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Abstract

Biodiesel fuel droplet heating and evaporation is investigated using the
previously developed models, taking into account temperature gradient, re-
circulation, and species diffusion within droplets. The analysis is focused on
four types of biodiesel fuels: Palm Methyl Ester, Hemp Methyl Esters, Rape-
seed oil Methyl Ester, and Soybean oil Methyl Ester. These fuels contain up
to 15 various methyl esters and possibly small amounts of unspecified addi-
tives, which are treated as methyl esters with some average characteristics.
Calculations are performed using two approaches: 1) taking into account the
contribution of all components of biodiesel fuels (up to 16); and 2) assuming
that these fuels can be treated as a one component fuel with averaged trans-
port and thermodynamic coefficients. It is pointed out that for all types of
biodiesel fuel the predictions of the multi-component and single component
models are rather close (the droplet evaporation times predicted by these
models differ by less than about 5.5%). This difference is much smaller than
observed in the case of Diesel and gasoline fuel droplets, and is related to the
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fact that in the case of Diesel and gasoline fuel droplets the contribution of
components in a wide range of molar masses and enthalpies of evaporation
needs to be taken into account, while in the case of biodiesel fuels the main
contribution comes from the components in a narrow range of molar masses
and enthalpies of evaporation. As in the case of Diesel and gasoline fuel
droplets, the multi-component model predicts higher droplet surface tem-
perature and longer evaporation times than the single component model.

Keywords:
Biodiesel fuel, methyl esters, multi-component droplets, heating,
evaporation, modelling

1. Introduction

Depletion of fossil fuels and the need to reduce carbon dioxide emissions,
contributing to climate changes, have stimulated the development of alter-
native fuels for internal combustion engines. As an alternative to Diesel fuel
biodiesel fuels have been developed [1]. The term ‘biodiesel’ typically refers
to “a fuel comprised of mono-alkyl esters of long-chain fatty acids derived
from vegetable oils or animal fats” [2]. Sometimes it is used to refer to as
“fatty acid methyl or ethyl esters made from vegetable oils or animal fats,
whose properties are good enough to be used in diesel engines” [1]. Biodiesel
is produced from vegetable oil or animal fat through the process known as
transesterification [3]. Most studies of biodiesel fuels have been focused on
rapeseed, soybean and palm oil biodiesels [5]. The dominant oils for produc-
tion of these fuels are rapeseed oil in Europe, soybean oil in the USA, and
palm oil in Asia [2]. The term ‘second-generation biodiesel’ refers to biodiesel
derived from inedible oil or algae [4].

Our paper is focused on the modelling of biodiesel fuel droplet heating
and evaporation, which is an important stage of the process leading from
the injection of biodiesel fuel into a combustion chamber to its ultimate
combustion, producing the driving force for internal combustion engines.
A number of models of biodiesel fuel heating and evaporation of various
complexities have been suggested (e.g. [6, 7]). These models either ignored
temperature gradients and species diffusion inside droplets or took them into
account based on the numerical solutions of the underlying partial differential
equations (e.g. [7]). The importance of taking into account these effects has
been discussed in a number of our previous papers, including [8, 9]. In
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contrast to almost all previous investigations of these processes, the authors
of [8, 9] based their analysis not on the numerical solutions of the equations
for heat transfer and species diffusion in droplets, but on their analytical
solutions, which were incorporated into a numerical algorithm.

This approach has been applied to the modelling of droplet heating and
evaporation for binary mixtures and for simplified models of Diesel and gaso-
line fuels. The focus of our paper is on the application of this approach to
modelling the heating and evaporation of droplets of various realistic biodiesel
fuels in conditions typical for Diesel engines.

The model used in our analysis is briefly described in Section 2. The
implementation of this model into a numerical algorithm is summarised in
Section 3. Input parameters used in our analysis and the results of calcula-
tions are presented and discussed in Sections 4 and 5. The main results of
the paper are summarised in Section 6.

