.33) 

In this respect, the corresponding effective stiffness can be written as: 

𝑘𝑅 =  �𝑘𝑛2 + 𝑘𝑡
2      =    �𝑘𝑛2 + (𝑘𝑛𝑡𝑎𝑛𝛹)2                        (7.34) 

Considering the vertical forces acting on the plane of the interface, it can be shown that: 

∑𝑓𝑦 = 0                                                                              (7.35a) 
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Thus,  

𝑓𝑜 − 𝑓1 − 𝑓2 = 0                                                         (7.35b) 

So that at crack tip, we write that: 

𝑓𝑜 =  𝜏𝑜 tan𝜃                                                             (7.36a) 

Note, for small displacement, tan𝜃 = �𝑑1
𝐿1
�. Therefore equation 7.36a becomes: 

𝑓𝑜 =  𝜏𝑜 �𝑑1
𝐿1
�                                                              (7.36b) 

By substituting for 𝑓𝑜 in equation 7.35b, it becomes: 

𝑓1 + 𝑓2 = 𝜏𝑜 �𝑑1
𝐿1
�                                                      (7.37) 

Also, it can be evidenced that at crack tip, just prior to sliding or de-bonding, 𝜏𝑜 =in plane 

reaction force 𝐹.  For a prescribed values of 𝐹, say 57.17𝑁, which corresponds to an un-

notched specimen with elastic mismatch property, 𝛼 = −0.015, thus 𝜏𝑜 = 57.17𝑁. 

By taking moments about point 0, equation 7.38: 

∑𝑀0 = 0                                                                   (7.38a) 

It then follows that: 

𝐹(𝑑2) − 𝑓2𝐿 −  𝑓1𝐿1 = 0                                            (7.38b) 

For the prescribed test specimen shown in Figure 7.26b, the numerical value of 𝐿 = 295, 

while that of 𝐿1 = 60. 

∴ 𝐿 = 4.92𝐿1                                                             (7.39) 

Hence, equation 7.38b yields: 

4.92𝑓2 +  𝑓1 = 𝐹 �𝑑2
𝐿1
� =  𝜏𝑜 �𝑑2

𝐿1
�                                  (7.40) 

By inspection, equations 7.40 and 7.37 compare well. Therefore, re-writing each in form of 

the constitutive equation, 𝑓 = 𝑘𝑑, the following expressions result:  
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𝑘1𝑑1 + 𝑘2𝑑2 = �𝜏𝑜
𝐿1
� 𝑑1                                                    (7.41) 

𝑘1𝑑1 + 4.92𝑘2𝑑2 = �𝜏𝑜
𝐿1
� 𝑑2                                               (7.42) 

If 𝜔 = �𝑘1
𝑘2
�, the system of the equation can be re-written by dividing all through by 𝑘2, so 

that: 

𝜔𝑑1 + 𝑑2 =  � 𝜏𝑜
𝐿1𝑘2

� 𝑑1                                                       (7.43) 

𝜔𝑑1 + 4.92𝑑2 =  � 𝜏𝑜
𝐿1𝑘2

�𝑑2                                                 (7.44) 

This clearly is an Eigenvalue problem, such that the term in the bracket at the RHS is given 

by: 

𝜆 =  𝜏𝑜
𝐿1𝑘2

                                                                              (7.45) 

Thus, in matrix form: 

�𝜔 1
𝜔 4.92�  �𝑑1𝑑2

� =  𝜆 �𝑑1𝑑2
�                                                  (7.46) 

Equation 7.46 is of the form: 𝐴𝑋 = 𝜆𝑋, and has the following characteristic equation: 

|𝐴 − 𝜆𝐼| = 0                                                                        (7.47) 

Assuming a constant normal stiffness (𝑘𝑛) along the interface, then 𝑘2 = 𝑘1, implying that 

𝜔 = 1. Hence, it can be shown that:  

�1 − 𝜆 1
1   4.92 − 𝜆� = 0                                                       (7.48) 

This results in the following quadratic equation,  

𝜆2 − 5.92𝜆 + 3.92 = 0                                                         (7.49) 

The solutions to the equation are: 𝜆1 = 5.16 𝑎𝑛𝑑 𝜆2 = 0.76. 

When 𝜆1 =  5.16, 𝑑 = �𝑑1𝑑2
� = �0.23

0.97� ;   𝜆2 = 0.76,𝑑 = �−0.97
0.23 �  
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In this respect, the values of 𝜆 and 𝑑 are referred to as Eigenvalues and Eigenvectors 

respectively, and they can geometrically be represented as shown in Figure 7.28. 

