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Abstract 

Structural vibration is an important noise source for road tires. However, the 

generation mechanism of tire noise from vibration has not been so well understood 

because of the complicated coupling relations between vibrating modes and sound 

power radiations. In the present paper, sound power radiation of a vibrating tire tread 

band is investigated by a newly developed structure-dependent radiation mode (s-

mode) technique. Differing from conventional acoustic radiation modes (a-modes) 

which are defined as a set of velocity distributions, s-modes are defined as a set of 

modal velocity distributions. Although both definitions allow the sound power to be 

described as a set of independently radiation terms, the s-mode description can set a

direct relation between structural modes and s-modes for vibrating structures. 

Consequently, the s-mode technique can be very helpful on analyzing the coupling 

effects between the structural modes of a vibrating tire and its sound radiation. In the 

first instance, the tire tread band is modelled as a thin, cylindrical shell with both ends 

simply supported. In this case, complete analytical solutions are available for both 

structural modes and radiation modes of the model. Numerical investigations have 

shown that (1) each s-mode and the same ordered a-mode are associated with the 

same vibrating modes; (2) only low ordered radiation modes (either s-modes or a-

modes) can radiate sound power efficiently into the surroundings within the frequency 

range of interest; (3) below the ring frequency, the dominant s-modes tend to be 

associated not only with the resonant modes, but also with the non-resonant modes 

whose nature frequencies are below the frequency of interest; (4) after the ring 

frequency, however, the sound power tends to be dominated by the vibrating modes 

which have natural frequencies nearby the frequency of interest, and at the same time, 

are associated with low axial wavenumbers. 
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1 Introduction 

As a major contributor to the noise levels of passenger vehicles, tire vibration and the 

associated noise radiation into the surroundings have been of great interest for both 

academica and industry [1-4]. These problems are mostly investigated by combining 

conventional dynamic and acoustic modelling techniques, e.g. wave- and mode-based 

analytical methods [5-8], finite-element-analysis and/or boundary-element-analysis 

based numerical methods [9-12], as well as experimental approaches [13-15], etc. 

However, the coupling relations between structural modes and sound radiation of a 

vibrating tire, so far, have been found not so clear [15] mainly because of the 

complicated radiation mechanism of tire vibration modes [1, 3]. It is desirable to have 

a deeper understanding on how structural modes can affect the sound power radiation 

of a vibrating tire. 

Conventional acoustic radiation modes (a-modes) have been a useful tool on 

investigating the coupling relations between structural modes and the sound radiation 

of vibrating structures [16-17]. The a-mode approach has also been used to investigate 

the tire's structural wave propagation and sound radiation, e.g. in Refs. [13-15]. 

However, since a-modes are independent of the structure’s vibration: i.e. they depend 

only on the geometry of the problem and frequency, the existing techniques still show 

some difficulties in obtaining the quantitative insight on explaining, for example, 

why most of a tire’s structural vibration does not contribute to the radiation [14-15]. 

Recently, a concept of structure-dependent radiation modes (s-modes) has

developed by extending the definition of a-modes [18]. Different from a-modes which 

are defined as a set of velocity distributions along the surface of a vibrating structure,

s-modes are defined as a set of modal velocity distributions of the structure [18]. 

Although the two sets of radiation modes possess similar acoustic properties, s-modes 
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are found to be with better modal radiation efficiencies (and hence better convergence) 

than a-modes [18]. Particularly, the s-mode description can help to set a direct relation 

between the independent vibrating terms (structural modes) and independent radiation 

terms (s-modes) of a vibrating structure. The inherent coupling mechanism between 

structural modes and sound radiation properties of the structure can then be 

determined in an explicit way. 

Since the acoustic properties of s-modes are found somehow depending on 

structure types, i.e., the coupling mechanism between structural modes and sound 

radiation observed from beam- and plate-like structures may be different from that 

from cylinder-like structures, the inherent coupling relations between tire’s structural 

modes and its sound radiation are particularly investigated in the present study based 

on the s-mode approach. It is known that tire structures can usually be approximated 

by equivalent thin cylindrical shells under arbitrary loads [8-11]. In the present study, 

therefore, a circular cylindrical shell model under a harmonic force excitation acting 

at the center line of the tread band, same as that employed in Ref. [10], is set up.