2. The model

The main ideas of the model used in our analysis are rather similar to
those behind the one described in [8]. This model takes into account the
effects of multi-component droplet heating by convection, its evaporation,
the finite thermal conductivity, recirculation, and species diffusion in the
liquid phase. Only the effects of ambient gas on droplets are taken into
account, the effects of coupling between gas and droplets are ignored (see [9]
for a possible approach to describe this coupling).

2.1. Droplet heating

The process of heating of mono- and multi-component droplets is de-
scribed by the following transient heat conduction equation for the temper-
ature T ≡ T (t, R) in the liquid phase [10, 11]:

∂T

∂t
= κ

(
∂2T

∂R2
+

2

R

∂T

∂R

)
, (1)

where κ = keff/(clρl) is the effective thermal diffusivity, keff , cl, and ρl are
the effective thermal conductivity, specific heat capacity, and density re-
spectively, R is the distance from the centre of the droplet (assumed to be
spherical), t is time. keff is linked with the liquid thermal conductivity kl via
the following equation:

keff = χkl, (2)
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where the coefficient χ varies from 1 (at droplet Peclet number Ped(l) =
Red(l)Prl < 10) to 2.72 (at Ped(l) > 500) and can be approximated as [12]:

χ = 1.86 + 0.86 tanh
[
2.225 log10

(
Ped(l)/30

)]
. (3)

Liquid fuel transport properties and the liquid velocity just below the droplet
surface (see [12] for details) were used for calculating Ped(l). The model based
on Equations (2) and (3) is known as the Effective Thermal Conductivity
(ETC) model. When writing Eq. (1) we assumed that droplet sphericity is
not affected by its motion.

Equation (1) is to be solved for t > 0 and 0 ≤ R < Rd, where Rd is the
droplet radius, with the following boundary condition, assuming that the
effects of evaporation can be ignored:

h(Tg − Ts) = keff
∂T

∂R

∣∣∣∣
R=Rd−0

, (4)

and the initial condition T (t = 0) = Td0(R), where Ts = Ts(t) is the droplet’s
surface temperature, Tg = Tg(t) is the ambient gas temperature, h is the
convection heat transfer coefficient, linked with the Nusselt number Nu via
the following equation:

Nu = 2Rdh/kg,

kg is the gas thermal conductivity. We assume that fuel vapour is dilute and
kg is equal to the thermal conductivity of air. Remembering the physical
background to the problem, we are interested only in a solution which is
continuously differentiable twice in the whole domain. This implies that T
should be bounded for 0 ≤ R < Rd.

Assuming that h = const, the solution to Equation (1), subject to the
above boundary and initial conditions, can be presented as [13]:

T (R, t) =
1

R

∞∑
n=1

{
qn exp

[
−κRλ2

nt
]
− R2

d sin λn

|| vn ||2 λ2
n

µ0(0) exp
[
−κRλ2

nt
]

− R2
d sin λn

|| vn ||2 λ2
n

∫ t

0

dµ0(τ)

dτ
exp

[
−κRλ2

n(t− τ)
]
dτ

}
sin

[
λn

(
R

Rd

)]
+ Tg(t),

(5)
where λn are solutions to the equation:

λ cos λ + h0 sin λ = 0, (6)
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|| vn ||2=
Rd

2

(
1− sin 2λn

2λn

)
=

Rd

2

(
1 +

h0

h2
0 + λ2

n

)
,

qn =
1

|| vn ||2

∫ Rd

0

T̃0(R) sin

[
λn

(
R

Rd

)]
dR,

κR =
keff

clρlR2
d

, µ0(t) =
hTg(t)Rd

keff

,

h0 = (hRd/keff) − 1, T̃0(R) = RTd0(R). The solution to Equation (6) gives
a set of positive eigenvalues λn numbered in ascending order (n = 1, 2, ...).
The trivial solution λ = 0 is not considered.

Note that the norm || vn ||2 differs from the norm chosen in [13] by the
factor Rd (see their Equation (A4)). This does not affect the final solution.

Solution (5) is valid for h0 > −1, which is satisfied, remembering the
physical background of the problem (h > 0). The condition h =const is valid
for sufficiently small time steps.