 

 

Figure 7.28: Mode I Buckling Mode-shapes 

In the on-going Mode I analysis, while the second buckling mode-shape indicates a normal 

opening mode up to the crack-tip, it is however observed that the first buckling mode-shape 

indicates a sort of negative deformation value (𝑑1 = −0.97), which suggests a form of inter-

penetration between the two solid layers. This phenomenon makes no physical sense, 

hence a mathematical limiter can be invoked, such that: 𝑑𝑖 ≥ 0 in order to prevent such 

occurrence. But by interpretation, it can hypothetically be deduced that 𝜆𝑚𝑖𝑛 represents the 

critical load required to induce an edge opening (𝑑2) with a delamination crack length of 𝐿𝑑. 

Beyond the limit of 𝐿𝑑 , the overlay experiences a considerable compressive bending over 

the underlay at the plane of the interface; this prevents the plane from delaminating as more 

energy or force will be required to drive delamination propagation along the interface as 

curvature increases.  
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Hence, from the two mode-shapes, the value of the normal stiffness (𝑘𝑛) can be evaluated 

within the limits provided between 𝜆1 and 𝜆2 by tentatively setting 𝜏𝑜 = 57.17 in equation 

7.45 where: 

𝑘𝑛 = 𝑘2 =  𝜏𝑜
𝐿1𝜆𝑖

                                                            (7.50) 

From here, 𝑘𝑛 is the lesser of 𝑘2 value for each value of 𝜆𝑖. 

Thus, for 𝜆1 = 5.16,  𝑘2 = 0.185𝑁/𝑚𝑚 and for 𝜆2 = 0.76, 𝑘2 = 1.254𝑁/𝑚𝑚. In this case, 𝑘𝑛 

is taken as 0.185𝑁/𝑚𝑚. Note, for extremely large value of 𝑘𝑛, delamination initiation will not 

be possible and may result in an unwarranted computational difficulties.  

By modifying the above Mode I analysis for Mode II fracture, an effective stiffness which 

accounts for Mixed-Mode effect can be determined from equations 7.32 to 7.34 where: 

tan𝛹 = 𝜏
𝜎

= 𝑘𝑡
𝑘𝑛

        

                         Thus, 𝑘𝑅 =  �𝑘𝑛2 + 𝑘𝑡
2      =    �𝑘𝑛2 + �𝑘𝑛 �

𝜏
𝜎
��
2
            

Note, values for 𝜏 = 3.56 and 𝜎 = 2.01 are taken from Table 7.6, and they represent the 

allowable shear and tensile bond strengths of the interface. Therefore, solving for 𝑘𝑅, 

0.376𝑁/𝑚𝑚 results.    

From equation 7.34, 𝑘𝑡 =  �𝑘𝑅2 − 𝑘𝑛
2   = 0.327𝑁/𝑚𝑚     

In this respect, at points 1 and 2 shown in Figure 7.28, reduced in-plane shear force is 

experienced between delamination initiation and propagation process where stiffness 

reduces significantly. This force usually tends to zero at full de-bonding stage.  

Using the value of 𝑘𝑡 = 0.327𝑁/𝑚𝑚 as given above, the reduced shear force prior to 

complete debonding or loss of stiffness can be estimated by setting the slip (𝑢𝑡𝑐) to the 

allowable value of 0.108𝑚𝑚 (see Table 7.6). 

Thus, 

𝜏1 =  𝑘𝑡  𝑢𝑡𝑐 = 0.327 𝑋 0.108 = 0.035𝑁  
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Similarly, solving for 𝑓1 and 𝑓2prior to critical de-bonding process, equation 7.37 was used: 

𝑓1 + 𝑓2 = 𝜏𝑜 �
𝑑1
𝐿1
� 

By setting 𝑑1 to its limits (allowable crack opening in Mode I), 𝑑1 = 𝑢𝑡𝑐 = 𝑑𝑛 = 0.035𝑚𝑚. In 

the current analysis, remember that 𝐿1 = 60𝑚𝑚 and  𝜏𝑜 = 57.17𝑁.  

Therefore, 𝑓1 + 𝑓2 = 0.033, from where it can be written that: 

𝑓2 = 0.033 − 𝑓1                                                     (7.51) 

By substituting for 𝑓2 in equation 7.40, and setting 𝑑2 at a value above the critical 𝑑𝑛. In this 

case, the measured 𝑑2 = 0.099𝑚𝑚 from the current FEA (see Figure 7.30).  

Hence, 𝑓1 = 0.017𝑁 and 𝑓2 = 0.016𝑁. 

Therefore, at point 1 where the interface is approaching the critical crack opening, the 

effective crack displacement under Mixed-Mode fracture can be estimated using Figure 

7.29. 