Meanwhile, the tread band model is assumed to be of both ends simply supported. In 

this case, both the structural modes and radiation modes of the tread band can be 

obtained by analytical expressions [19-20]. 

The paper is organized as following. First, the definition of structure-dependent 

radiation modes (s-modes) is reviewed in Section 2, together with a discussion on the 

coupling relations between the modal response of a structural mode and the associated 

sound radiation via different orders of s-modes. Analytical solutions are then provided 

in Section 3 to predict both the vibration and acoustic radiation for a simplified tread 

band model. Numerical investigations are made in Section 4 in which the sound 

radiations from s-modes and a-modes of the tread band are compared and the 
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coupling relations between the radial modes and the dominant s-modes are then 

discussed. Main results are finally concluded in Section 5. 

2 Structure-dependent radiation modes and the coupling with vibrating 

modes 

In this section, the definition of structure-dependent radiation modes (s-modes) is first 

re-capitulated in Section 2.1 for the sake of convenience of reader. The principle for 

analyzing the coupling mechanism between the sound power radiation from the s-

modes of a vibrating structure and its structural modes are then described in Section 

2.2.

2.1 Structure-dependent radiation modes (s-modes) 

Assume the whole vibrating surface of the structure can be divided into an array of 

equal sized elemental radiators, each with an area of S , and is small enough to be 

treated as vibrating entirely in-phase and radiating sound power into free-space. The 

total acoustic power output from the vibrating surface of the structure can then be 

formulated as [16-17] 

Re
2

H HSW v Zv v Rv (1) 

where, v is the surface velocity vector associated with this array of elemental 

radiators, Z is the associated acoustic impedance matrix, and Re
2
SR Z . Clearly, 

R is real, symmetric and positive definite, and proportional to the radiation resistant 

matrix [17]. 

By modal approach, v can be expressed in terms of structural modes as

v Φa (2) 

where Φ is a structural mode matrix with each column corresponding a mode shape 

of the structure, and a is the associated modal coefficient vector. Clearly, the sizes of 
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Φ are determined by both the number of elemental radiators, I , and the number of 

structural modes, N , involved in the vibration. 

Substituting Eq. (2) into Eq. (1), gives 

H HW a Φ RΦa (3) 

Define 

HM Φ RΦ (4) 

Obviously, M is Hermitian. Eigen-decomposition of M then gives 

HM P ΣP (5) 

where P is a orthogonal matrix composed by N rows of eigenvectors, and Σ is a 

diagonal matrix composed of the N eigenvalues. Because the radiated power is 

always positive for any non-zero choice of a , M is positive definite, and hence Σ is

composed by real and positive eigenvalues with 1 2 nn .

From Eq. (5), Eq. (3) can then be re-written as 

2

1

N
H H H

n n
n

W za P ΣPa z Σz (6) 

Eq. (6) thus shows that the radiated sound power can be described as a set of 

independent radiation modes, which are closely affected by the dynamic properties of 

the structure. 

To distinguish from the classical acoustic radiation modes (a-modes) defined in 

[17], the radiation terms in Eq. (6) are therefore defined as structure-dependent 

radiation modes (s-modes) [18], whose mode shapes and associated radiation 

efficiencies are determined by rows of P and the diagonal elements of Σ ,

respectively. 
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Because the number of s-modes generated is generally much less than that of a-

modes for large scaled structures and/or high frequency vibrations, s-modes are found 

to possess better convergence than the a-modes [18]. 

Meanwhile, since Eq. (6) can set a direct link between the independent vibrating 

terms (structural modes) and independent radiation terms (s-modes) of a vibrating 

structure, the s-mode description thus provides a very useful tool on investigating the 

coupling relations between vibrating modes and the associated sound power [18]. 