To take into account the effect of droplet evaporation in analytical solu-
tion (5), gas temperature should be replaced by the so-called effective tem-
perature defined as:

Teff = Tg +
ρlLṘd

h
, (7)

where L is the latent heat of evaporation, the value of Ṙd can be taken from
the previous time step and estimated based on Equation (28). Rd is assumed
constant in the analytical solutions, but is updated at the end of the time
step ∆t:

Rd(new) = Rd(old) + Ṙd∆t,

where the value of Ṙd is controlled by the droplet evaporation model (see
Equation (28) in Section 2.3).

In the limit keff →∞ the prediction of Expression (5) is identical to the
one which follows from the model based on the assumption that keff = ∞
[14] (Infinite Thermal Conductivity (ITC) model).

The value of Nu for an isolated moving droplet is estimated based on the
following equation [12]:

Nuiso = 2
ln(1 + BT )

BT

(
1 +

(1 + RedPrd)
1/3 max

[
1, Re0.077

d

]
− 1

2F (BT )

)
, (8)
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where

BT =
cpv(Tg − Ts)

Leff

is the Spalding heat transfer number,

F (BT ) = (1 + BT )0.7 ln(1 + BT )

BT

,

Leff = L + QL

ṁd
=
∑

i εiLi + QLP
i ṁi

, QL is the power spent on droplet heating,

cpv is the specific heat capacity of fuel vapour, εi = εi(t) are the evaporation
rates of species i, ṁi = εiṁd (ṁd =

∑
i ṁi). The effects of the interaction

between droplets are ignored.

2.2. Species diffusion in the liquid phase

Equations for mass fractions of liquid species Yli ≡ Yli(t, R) inside moving
but spherically symmetric droplets can be presented in the following form [8]:

∂Yli

∂t
= Deff

(
∂2Yli

∂R2
+

2

R

∂Yli

∂R

)
, (9)

where i = 1, 2, 3, ...., Deff is the effective mass diffusivity. Deff is linked with
the liquid diffusivity Dl via the following equation

Deff = χY Dl, (10)

where the coefficient χY varies from 1 to 2.72 and can be approximated as:

χY = 1.86 + 0.86 tanh
[
2.225 log10

(
Red(l)Scl/30

)]
, (11)

Scl is the liquid Schmidt number defined as:

Scl =
νl

Dl

, (12)

νl is the liquid kinematic viscosity. As in the case of keff , liquid fuel transport
properties and the liquid velocity just below the droplet surface were used for
calculating Red(l). The model based on Equations (10) and (11) is known as
the Effective Diffusivity (ED) model. The model, based on the assumption
that species diffusivity is infinitely fast (Deff = ∞) is referred to as the
Infinite Diffusivity (ID) model. Dl is assumed to be the same for all species
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(see Appendix 2 for details). The combined ITC/ID model is sometimes
known as a well-mixed model.

Equation (9) is solved with the following boundary condition [8]:

α(εi − Ylis) = −Deff
∂Yli

∂R

∣∣∣∣
R=Rd−0

, (13)

and the initial condition Yli(t = 0) = Yli0(R), where Ylis = Ylis(t) are liquid
components’ mass fractions at the droplet’s surface,

α =
|ṁd|

4πρlR2
d

, (14)

ṁd is the droplet evaporation rate, the calculation of which is discussed in
the next subsection (see Equation (19)).

As in the case of Equation (1), we are interested only in a solution which
is continuously differentiable twice in the whole domain. This implies that
Yli should be bounded for 0 ≤ R ≤ Rd. Moreover, the physical meaning of
Yli, as the mass fraction, implies that 0 ≤ Yli ≤ 1.

Assuming that species concentrations in the ambient gas are equal to
zero, the values of εi can be found from the following relation [8]:

εi =
Yvis∑
i Yvis

, (15)

where the subscript v indicates the vapour phase. The condition α = const
can always be guaranteed for sufficiently small time steps.