 

Figure 7.29: Reaction forces at Point 1 

The constitutive Mixed-Mode equation is given by: 

𝑓𝑅 =  𝑘𝑅  𝑑𝑅                                                      (7.52) 

Solving for 𝑑𝑅:  

𝑑𝑅 =
𝑓𝑅
𝑘𝑅

=
0.039
0.376

= 0.104𝑚𝑚 
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This value represents the predicted effective crack displacement under the current setting 

and compares well with 0.114𝑚𝑚 required for debonding propagation in the FEM described 

in Figure 7.20.  

Further, at critical Mixed-Mode crack propagation, the critical buckling load (𝜏𝑐𝑟) can be 

estimated by setting 𝑑1 to 𝑑𝑅 = 0.104𝑚𝑚 in equation 7.36.  

This gives: 

𝜏𝑐𝑟 = 𝜏𝑜 = 𝑓𝑜 𝐿1
𝑑1

 = 19.08𝑁  

In this respect, the corresponding value of 𝜆 is then given by equation 7.45.  

Therefore, 𝜆 =  𝜏𝑜
𝐿1𝑘2

=  𝜏𝑐𝑟
𝐿1𝑘𝑅

= 19.08
60 𝑋 0.376

= 0.846  

Note, the estimated Mixed-Mode values of 𝜏𝑐𝑟 and its corresponding 𝜆 are found to be 

slightly higher than those of Mode I fracture estimated from both equations 7.36 and 7.45 

respectively. In Mode I, the resulting value of 𝜏𝑐𝑟 = 17.33𝑁, while its 𝜆𝑚𝑖𝑛 = 0.760. 

Lastly, by using equation 7.40, the corresponding value of 𝑑2 can be determined and then 

used in relation to 𝑑1 to establish the theoretical ratio between the Mixed-Mode critical crack 

displacement and the edge Crack Month Opening Displacement (𝐶𝑀𝑂𝐷).  

Thus, from equation 7.40, it can be shown that: 

𝑑2 =  
𝐿1 (4.92𝑓2 + 𝑓1)

𝜏𝑜
=
𝐿1 (4.92𝑓2 + 𝑓1)

𝜏𝑐𝑟
= 0.301𝑚𝑚 

Therefore, the theoretical ratio between 𝑑1 and 𝑑2 is given by: 

𝜉𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 = 𝑑1
𝑑2

= 𝑑𝑅
𝑑2

= 0.104
0.301

= 0.346                                     (7.53) 

In order to validate the above value of  𝜉, values of 𝑑1 and 𝑑2 corresponding to the current 

model of ANSYS FEA were obtained and compared with the analytical result given above. 

In the ANSYS FEA graph shown in Figure 7.30, the corresponding values of the 

displacement in Mode I and Mode II along the interface were read-off by the horizontal red 

lines. Here at point 2, the slip and opening gap give 0.199𝑚𝑚 and 0.099𝑚𝑚 respectively 
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with an effective displacement value (𝑑2) of 0.222𝑚𝑚 (see equation 3.35). On the other 

hand, at point 1, the resulting values of slip and opening gap are given by 0.066𝑚𝑚 and 

0.039𝑚𝑚 with an approximate effective displacement value (𝑑1) of 0.077𝑚𝑚.         

 

Figure 7.30: Variation of interface slip and opening during Mixed-Mode delamination 

process 

From above, the numerical FEA value of 𝜉 is given by: 

𝜉𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 𝑑1
𝑑2

= 0.077
0.222

= 0.347                                     (7.54) 

Comparing equations 7.53 and 7.54, it can be concluded that the analytical model simulates 

and compares well with the FEA result.  

 

Figure 7.31: Mixed-Mode Buckling Mode-shape 
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Thus, the final Mode-shape due to Mixed-Mode delamination failure was drawn and 

illustrated in Figure 7.31. 

This chapter presents the interfacial fracture process of the interface in Mode I, Mode II and 

Mixed-Mode of fracture. Experimental parameters were obtained for tensile and shear 

fracture modes of failure, and subsequently coupled in Mixed-Mode by FEA. Common 

differential edge deformation model between the overlay and the underlay was implemented 

for partial and full delamination studies. The result indicated that both studies exhibited 

different interfacial response, influenced distinctly and largely by the magnitude of the 

applied load. Other factors accounted in the analyses included the elastic mismatched 

properties, initial edge defect size, and the plane of loading. Lastly, analytical solution to the 

FEA problem was implemented using the proposed Modified Eigenvalue Buckling Analysis 

(MEBA). The result indicated that the proposed analytical method simulates and compares 

well with the FEA result. The proposed method also provided a good technique for 

predicting the Mixed-Mode Buckling failure Mode-Shape of the overlay. 