2.2 Coupling relations between a single structural mode and the s-modes 

If it is assumed that only a single natural mode, say, the thn vibrating mode, is 

excited, the radiated sound power, by Eqs. (5)-(6), becomes 

2 2 2

1

N

n nn n n n n
n

W a M a p (7) 

Eq. (7) shows that, even if a single structural mode is excited, the radiated acoustic 

power tends to be associated with many s-modes. Since lower ordered s-modes tend 

to have relatively much higher radiation efficiencies than the higher ordered ones at 

low frequencies while their radiation efficiencies tend to be similar as frequency goes 

up [17], one can thus deduce from Eq. (7) that, at low frequencies, the vibrating mode 

tends to radiate power mainly via lower ordered s-modes, while at high frequencies, 

the vibrating mode tends to radiate sound power via many of s-modes. 

Meanwhile, Eq. (7) indicates that the vibrating mode tends to radiate more power 

when it is resonating than when it is non-resonating. In addition, Eq. (7) also suggests 

that, at certain frequencies, an important portion of the total sound power radiation 

from a vibrating structure may be resulted from a non-resonant mode whose natural 

frequency is far below the frequency of interest, if it corresponds to a large value of 

2
nnp in Eq. (7). Similar conclusions have been made in [14-16]. 
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3

If a few of vibrating modes are involved, because the radiation coupling effects 

among vibrating modes decrease as frequency increases [16], one may thus expect 

that, at low frequencies, a few of (low orders) structural modes tend to contribute 

collectively to the sound power radiation via the lower ordered s-modes (whose 

radiation efficiencies are relatively larger than the rest); at higher frequencies,

however, each of the vibrating modes tends to radiate sound power independently via 

different ordered s-modes, of which, the resonant modes tend to be mainly associated 

with the dominant s-modes, while the non-resonant modes are mainly associated with 

other s-modes. 

Sound radiation of a tire tread band based on the s-mode approach 

A simplified tire tread band model under a point harmonic force, as shown in Fig. 1 

(Fig. 1 in Ref. [10]), is set up. The tread band is assumed to be with both ends simply 

supported so that both the natural frequencies and mode shapes of the tire tread band 

can be described analytically by referring those of a thin circular cylinder’s in Refs. [5,

10]. 

Figure 1. A simplified tire tread band model (non-rotational). 

By modal analysis, the axial-, circumferential- and radial-displacements , ,u x t ,

, ,s x t and , ,w x t can be written as [19] 
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(8) , , ,mn mn
m n

u x t U x q t

, , ,mn mn
m n

s x t S x q t

, , ,mn mn
m n

w x t W x q t

(9) 

(10) 

where m and n are the axial- and circumferential-mode numbers, respectively, and 

mnU , mnS and mnW are the mode shapes in the axial-, circumferential- and radial-

displacements, respectively, and mnq is the corresponding displacement modal 

coefficient. As far as acoustic power radiation concerned, only the velocities which 

are normal to the surface of the tread band are important. Therefore, one may only 

consider the radial motion of the model in the present study. 

Assuming the harmonic force i tFe acting at ,e ex , the steady-state radial 

velocity response at position ,x can then be determined as [10] 

, , , , ,mn mn
m n

v x t w x t a W x (11) 

where the associated velocity modal coefficients are given by 

2 2

,
1

mn e ei t
mn mn

mn mn

W x
a q i e F

M i
i

mnq i ei
mn i eq (12)

In above equation, is the hysteretic damping factor, mn is the natural frequency 

corresponding to the radial motion, and mnM is the modal mass given by 

2 2 2
mn mn mn mn

S

M h U S W dS (13) 

For simply-supported boundaries, the mode shape functions and natural frequencies 

of thin circular cylinders have been derived analytically in [19]. These are 

summarized in Appendix A for the sake of convenience of reader. 
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Assume now the tread band surface is divided into an array of equally-sized 

elements which is composed of xN elements along the axial direction while N

elements along the circumferential direction. In this case, the total number of 

elemental radiators is I xN N N . The velocity responses of this array of elements, 

by Eqs. (12)-(13), can then be re-informed into the matrix form given in Eq. (2), in 

which Φ is a matrix of IN N .

The mutual-radiation impedances of the tread band can also be readily determined 

by referring those of thin circular cylinders. Analytical solutions are available in [20] 

which are given in Appendix B. 

Having obtained mnW (Appendix A), mna (Eq. (13) ) and R (Appendix B) for the 

tire tread band model, the vibration response of each of the radial modes, the acoustic 

power radiated from each of s-modes and those from a-modes of the model can then 

be calculated analytically. Both the acoustic properties of s-modes and a-modes of tire 

tread band and the coupling relations between the radial modes of the tread band and 

the dominant s-modes can then be investigated in a very convenient and explicit way. 