The analytical solution to Equation (9) in this case can be presented as
[8]:

Yli = εi +
1

R

{[
exp

[
Deff

(
λ0

Rd

)2

t

]
[qi0 −Q0εi] sinh

(
λ0

R

Rd

)

+
∞∑

n=1

[
exp

[
−Deff

(
λn

Rd

)2

t

]
[qin −Qnεi] sin

(
λn

R

Rd

)]}
, (16)

where λ0 and λn (n ≥ 1) are solutions to equations

tanh λ0 = − λ0

h0Y

and tan λn = − λn

h0Y

(n ≥ 1)
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respectively, h0Y = −
(
1 + αRd

Deff

)
.

Qn =

 − 1
||v0||2

(
Rd

λ0

)2

(1 + h0Y ) sinh λ0 when n = 0

1
||vn||2

(
Rd

λn

)2

(1 + h0Y ) sin λn when n ≥ 1
(17)

qin =
1

||vn||2

∫ Rd

0

RYli0(R)vn(R)dR, (18)

n ≥ 0, where

v0(R) = sinh

(
λ0

R

Rd

)
, vn(R) = sin

(
λn

R

Rd

)
, n ≥ 1.

When considering the diffusion of several species it is assumed that Deff

is the same for all species and that it can be estimated based on the average
characteristics of biodiesel fuel (see Appendix 2 for details). This model is
known as the Discrete Component Model (DCM).

For modelling multi-component droplet heating and evaporation, with
many species involved, a new model, called the quasi-discrete model was
suggested and developed in [15, 16, 17]. This model is based on the intro-
duction of quasi-components, describing groups of actual components with
close properties. In contrast to the previously suggested models, designed for
large numbers of components, the new model takes into account the diffusion
of liquid quasi-components and thermal diffusion as in the classical DCM.
This approach will not be used in our model since we cannot easily introduce
a distribution function with respect to the number of carbon atoms required.
The limited number of components to be involved in the analysis (not more
than 16) can be dealt with using the classical DCM.

2.3. Droplet evaporation

In the case of isolated moving mono-component droplets, their evapora-
tion rate is given by the following equation [18]:

ṁd = −2πRdDvρtotalBMShiso, (19)

where Dv is the binary diffusion coefficient of vapour in air, BM is the Spald-
ing mass transfer number defined as:

BM =
ρvs − ρv∞

ρgs

=
Yvs − Yv∞

1− Yvs

, (20)
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Yv is the vapour mass fraction, Shiso is the Sherwood number approximated
for the isolated droplets by the following expression:

Shiso = 2
ln(1 + BM)

BM

(
1 +

(1 + RedScd)
1/3 max

[
1, Re0.077

d

]
− 1

2F (BM)

)
, (21)

Scd =
νair

Dv

is the Schmidt number,

F (BM) = (1 + BM)0.7 ln(1 + BM)

BM

.

BT and BM are linked by the following equation [12]:

BT = (1 + BM)ϕ − 1, (22)

where

ϕ =

(
cpv

cpa

)(
Sh∗

Nu∗

)
1

Le
, (23)

Le = kg/(cpaρtotalDv) = Scd/Prd is the Lewis number,

Sh∗ = 2

(
1 +

(1 + RedScd)
1/3 max

[
1, Re0.077

d

]
− 1

2F (BM)

)
, (24)

Nu∗ = 2

(
1 +

(1 + RedPrd)
1/3 max

[
1, Re0.077

d

]
− 1

2F (BT )

)
. (25)

As follows from Eq. (23), ϕ is a function of BT . Hence, the iteration
process needs to be performed to calculate BT from Eq. (22). In our previous
paper [19] it was shown that in some practically important cases, Formula
(23) can be simplified assuming that Sh∗

Nu∗
= 1. This assumption turned out

to be too crude in our case.
In the case of multi-component droplets, the problem of modelling droplet

evaporation is complicated by the fact that different species diffuse at dif-
ferent rates, and the evaporation rate of one of the species is affected by
the evaporation rate of other species. In [20] the analysis of evaporation of
multi-component droplets led to the following expression for ṁd:

ṁd = −2πRdDivρtotalBMiShiso (i), (26)
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where BMi is the species Spalding mass transfer number defined as:

BMi =
Yivs − Yiv∞

εi − Yivs

, (27)

Div is the diffusion coefficient of species i in air, Shiso (i) was defined by (21)
replacing BM with BMi. Remembering (15) one can see that BM = BMi.
Hence, for stationary droplets this leads to the paradox that the same value
of ṁd is predicted by Equation (26) for different Div. This paradox is resolved
by the fact that, although Equation (26) is correct, the value of Shiso (i) cannot
be approximated by the analogue of Equation (21) which is implicitly based
on the assumption that the evaporating species do not affect each other.

Our analysis of ṁd is based on Equation (19), assuming that the mixture
of vapour species can be treated as a separate gas, similar to treating the
mixture of nitrogen, oxygen and carbon dioxide as air (Yvs =

∑
i Yvis). The

value of Dv is estimated as described in Appendix 2.
When calculating the value of Ṙd we took into account both droplet

evaporation during the time step, and the change in their density during this
time step (see Equation (20) in [21]):

Ṙd =
ṁd

4πR2
dρl

+
Rd(T 0)

∆t

[(
ρ(T 0)

ρ(T 1)

)1/3

− 1

]
, (28)

where T 0 and T 1 are average droplet temperatures at the beginning t = t0
and the end of the time step t = t1, ∆t = t1 − t0.

2.4. Species mass fractions at the surface of the droplets

To calculate the species mass evaporation rate ṁi and the values of the
normalised evaporation rate of species εi, based on Equation (15), we need to
calculate first the values of Yvsi. The latter depends on the partial pressure of
species i in the vapour state in the immediate vicinity of the droplet surface
[22]:

pvsi = Xlsiγip
∗
vsi, (29)

where Xlsi is the molar fraction of the ith species in the liquid near the
droplet surface, p∗vsi is the partial vapour pressure of the ith species in the
case when Xlsi = 1, γi is the activity coefficient. In the limit when γi = 1,
Equation (29) describes Raoult’s law. This law is assumed to be valid in our
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analysis. Approximations for p∗vsi are discussed in Appendix 2. Note that
p∗vsi = pv(Rd) for the ith species.

All liquid properties are calculated for the average temperature inside
droplets. All gas properties are calculated for the reference temperature
Tr = (2/3)Ts +(1/3)Tg, where Ts and Tg are droplet surface and ambient gas
temperatures respectively. Enthalpy of evaporation and saturated vapour
pressure are estimated at the surface temperature Ts.

3. Numerical algorithm

These are the main steps of the numerical algorithm:
1. Consider the initial distribution of temperature and mass fractions of

species inside the droplet or use the distributions obtained at the previous
time step (in the case of initial distributions, both are assumed homoge-
neous). Recalculate the molar fractions of species into mass fractions of
species based on Eq. (46).

2. Calculate the values of transport and thermodynamic properties, in-
cluding liquid thermal conductivity and effective thermal conductivity of the
droplet.

3. Calculate species partial pressures and molar fractions in the gas phase
using Equation (29).

4. Assuming that the concentration of vapour of all species in the ambient
gas can be ignored, calculate the value of the Spalding mass transfer number,
using Equation (20).

5. Calculate the values of heat capacity, diffusivity of the mixture of
vapour species in the air and species evaporation rates (εi).

6. Calculate the value of the Spalding heat transfer number based on
Equation (22) using the iteration process.

7. Calculate the values of Nusselt and Sherwood numbers for isolated
droplets using Equations (8) and (21).

8. Calculate the rate of change of droplet radius using Equation (28).
9. Calculate the effective temperature using Equation (7).
10. Calculate the distribution of temperature inside the droplet based on

Equation (5), using 33 terms in the series.
11. Calculate the distribution of species inside the droplet based on Equa-

tion (16), using 33 terms in the series. Note that the chosen number of terms
visibly affects the predicted distribution of species if this number is much
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lower than 33. This effect is much weaker for the distribution of temperature
in droplets.