8.0 Conclusions and Recommendations  

The conclusions and the recommendations given in this section were based on the findings 

in the cause of undertaking this research project. Each part of the thesis found something 

different; hence, the findings were classified under the experimental and numerical / 

analytical works.  

8.1 Conclusions 

1. The research showed that for a composite material like BRCFRPMC required to 

satisfy several criteria simultaneously, the use of computational statistical tools is 

important, considering the level of flexibility and precision required in selecting an 

optimum mix. Mixture experiments within the context of material modelling were 

performed in executing such tasks.  

2. Typically, quadratic models were fitted for the required properties of the overlay 

material, though linear models were also found adequate in some cases.  

3. The overall material responses and performance were treated for typical early and 

matured-age of 3 and 28 days from where feasible regions of optimality were 

established and examined. Through optimization techniques, the optimum mixture 
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proportion which satisfies multiple responses at the same time was selected within 

an acceptable level of compromise.  

4. The optimum mixture was found to contain about 61% of solid inclusions while the 

paste phase occupies the remaining 39% by volume of the total mixture. While 

keeping the solid inclusions constant, the optimum mixture proportion of cement, 

polymer, and water was found to be 0.7540, 0.0938, and 0.1523 respectively. 

Quantitatively, these values indicated that about 612.84𝑘𝑔/𝑚3 of cement would be 

required, while both SBR polymer and water were considered at 76.24𝑘𝑔 and 

123.79𝑘𝑔 respectively per cubic meter of the mixture.  

5. The optimum consistency-time for full consolidation of the designed overlay material 

(BRCFRPMC) and its overall composite behaviour with the substrate ordinary 

Portland cement concrete (OPCC) was established between 34.05 and 34.87 

seconds, while the resulting apparent maximum density achieves between 97.11% - 

98.03 %TAFD.  

6.  The optimum mixture achieved about 35.21MPa and 54.94MPa compressive 

strength at 3 and 28 days, with tensile strength ranging between 12.14% and 16.16% 

of its compressive strength. 

7. Because the optimum mixture exhibited a high early tensile strength, it indicated that 

the material should be able to withstand significant tensile stresses before cracking 

during restrained drying shrinkage, so long the induced strain is gradually applied.  

8. The measured coefficient of thermal expansion between the overlay and the underlay 

OPCC were relatively close, thus showing that the overlay was thermally compatible 

with the OPCC.  

9. The thermal analysis showed that thermal cracking under partial restraint of the 

interface was unlikely. For thermal cracking to occur, full axial restraint of the overlay 

would be required at a predicted differential temperature > 23.87℃  and a tensile 

stress well above 6.58MPa. Similarly, the predicted thermal stresses at the interface 

were generally less that those measured experimentally for the bond shear and 

tensile strength.      

10.  The investigations in this work demonstrated also that the material design of 

cementitious overlay material typically introduces some degree of intrinsic elastic 

mismatched problem at early age. In this work, the observed elastic modulus due to 

the overlay was 12.87GPa while that of the OPCC was 22.30GPa. In terms of 



Adegoke Olubanwo, PhD Thesis, Coventry University, 2013. 175 
 
 

thermal cracking tendency of the overlay, overlay materials with lower elastic 

properties are preferred, but it also induces stress gradient problems in the BCO 

systems which are generally undesirable in the vicinity of the interface.        

11.  The interfacial bond strength tests revealed that the optimum mixture exhibited good 

bonding capability with the substrate OPCC both in tension and shear. The bond 

tests achieved 2.01MPa to 2.31MPa tensile and 3.56MPa to 4.69MPa shear 

strength.  

12. In the bond strength tests, the results indicated that both surface texture and age had 

positive effects on tensile and shear strength. However, the overall contribution of 

surface texture appears more beneficial in shear than in tensile. This is explicable 

because the mechanics of interfacial de-bonding and interlocking differ in both cases. 

Specifically, the estimated benefits of surface texture on shear over tensile strength 

range averagely between 14% and 31% for equal differential texture levels.   

13.  The delamination parameter 𝑍𝐷 and the Mixed-Mode energy release rate (𝐺𝑖𝑐) vary 

numerically, and depend largely on: the initial edge defect size, the magnitude of the 

applied external load, elastic mismatched properties of the bonded dissimilar 

materials, and the loading plane configuration of the model (plane stress or plane 

strain). 

14.  The numerical values of 𝑍𝐷 in this research work varied between 0.15 and 1.54 for 

partial delamination problems, and between 0.63 and 1.32 for complete delamination 

problems. 