4. Numerical results 

The parameters of the tread band model, as listed in Table 1, are adopted from [10]. A

unit, harmonic point force is assumed to act at , 2,0e ex L of the model, as 

shown in Fig. 1. 

Table 1. Parameters for the tire tread band 
8 24.8 10E N mYoung’s modulus 

Density 
Thickness 
Poisson ratio 
Radius 
Width 
Damping ratio 

31200kg m
0.008h m
0.45
0.32a m
0.16L m
0.05
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For such a model, the ring frequency is about 352Hz, while its critical frequency is 

over 10KHz. The frequency range of interest is up to 1600Hz by considering the 

braking, accelerating, and cornering of the tires in practical use [10]. Within this 

frequency range 64 bending modes (in radial motion only) of the tread band are 

involved, whose axial- and circumferential-mode order indexes ,m n and the 

associated natural frequencies are listed in the Table of Appendix C. 

It is seen that some of the radial modes of the tread band have closely spaced 

natural frequencies. One can then expect that the radiation coupling effects between 

the low ordered, closely-spaced, vibrating modes can be very strong [16].  

4.1 Radial vibration and vibrational power of the tread band model 

The radial velocity response at the driving point of the tread band is shown in Fig. 2. 

It is seen that the response at the driving point exhibits very strong resonant behavior, 

especially at 200-300Hz and 900-1100Hz. These phenomena can also be observed 

clearly in Fig. 3 which gives the radial velocity distribution along the center 

circumference of the tread band. From the point of view of modal summation [19], 

one can expect the radial vibration of the tread band is mainly contributed from the 

radial modes whose natural frequencies are close to the frequency range of 200-

400Hz and those of 900-1100Hz. 

Figs. 4-5 then show the total structural power and acoustic power radiated from the 

surface of the tread band, respectively. It is seen that the structural power and acoustic 

power exhibit quite different frequency-dependent behavior. This is because the 

structural modes can usually affect a structure’s vibration and its sound radiation in 

quite different ways [16-17]. However, how the vibrating of radial modes can affect 

the sound power radiation for tire structures has not been understood clearly [13-15]. 
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Figure 2. Radial velocity response of the tread band at the driving point. 

Figure 3. Radial velocity distribution along the center circumference. 
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Figure 4. Total structural power of the tread band model. 

0 200 400 600 800 1000 1200 1400 1600
10

-13

10
-12

10
-11

10
-10

10
-9

10
-8

10
-7

Frequency (Hz)

P
ow

er
 (W

)

Total radiated sound power from the tread band model

Figure 5. Total radiated sound power from the tread band model. 
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In the contents below, the radiated sound power from each of the s-modes will be 

calculated, which allows the dominant s-modes at any specified frequencies to be 

identified clearly. The coupling relations between the radial modes of the tread band 

and the dominant s-modes can then be investigated. 

4.2 Sound power radiated from the structure-dependent radiation modes 

Figure 6 shows the acoustic power radiated from the first 4 s-modes of the tread 

band model together with a comparison with those from its first 4 a-modes. 
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Figure 6. Acoustic power radiated from the first 4 s-modes and a-modes: solid lines, 

s-modes; dash lines, a-modes. 

It is seen that, up to the ring frequency, the acoustic power of a particular s-mode is 

almost exactly the same as that of the same ordered a-mode; but after the ring 

frequency, the differences between s-modes and a-modes tend to increase as 

frequency goes up. Meanwhile, Fig. 6 also shows that each s-mode peaks at the same 
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frequencies as the same ordered a-mode does. It thus suggests that the two sets of 

radiation modes are actually associated with the structural modes in a very similar 

way. Consequently, one can expect that the inner-relationship derived between 

structural modes and s-modes are also applicable to describe the coupling relations 

between structural modes and conventional a-modes. 

Although Fig. 6 shows that the radiated sound power from a s-mode may 

significantly less than the same ordered a-modes for certain frequency areas, the s-

modes are generally more power-compact than the same number of a-modes [14]. 