12. Recalculate the droplet’s radius at the end of the time step ∆t. If
this radius is negative then the time step is reduced and the calculations are
repeated. If the ratio of this radius to the initial radius is less than an à
priori chosen small number εs = 10−6 then the remaining part of the droplet
is assumed to be evaporated with all liquid species transferred into the gas
phase with the corresponding decrease in gas temperature. If this ratio is
greater than 10−6 then go to the next step.

13. Recalculate the distributions of temperature and species for the new
radius (e.g. T (R) = T (R Rd2/Rd1) = T (R̃), where Rd1,2 are droplet radii at
the beginning and the end of the time step, R̃ is the new R used at the second
time step, T are the values of temperature at the end of the first time step).

14. Return to Step 1 and repeat the calculations for the next time step.

4. Input parameters

The Sauter Mean Diameters (SMD) of biodiesel fuel droplets at temper-
ature 80◦C, as reported by [23, 24], are shown in Table 1.

Reference PME HME1 HME2 RME SME

[23] 25.1 µm - - 28.8 µm 25.7 µm
[24] - 23.55 µm 23.55 µm 26.69 µm 23.87 µm

Table 1

Various types of biodiesel fuels, mentioned in Table 1, are described in
Appendix 1.

As can be seen from Table 1, the values of the SMDs for all five biodiesel
fuels turned out to be rather close with the average value of SMD equal to
25.32 µm. In our further analysis it is assumed that the initial values of
droplet radii are equal to Rd0 = 12.66 µm.

Note that the same authors [23, 24] reported that the SMDs of Diesel fuel
droplets, for the same conditions as those used for Table 1 (17.7 µm [23] and
18.3 µm [24]), are lower than those of biodiesel fuel droplets shown in Table
1. This can be attributed to the fact that the higher viscosity of biodiesel
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fuel leads to lower jet velocity and larger droplet sizes compared with Diesel
fuel [25].

As reported by [26], the initial droplet temperatures could vary from 375
K to 440 K. In our analysis, we assume that Td0 = 375 K.

As to the ambient air parameters, the following ranges of air density and
temperature were reported in [26] for biofuels: 3.3 – 60 kg/m3 and 700 – 1300
K. If we assume that the ideal gas law is valid this corresponds to the following
range of air pressures: 6.63 – 223.9 bar (assuming that the gas constant for
air is equal to 287 J/(kg K)). Near the upper limits of these parameters, the
analysis would require the application of the equation of state for real gases
which is beyond the scope of this paper. Our analysis is focused on the same
values of parameters as in [15] for Diesel engine conditions (assuming that
the ideal gas law is valid):

ρa = 11.9 kg/m3, Ta = 880 K, pa = 30 bar.

These values are compatible with, although slightly lower than those reported
[26].

5. Results

Molar fractions of components of biodiesel fuel used in our analysis are
shown in Table A1. Using the values of the input parameters described in the
previous section, the thermodynamic and transport properties of components
described in Appendix 2, the Effective Thermal Conductivity/Effective Diffu-
sivity (ETC/ED) model, and assuming that droplets are stationary (vd = 0),
the values of droplet surface temperature (Ts) and radius (Rd) versus time (t)
have been calculated for all 5 types of biodiesel fuels shown in Table A1. The
calculations have been performed: 1) taking into account the contribution
of up to 16 components shown in Table A1 (multi-component models); and
2) replacing these components by a single component with average transport
and thermodynamic properties obtained as described in Appendix 3 (single
component models).

The results for PME are shown in Fig. 1. As follows from this figure, the
multi-component model predicts higher droplet surface temperatures and
longer evaporation times compared with the single component model. This
result is consistent with the one earlier reported in [15, 16, 17] for Diesel
and gasoline fuel droplets. As in the case of the abovementioned fuels, this
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behaviour of the droplet surface temperature and radius can be related to
the fact that at the final stages of droplet evaporation the mass fraction of
species with larger numbers of carbon atoms n (C20:1 M, C18:1 M, C18:2
M, C18:0 M) increases at the expense of species with smaller n (C16:0 M)
except at the very final stage of droplet evaporation. At this final stage,
for all species except C20:1 M, the mass fraction starts to decrease. This is
demonstrated in Fig. 2, where the time evolution of surface mass fractions of
four dominant species is presented. The behaviour of surface mass fractions
of the intermediate species (C18:1 M, C18:2 M, C18:0 M) when their mass
fractions first increase and then start to decrease at the final stage of droplet
heating and evaporation is similar to that observed for Diesel and gasoline
fuel droplets (cf. Fig. 11 of [16]). The species with larger n evaporate more
slowly than the species with lower n and have higher wet bulb temperatures.