15.  Generally, a clear distinction exists between more compliant overlay materials 

(where 𝛼 ≪ 0) and less compliant materials where 𝛼 ≈ 0. The FEA results showed 

that lesser driving force is generally required to delaminate the former. 

16.  The results obtained from the proposed Modified Eigenvalue Buckling Analysis 

(MEBA) indicated that the analytical method simulates and compares well with the 

FEA result. The proposed method also provided a good technique for predicting the 

Mixed-Mode Buckling failure Mode-Shape of the overlay. 
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8.2 Recommendations  

The followings are recommended for future works:  

1. Mixed-Mode laboratory testing on bonded samples is recommended for subsequent 

investigations due to its practical importance, 

2. Full scale thermal experimental investigations on bonded samples are recommended 

in order to establish the threshold of the interface response to temperature changes,  

3. Full scale shrinkage testing between the overlay and the underlay in their bonded 

state is recommended in order to validate the analytical approached adopted in this 

study,  

4. Full-scale roller-compaction of the optimum mixture is recommended to validate its 

response under the vibrating roller, and the resulting consolidation level achieved, 

5. Extending the Finite Element Analysis to account for other forms of delamination 

other than the edge model investigated here is recommended.      

6. Exclusive study of the effects of Dundur’s parameter (𝛼) on the failure mode shape of 

the overlay using MEBA is recommended.   
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PMC compressive strength test  

Mix ID Sample ID 
Compressive strength (MPa) 

3 days 14 days 28 days 90 days 
M

1 

CS1 - M1 35.06 52.18 63.58 67.23 
CS2 - M1 41.87 45.25 59.78 72.11 
CS3- M1 39.04 50.75 61.47 75.14 
CS4 - M1 38.59 51.15 60.21 67.95 
CS5 - M1 37.76 49.01 61.49 65.91 

Mean Compressive strength (σc) 38.47 49.67 61.31 69.67 
Standard Deviation (σ ̅ ) 2.45 2.72 1.48 3.84 
Coefficient of variation (Cv) % 6.37 5.48 2.41 5.51 
Characteristic strength 34.45 45.20 58.88 63.38 

  

M
2 

CS1 - M2 44.50 54.27 66.24 73.99 
CS2 - M2 40.68 49.31 60.38 67.87 
CS3- M2 41.02 46.63 61.81 74.06 
CS4 - M2 39.22 51.61 62.72 72.86 
CS5 - M2 39.04 50.87 62.87 69.07 

Mean Compressive strength (σc) 40.89 50.54 62.80 71.57 
Standard Deviation (σ ̅ ) 2.20 2.83 2.16 2.90 
Coefficient of variation (Cv) % 5.37 5.59 3.44 4.06 
Characteristic strength 37.29 45.90 59.26 66.81 

  

M
3 

CS1 - M3 34.21 44.94 54.76 68.85 
CS2 - M3 33.83 42.22 52.62 64.94 
CS3- M3 32.78 42.71 53.01 65.42 
CS4 - M3 35.82 43.06 53.00 66.82 
CS5 - M3 34.19 42.53 53.34 66.63 

Mean Compressive strength (σc) 34.16 43.09 53.35 66.53 
Standard Deviation (σ ̅ ) 1.09 1.08 0.83 1.52 
Coefficient of variation (Cv) % 3.20 2.50 1.56 2.28 
Characteristic strength 32.37 41.33 51.98 64.04 

  

M
4 

CS1 - M4 34.69 45.72 59.89 60.18 
CS2 - M4 36.80 42.57 56.78 58.85 
CS3- M4 35.88 42.51 54.95 59.29 
CS4 - M4 34.71 46.94 55.89 59.51 
CS5 - M4 32.88 44.47 56.88 61.70 

Mean Compressive strength (σc) 34.99 44.44 56.88 59.91 
Standard Deviation (σ ̅ ) 1.47 1.95 1.86 1.11 
Coefficient of variation (Cv) % 4.21 4.38 3.26 1.86 
Characteristic strength 32.57 41.25 53.83 58.08 
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M

5 
CS1 - M5 41.06 52.55 61.84 69.42 
CS2 - M5 41.78 53.48 59.54 68.27 
CS3- M5 36.68 46.96 59.66 66.18 
CS4 - M5 37.67 48.22 58.91 66.18 
CS5 - M5 35.75 45.76 60.91 65.89 

Mean Compressive strength 
(σc) 38.59 49.39 60.17 67.19 
Standard Deviation (σ ̅ ) 2.68 3.43 1.18 1.57 
Coefficient of variation (Cv) % 6.95 6.95 1.96 2.34 
Characteristic strength 34.19 43.76 58.23 64.61 