This can be illustrated in Fig. 7. 
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Figure 7. Acoustic power radiated from the first four s-modes and a-modes: dotted 

line, total radiated sound power; solid line, radiated sound power from the first 4 s-

modes; dash line, radiated sound power from the first 4 a-modes. 
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Fig. 7 compares the radiated sound power from the first four s-modes and that

from the first four a-modes. It is seen clearly that the s-modes contains more sound 

power than the same numbered a-modes at higher frequencies. This is mainly due to 

the relatively higher modal radiation efficiencies of the former over the latter [18], as 

shown in Fig. 8.  

It is very interesting to see in Fig. 8 that the radiation efficiencies of the first two 

s-modes are very similar to each other. This is different from the modal radiation 

efficiencies of s-modes for beam- and plate-like structures in which the radiation 

efficiency of the 1st s-mode tends to be much larger than that of the 2nd s-mode [18]. 

The phenomenon is expected to be associated with the closely distributed radial 

modes (i.e., the (1,6)th and (1,5)th radial modes) of the tread band. 
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Figure 9 compares the sound power radiated from the first 4 s-modes of the model. 

It is seen that different orders of s-modes tend to peak at different frequencies. This 

suggests that each s-mode tends to be mainly associated with different vibrating 

modes at different frequencies. Meanwhile, it is seen that, far below the ring 

frequency of the tread band, the total radiated sound power tends to be dominated by 

only the 1st s-mode. From about the coincidence till the ring, the total sound power is 

collectively contributed by more than one s-modes. After the ring, however, the sound 

power radiation from one particular s-mode is observed. These performances can be 

further verified in Figs. 10-14. 
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Figure 10. Contributions of different orders of s-modes at 100Hz. 
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Figure 11. Contributions of different orders of s-modes at 250Hz. 
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Figure 12. Contributions of different orders of s-modes at 350Hz. 
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Figure 13. Contributions of different orders of s-modes at 920Hz. 

20



0 2 4 6 8 10 12 14 16 18 20
0

10

20

30

40

50

60

70

80

90

100

S-mode order number

P
er

ce
nt

ag
e

Figure 14. Contributions of different orders of s-modes at 1560Hz.

Figures 10-14 show the contributions from the first 20 orders of s-modes to the 

total radiated sound power (in terms of percentage) at frequencies of 100Hz (below 

the coincidence), 250Hz (about the coincidence), 350Hz (about the ring frequency), 

920Hz (with a maximum vibrational power) and 1560Hz (with a maximum acoustic 

power), respectively.  

It is seen that the 1st s-mode alone contributes more than 90% at 100Hz (Fig. 10); at 

250Hz (Fig. 11), the sound power is collectively contributed from the 1st-4th s-modes; 

at 350Hz (Fig. 12), the dominant s-modes are the 1st and 3rd ones; and finally at 

920Hz (Fig. 13) and 1560Hz (Fig. 14), the 1st and 7th s-modes contribute more than 

60% of the total sound radiation, respectively. 

Although the efficient s-modes vary as frequency varies, within the whole 

frequency range of interest, the sound power radiation of the tire tread band has been 

found to be associated only with the lower ordered s-modes. It thus suggests that only 

the low ordered s-modes can radiate sound power efficiently into the surroundings. 
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For comparisons, sound power radiations from the first 20 a-modes at the above 

specified frequencies are given in Appendix D. It is seen that, below the ring 

frequency, the sound power distribution among the set of s-modes tends to be similar 

as that among the set of a-modes. As frequency goes up, however, the set of s-modes 

tends to be more power-compact than the set of a-modes. 

4.3 The inner-relationship between structural modes and sound power 

radiation 

Having determined the dominant s-modes at a specified frequency, their coupling 

relations with the bending modes of the tread band can be investigated by the 

discussion in Section 2.2. 

According to Ref. [16], the radiation coupling effects between the first few bending 

modes at low frequencies are generally strong. This is particularly true if the natural 

frequencies of these modes are very closely distributed. At 100Hz, therefore, the 

dominant s-mode (i.e., the 1st s-mode) is expected mainly associated with the (1,6)th, 

(1,5)th, (1,7)th and (1,4)th radial modes of the model (as their natural frequencies are 

quite grouped together as seen in Appendix C). This can be verified by comparing the 

total sound power radiation before and after the radial motion of the 1st-4th radial 

modes is constrained (which is achieved by assuming the associated velocity modal 

amplitudes to be zeros). In this case, the radiated sound power is found reduced to 

nearly 50%. 