  

M
6 

CS1 - M6 36.95 37.12 47.10 60.03 
CS2 - M6 30.75 43.26 55.48 57.28 
CS3- M6 32.42 40.00 50.55 61.09 
CS4 - M6 32.40 40.92 49.41 59.00 
CS5 - M6 32.44 38.71 52.47 58.35 

Mean Compressive strength 
(σc) 32.99 40.00 51.00 59.15 
Standard Deviation (σ ̅ ) 2.33 2.32 3.17 1.47 
Coefficient of variation (Cv) % 7.06 5.79 6.21 2.49 
Characteristic strength 29.17 36.20 45.81 56.73 

  

M
7 

CS1 - M7 36.16 40.49 54.74 58.48 
CS2 - M7 35.46 43.99 51.44 53.93 
CS3- M7 34.91 42.06 51.88 55.77 
CS4 - M7 32.89 40.36 49.86 56.76 
CS5 - M7 35.16 41.55 52.70 55.91 

Mean Compressive strength 
(σc) 34.92 41.69 52.12 56.17 
Standard Deviation (σ ̅ ) 1.23 1.47 1.79 1.65 
Coefficient of variation (Cv) % 3.51 3.53 3.44 2.94 
Characteristic strength 32.90 39.28 49.19 53.46 

  

M
8 

CS1 - M8 32.48 45.94 55.71 62.41 
CS2 - M8 35.74 41.49 52.45 56.89 
CS3- M8 35.24 42.71 53.78 59.03 
CS4 - M8 31.42 42.84 52.85 59.46 
CS5 - M8 35.92 42.51 51.97 57.34 

Mean Compressive strength 
(σc) 34.16 43.10 53.35 59.03 
Standard Deviation (σ ̅ ) 2.07 1.68 1.48 2.18 
Coefficient of variation (Cv) % 6.05 3.89 2.77 3.70 
Characteristic strength 30.77 40.35 50.93 55.45 
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M

9 
CS1 - M9 33.34 40.04 50.93 59.81 
CS2 - M9 30.71 39.85 47.44 55.79 
CS3- M9 30.41 38.60 49.42 57.85 
CS4 - M9 27.50 37.51 49.67 57.98 
CS5 - M9 30.28 37.60 48.23 58.50 

Mean Compressive strength 
(σc) 30.45 38.72 49.14 57.99 
Standard Deviation (σ ̅ ) 2.07 1.20 1.35 1.45 
Coefficient of variation (Cv) % 6.79 3.10 2.75 2.50 
Characteristic strength 27.06 36.75 46.93 55.60 

  

M
10

 

CS1 - M10 34.95 44.79 56.89 66.55 
CS2 - M10 36.81 45.48 58.31 62.35 
CS3- M10 34.70 46.44 55.94 65.92 
CS4 - M10 36.59 45.37 55.88 66.07 
CS5 - M10 35.76 47.02 56.53 66.27 

Mean Compressive strength 
(σc) 35.76 45.82 56.71 65.43 
Standard Deviation (σ  ̅) 0.95 0.89 0.99 1.74 
Coefficient of variation (Cv) % 2.65 1.95 1.74 2.65 
Characteristic strength 34.21 44.36 55.09 62.58 

  

M
11

 

CS1 - M11 35.39 45.86 56.30 62.11 
CS2 - M11 36.58 44.40 54.58 60.56 
CS3- M11 36.83 45.42 56.43 61.63 
CS4 - M11 36.81 47.84 58.65 59.85 
CS5 - M11 38.46 45.28 54.44 62.09 

Mean Compressive strength 
(σc) 36.81 45.76 56.08 61.25 
Standard Deviation (σ ̅ ) 1.09 1.28 1.71 1.00 
Coefficient of variation (Cv) % 2.97 2.79 3.05 1.64 
Characteristic strength 35.02 43.66 53.27 59.60 

  

M
12

 

CS1 - M12 37.01 49.18 60.20 67.72 
CS2 - M12 37.90 50.84 58.20 68.55 
CS3- M12 38.64 47.25 58.81 65.66 
CS4 - M12 38.38 48.47 62.02 67.17 
CS5 - M12 37.99 50.23 58.18 66.21 

Mean Compressive strength 
(σc) 37.98 49.19 59.48 67.06 
Standard Deviation (σ ̅ ) 0.62 1.42 1.64 1.16 
Coefficient of variation (Cv) % 1.63 2.88 2.76 1.73 
Characteristic strength 36.97 46.87 56.79 65.16 
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M

13
 

CS1 - M15 33.22 44.28 55.44 62.05 
CS2 - M15 33.06 44.33 53.02 62.63 
CS3- M15 35.92 44.30 56.82 65.15 
CS4 - M15 33.57 43.44 54.29 62.37 
CS5 - M15 36.13 44.51 54.43 62.07 

Mean Compressive strength 
(σc) 34.38 44.17 54.80 62.85 
Standard Deviation (σ ̅ ) 1.52 0.42 1.42 1.31 
Coefficient of variation (Cv) % 4.41 0.95 2.59 2.08 
Characteristic strength 31.89 43.48 52.48 60.71 
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PMC CYLINDER INDIRECT TENSILE STRENGTH  

Mix ID Sample ID Tensile strength (MPa) 
3 days 14 days 28 days 90 days 

M
1 

PTS1 - M1 6.08 6.21 6.49 6.32 
PTS2 - M1 5.89 6.09 6.29 6.45 
PTS3 - M1 6.06 6.15 6.35 6.37 
PTS4 - M1 5.98 6.10 6.44 6.67 
PTS5 - M1 5.94 6.17 6.31 6.41 

Mean Tensile strength (σt) 5.99 6.14 6.38 6.44 
Standard Deviation (σ ̅ ) 0.08 0.05 0.09 0.14 
Coefficient of variation (Cv) 
% 1.34 0.81 1.35 2.10 

  

M
2 

PTS1 - M2 6.08 6.49 6.81 6.78 
PTS2 - M2 4.98 6.29 6.53 6.87 
PTS3 - M2 5.51 6.37 6.60 6.75 
PTS4 - M2 5.67 6.46 6.72 6.70 
PTS5 - M2 5.41 6.40 6.71 6.68 

Mean Tensile strength (σt) 5.53 6.40 6.67 6.76 
Standard Deviation (σ ̅ ) 0.40 0.08 0.11 0.08 
Coefficient of variation (Cv) 
% 7.23 1.23 1.64 1.11 

  

M
3 

PTS1 - M3 5.34 6.98 7.46 8.09 
PTS2 - M3 5.65 6.82 7.27 7.88 
PTS3 - M3 5.53 6.87 7.09 7.91 
PTS4 - M3 5.40 6.96 7.34 7.84 
PTS5 - M3 5.60 6.89 6.99 7.76 

Mean Tensile strength (σt) 5.50 6.90 7.23 7.90 
Standard Deviation (σ ̅ ) 0.13 0.07 0.19 0.12 
Coefficient of variation (Cv) 
% 2.38 0.95 2.62 1.55 

  

M
4 

PTS1 - M4 5.56 6.11 5.91 6.33 
PTS2 - M4 6.09 5.73 6.21 6.23 
PTS3 - M4 5.88 5.85 6.13 6.17 
PTS4 - M4 5.63 6.01 6.02 6.32 
PTS5 - M4 5.97 5.89 6.10 6.40 

Mean Tensile strength (σt) 5.83 5.92 6.07 6.29 
Standard Deviation (σ ̅ ) 0.23 0.15 0.11 0.09 
Coefficient of variation (Cv) 
% 3.86 2.48 1.88 1.44 
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M
5 

PTS1 - M5 5.73 7.07 7.43 7.69 
PTS2 - M5 5.69 6.89 7.11 7.79 
PTS3 - M5 5.70 6.95 7.19 7.61 
PTS4 - M5 5.67 6.90 7.29 7.50 
PTS5 - M5 5.74 6.81 7.25 7.53 

Mean Tensile strength (σt) 5.71 6.92 7.25 7.62 
Standard Deviation (σ ̅ ) 0.03 0.10 0.12 0.12 
Coefficient of variation (Cv) 
% 0.53 1.38 1.65 1.56 

  

M
6 

PTS1 - M6 5.82 7.24 7.68 7.82 
PTS2 - M6 5.72 7.09 7.55 7.94 
PTS3 - M6 5.67 6.98 7.59 7.89 
PTS4 - M6 5.85 7.19 7.37 8.11 
PTS5 - M6 5.79 7.29 7.46 7.79 

Mean Tensile strength (σt) 5.77 7.16 7.53 7.91 
Standard Deviation (σ ̅ ) 0.08 0.12 0.12 0.13 
Coefficient of variation (Cv) 
% 1.30 1.73 1.59 1.60 

  

M
7 

PTS1 - M7 5.48 6.41 6.69 6.77 
PTS2 - M7 5.78 6.59 6.83 6.79 
PTS3 - M7 5.60 6.42 6.57 6.91 
PTS4 - M7 5.59 6.37 6.71 6.88 
PTS5 - M7 5.70 6.48 6.61 6.83 