At 250Hz, the first 4 radial modes of the tread band all exhibit strong resonant 

behavior (as expected from Appendix C). By Eq. (7), a resonant mode tends to be 

more able to radiate sound power than the non-resonant ones. Therefore, one may 

expect that the four dominating s-modes shown in Fig. 11 should be closely 

associated with the 4 resonant modes at this frequency. Verification can then be made 
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by constraining the modal motions of the 1st-4th radial modes completely. In this case, 

the associated sound power radiation from the 1st-4th s-modes reduce by 65%, 95%, 

35% and 80%, respectively, while the total sound power reduced by 70%. However, if 

only the first 2 bending modes are constrained, the sound power radiation from 1st -4th

s-modes is found only reduced by 20%, 55%, 10% and 45%, respectively. This is 

because a significant portion of sound power radiation is resulted from the radiation 

couplings among other lower ordered radial modes. 

Similarly, at 350Hz (close to the ring frequency), the dominant s-modes (1st and 3rd

s-modes) are found closely associated with not only the resonant radial modes but 

also the low ordered non-resonant ones. For instance, if only the (1,10)th resonant 

mode is constrained, 25% of sound power can be reduced. However, if both the 

(1,1)th and (1,0)th modes (non-resonant ones) are constrained simultaneously with the 

resonant mode (1,10), 80% of the sound power can be reduced. In fact, the first four 

bending modes, whose natural frequencies are far below the ring, are also found to 

contribute to the sound power nearly 10% via coupling with other low ordered 

bending modes (either resonant or non-resonant). This is in a good agreement with 

Ref. [15] that sound radiation of the tire tread band at the ring frequency tends to be 

associated with the whole vibration of the model. 

After the ring, however, the dominant s-mode tends to be mostly affected by the 

resonant modes because the radiation couplings among different bending modes tend 

to be negligible. For example, at 920Hz, if only the resonant mode (indexed as (1,18)) 

are constrained, more than 80% of the sound power can be reduced. In this case, the 

lower ordered non-resonant modes have little contribution. 

It is very interesting to notice that, at 1560Hz, there are two modes resonating, i.e., 

the (1,24)th and (3,16)th modes. However, it is found that only the (1,24)th mode 
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contribute significantly to the sound radiation at this frequency, while the (3,16)th 

mode has little contribution to the sound power. This can be explained as the (3,16)th 

radial mode is associated with a high axial wavenumber, and it is known that only the 

structural waves with low wavenumber can radiate sound power efficiently into the 

surroundings [15]. This can also explain that, at 950Hz, neither the (3,0)th nor the 

(3,1)th radial modes can radiate sound power significantly into the surroundings,

although both modes are resonating and hence can contribute largely to the vibration 

response of the tire at this frequency. In fact, it is found that, the sound power 

radiation at 950Hz is also mostly associated with the vibration of the (1,18)th radial 

mode which is the dominating vibrating mode of sound power at 920Hz. 

Conclusions 

A newly developed structure-dependent radiation mode (s-mode) technique is 

employed to investigate the sound power radiation from a vibrating tire tread band 

model. The inner-relationship between the structural modes and the associated sound 

power radiation of the tread band is particularly investigated. An explicit expression 

has been derived between a single vibrating mode and the associated sound power 

radiation from each of the s-modes. It indicates that, as frequency goes up, a structural 

mode tends to radiate sound power via more s-modes. In case of a few vibrating 

modes involved, for a low frequency region, the dominant s-modes tend to be 

associated with both the resonant and non-resonant modes due to strong radiation 

coupling effects between the low ordered structural modes; while for a high frequency 

range, the dominant s-modes tend to be associated with only the resonant ones due to 

the weak radiation couplings of vibrating modes. Further numerical investigations on 

the tire tread band model have shown that (1) each s-mode and the same ordered a-

mode are associated with the same vibrating modes; (2) only low ordered radiation 
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modes (either s-modes or a-modes) can radiate sound power efficiently into the 

surroundings within the frequency range of interest; (3) below the ring frequency, the 

dominant s-modes tend to be associated not only with the resonant modes, but also 

with the non-resonant modes whose nature frequencies are below the frequency of 

interest; (4) after the ring frequency, however, the sound power tends to be dominated 

by the vibrating modes which have natural frequencies nearby the frequency of 

interest, and at the same time, are associated with low axial wavenumbers. 
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Figure captions 

Figure 1. A simplified tire tread band model with 0 (non-rotational). 