Mean Tensile strength (σt) 5.63 6.45 6.68 6.84 
Standard Deviation (σ ̅ ) 0.11 0.09 0.10 0.06 
Coefficient of variation (Cv) 
% 2.04 1.33 1.51 0.86 

  

M
8 

PTS1 - M8 4.79 6.33 6.71 6.73 
PTS2 - M8 4.89 6.41 6.57 6.81 
PTS3 - M8 4.84 6.17 6.65 6.78 
PTS4 - M8 4.79 6.21 6.51 6.71 
PTS5 - M8 4.87 6.30 6.63 6.65 

Mean Tensilestrength (σt) 4.84 6.28 6.61 6.74 
Standard Deviation (σ ̅ )         
Coefficient of variation (Cv) 
%         
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M
9 

PTS1 - M9 4.99 6.21 6.18 6.46 
PTS2 - M9 4.53 6.17 6.11 6.58 
PTS3 - M9 4.70 6.15 6.36 6.46 
PTS4 - M9 4.68 5.89 6.27 6.41 
PTS5 - M9 4.88 6.00 6.21 6.82 

Mean Tensile strength (σt) 4.76 6.08 6.23 6.55 
Standard Deviation (σ ̅ ) 0.18 0.13 0.09 0.17 
Coefficient of variation (Cv) 
% 3.78 2.21 1.52 2.53 

  

M
10

 

PTS1 - M10 5.61 6.92 6.97 7.08 
PTS2 - M10 5.50 6.80 7.13 7.46 
PTS3 - M10 5.56 6.83 7.05 7.23 
PTS4 - M10 5.51 6.64 6.97 7.22 
PTS5 - M10 5.57 6.72 7.09 7.36 

Mean Tensile strength (σt) 5.55 6.78 7.04 7.27 
Standard Deviation (σ ̅ ) 0.04 0.11 0.07 0.15 
Coefficient of variation (Cv) 
% 0.81 1.59 0.99 2.04 

  

M
11

 

PTS1 - M9 5.55 6.74 6.50 7.13 
PTS2 - M9 5.49 6.13 7.12 7.22 
PTS3 - M9 5.71 6.35 6.87 6.95 
PTS4 - M9 5.63 6.33 6.58 7.00 
PTS5 - M9 5.58 6.60 6.98 7.10 

Mean Tensile strength (σt) 5.59 6.43 6.81 7.08 
Standard Deviation (σ ̅ ) 0.08 0.24 0.26 0.11 
Coefficient of variation (Cv) 
% 1.52 3.78 3.86 1.52 

  

M
12

 

PTS1 - M9 6.49 6.67 7.00 7.18 
PTS2 - M9 5.31 6.53 6.87 7.38 
PTS3 - M9 5.88 6.61 6.94 7.19 
PTS4 - M9 6.05 6.47 6.88 7.14 
PTS5 - M9 5.77 6.59 6.96 7.26 

Mean Tensile strength (σt) 5.90 6.57 6.93 7.23 
Standard Deviation (σ ̅ ) 0.43 0.08 0.06 0.10 
Coefficient of variation (Cv) 
% 7.23 1.16 0.81 1.33 
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M
13

 
PTS1 - M9 5.65 6.58 6.47 7.14 
PTS2 - M9 5.50 6.64 7.09 6.70 
PTS3 - M9 5.52 6.58 6.84 6.84 
PTS4 - M9 5.47 6.41 6.55 7.03 
PTS5 - M9 5.42 6.76 6.95 6.89 

Mean Tensile strength (σt) 5.51 6.59 6.78 6.92 
Standard Deviation (σ ̅ ) 0.09 0.13 0.26 0.17 
Coefficient of variation (Cv) 
% 1.55 1.92 3.86 2.48 

  
 
 
 
 

 



APPENDIX A3: FINITE ELEMENT ANALYSIS CONTOURS (DELAMINATION FORMATION PROCESS)  

 
Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 
 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015  

Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221  

Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221  

Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015 

 



APPENDIX A4: FINITE ELEMENT ANALYSIS CONTOURS (DELAMINATION PROPAGATION PROCESS)  

 
Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015  

Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 50.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 0.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 100.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040  

Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040  
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015  

Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015 
 

Notch size: 200.00mm ; Elastic prop. (𝜶)=-0.015 
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Cohesive stress (Mode I) Cohesive stress (Mode II) Cohesive stress (Mixed Mode) 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.221 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.040 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015 

 
Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015  

Notch size: 300.00mm ; Elastic prop. (𝜶)=-0.015 
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