Figure 2. Radial velocity response of the tread band at the driving point. 

Figure 3. Radial velocity distribution along the center circumference. 

Figure 4. Total structural power of the tread band model. 

Figure 5. Total radiated sound power from the tread band model. 

Figure 6. Acoustic power radiated from the first 4 s-modes and a-modes: solid lines, 

s-modes; dash lines, a-modes. 

Figure 7. Acoustic power radiated from the first four s-modes and a-modes: dotted 

line, total radiated sound power; solid line, radiated sound power from the first 4 s-

modes; dash line, radiated sound power from the first 4 a-modes. 

Figure 8. Radiation efficiencies of the first 4 s-modes and a-modes: solid lines, s-

modes; dotted lines, a-modes. 

Figure 9. Sound power radiated from the first 4 s-modes: solid line, from the 1st s-

nd rdmode; dotted line, from the 2 s-mode; dash line, from the 3 s-mode; dash-dotted 

line, from the 4th s-mode; thin solid line, total sound power. 

Figure 10. Contributions of different orders of s-modes at 100Hz. 

Figure 11. Contributions of different orders of s-modes at 250Hz. 

Figure 12. Contributions of different orders of s-modes at 350Hz. 

Figure 13. Contributions of different orders of s-modes at 920Hz. 

Figure 14. Contributions of different orders of s-modes at 1560Hz. 

Figure 1D. Contributions of different orders of a-modes at 100Hz. 

Figure 2D. Contributions of different orders of a-modes at 250Hz. 

Figure 3D. Contributions of different orders of a-modes at 350Hz. 

Figure 4D. Contributions of different orders of a-modes at 920Hz. 
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Figure 5D. Contributions of different orders of a-modes at 1560Hz. 
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Appendix A Natural frequencies and mode shapes of a simply supported thin 

cylinder 

For simply-supported boundaries, the radial-, circumferential- and axial- mode shapes 

can be expressed in form of [19] 

, sin cosmn
m xW x n

L

, cos cosmn mn
m xU x n

L

, sin sinmn mn
m xV x n

L

(A1)

(A2)

(A3)

where the two free vibration coefficients mn and mn are determined by
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(A5)

where r
mn is the natural frequency corresponding to the radial vibration. The other 

parameters in Eq. (A4) and Eq. (A5), by [19], are given as 
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(A10) 
2 2

23 32
K n D n m nk k
a a a a L a

22 2

33 2

m n Kk D
L a a

(A11) 

In the above equations K and D are the membrane stiffness and bending stiffness of 

the shell, respectively, given by 

21
EhK

3

212 1
EhD

(A12) 

(A13) 

The natural mode corresponding to the radial displacement of the , thm n mode of 

the shell can then be determined as [19] 
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(A14) 

In general, there are three natural frequencies corresponding to each , thm n mode

of the shell, on dominating the vibration motions of the shell on the axial-, 

circumferential- and radial-directions. These can be obtained by solving the free 

vibration equation as 

2
11 12 13

2
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2
31 32 33

0
1

mn

mn

h k k k
k h k k
k k h k

(A15) 

And the resultant three mode shapes are thus being determined by substituting the 

corresponding mn and mn into Eq. (A14). 
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Appendix B mutual-radiation impedance of a thin circular cylinder shell 

For two rectangular pistons on a cylinder surface of radius a , assume that the two 

pistons are located at , respectively, and each piston has an area ,l lz and ,l lz

of 0 02 2l
e l lS a z . The two pistons are separated in height by ll l lz z z

while in azimuth by ll l l .

The mutual-radiation impedance can be determined as [20] 
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where 0 2 and 1n for 1n , 1
nH is the cylindrical Hankel function of the first 

kind and 2 2 2
zk k k . The resistive part of llZ , however, is contributed only from 

0,zk k . In [20] it was derived as 

1
0 0

1 12
0 1 1

2 2 2
1 0 0

3
20 2

sin sin cos
Im

sin 1 sin 1 cos 14

1

k
n z l z l z ll

z
z n n

l l ll

n

H k a k z k z k z
dk

k k H k a H k a

y kz y kz y kzi dy
ka D y y

(B2) 

where, 2 21 zy k k , and 

2 2
1 1 1 1n n n n nD J kay J kay Y kay Y kay (B3) 

In the above equation, nJ and nY are the Bessel function of the first kind and the 

Bessel function of the second kind. Substituting Eq. (B2) into (B1), the real part of 

radiation impedance between a radiator centered at ,l lz and a radiator centered at 

,l lz on the surface area of the cylinder can be finally obtained as 
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Appendix C Natural frequencies and the corresponding mode-order index 

Natural frequencies of the first 64 radial modes of the tread band model calculated by 

Eq. (A15). 

Mode index (m, n) Nat. freq. (Hz) Mode index (m, n) Nat. freq. (Hz) 

(1, 6) 248.6 (2, 14) 906.0
(1, 5) 248.9 (1, 18) 920.2
(1, 7) 260.8 (3, 0) 956.1
(1, 4) 260.9 (3, 1) 958.2
(1, 3) 281.1 (3, 2) 964.5
(1, 8) 284.7 (3, 3) 975.0
(1, 2) 303.9 (2, 15) 977.4
(1, 9) 318.6 (3, 4) 989.9
(1, 1) 322.2 (3, 5) 1009.4
(1, 0) 329.3 (1, 19) 1014.1
(1, 10) 361.0 (3, 6) 1033.5
(1, 11) 410.7 (2, 16) 1054.3
(1, 12) 466.8 (3, 7) 1062.6
(2, 0) 509.7 (3, 8) 1096.7
(2, 1) 510.4 (3, 10) 1180.5
(2, 2) 512.7 (1, 20) 1113.2
(2, 3) 517.3 (3, 9) 1135.9
(2, 4) 524.9 (2, 17) 1136.7
(1, 13) 528.8 (1, 21) 1217.3
(2, 5) 536.6 (2, 18) 1224.6
(2, 6) 553.2 (3, 11) 1230.3
(2, 7) 575.4 (3, 12) 1285.6
(1, 14) 596.4 (2, 19) 1317.7
(2, 8) 603.8 (1, 22) 1326.6
(2, 9) 638.5 (3, 13) 1346.2
(1, 15) 669.5 (3, 14) 1412.3
(2, 10) 679.6 (2, 20) 1416.2
(2, 11) 727.0 (1, 23) 1440.9
(1, 16) 747.9 (3, 15) 1483.7
(2, 12) 780.7 (2, 21) 1519.8
(1, 17) 831.5 (1, 24) 1560.4
(2, 13) 840.4 (3, 16) 1560.5

Note: Mode indexes, m and n, represent the order number of axial-mode and that of 

circumferential mode, respectively. The circumferential mode number n is related 

with the circumferential wavenumber as nk n a while the axial mode number m is

related with the axial wavenumber mk m L .
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Appendix D Sound power contributions from the first 20 orders of a-modes 

The sound power radiated from each of the first 20 a-modes of the tread band is 

calculated at the following specified frequencies as 100Hz, 250Hz, 350Hz, 920Hz and 

1560Hz, which are shown in Fig. D1-Fig. D5, respectively. By comparing with Figs. 

10-14, it is seen that the set of a-modes and that of s-modes can radiate sound power 

in a quite similar way below the ring frequency. However, the s-modes tend to be 

more power-compact than a-modes as frequency goes up. 
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Figure  D1. Contributions of different orders of a-modes at 100Hz. 
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Figure D2. Contributions of different orders of a-modes at 250Hz. 
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Figure D3. Contributions of different orders of a-modes at 350Hz. 
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Figure D4. Contributions of different orders of a-modes at 920Hz. 
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Figure D5. Contributions of different orders of a-modes at 1560Hz. 
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