The plots of mass fractions of two dominant species in PME droplets
(C16:0 M and C18:1 M) versus normalised radius R/Rd at three instants of
time (0.3 ms, 1 ms and 2 ms) are shown in Fig. 3. At t = 0 these plots
are the lines parallel to the R/Rd axis. As one can see from this figure, at
all three time instants the mass fractions of both components remain rather
close to their initial values near the droplet centre, but the difference between
them increases in the region close to the droplet surface, especially at t = 2
ms. The values of these mass fractions at the droplet surface are the same
as those shown in Fig. 2.

The plots of temperatures in PME droplets versus normalised distance
from the centre of the droplet R/Rd at five instants of time (0.02 ms, 0.3
ms, 0.5 ms, 1 ms and 2 ms) are shown in Fig. 4. At t = 0 the plot reduces
to the line parallel to the R/Rd axis (T = 375 K). As one can see from this
figure the heating of the surface of the droplet is noticeable at very early
times (t = 0.03 ms), while the gradient of temperature inside the droplet can
be seen at all times up to t = 2 ms (approximately 60% of the evaporation
time). This demonstrates the limitation of the widely used Infinite Thermal
Conductivity (ITC) model, in agreement with our earlier results [8, 9, 15, 16].

Note that the difference between the values of droplet surface tempera-
tures (Ts) and radii (Rd) predicted by the multi-component and single com-
ponent models is much smaller for PME than for Diesel and gasoline fuels
(cf. Figs. 2, 5 and 8 of [16]). The droplet evaporation times predicted by
these models for PME droplets differ by 2.10% (relative to the prediction of
the single component model). This can be related to the fact that in PME
the dominant components have relatively close molar masses and correspond-
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ing boiling temperatures and enthalpies of evaporation, while in the case of
Diesel and gasoline fuels the contributions of components in a wide range
of molar masses, boiling temperatures and enthalpies of evaporation need to
be taken into account. This implies that the approximation of PME with a
single component is expected to be much more accurate compared with the
case of Diesel and gasoline fuels.

The plots similar to those shown in Fig. 1 but for HME1, are presented
in Fig. 5. Comparing Figs. 1 and 5 one can see that HME1 droplets evapo-
rate for slightly longer than PME droplets and the surface temperatures of
HME1 droplets, predicted by the multi-component model at the final stage
of droplet evaporation, are slightly higher than the ones predicted for the
PME droplets. Apart from these remarks, the difference between the pre-
dictions of the multi-component and single component models for HME1 is
rather similar to that for PME. However, the processes which take place in
HME1 and PME droplets are rather different. This is demonstrated in Fig.
6, which shows the time evolution of surface mass fractions of five dominant
species. The species with larger n (C24:0 M) evaporate more slowly than the
species with smaller n (C18:2 M, C18:3 M, C18:1 M and C16:0 M) and have
higher wet bulb temperatures. This leads to an increase in the surface mass
fraction of C24:0 M at the final stage of droplet heating and evaporation at
the expense of the surface mass fractions of C18:2 M, C18:3 M, C18:1 M and
C16:0 M. The plots of mass fractions of species and temperatures in HME1
droplets versus normalised distance from the centre of the droplet R/Rd at
various instants of time show the same trends as in the case of PME. These
plots are not presented.

The plots similar to those shown in Figs. 1 and 5 but for HME2, are
presented in Fig. 7. The latter plots are rather similar to those referring
to HME1, except that the results predicted by multi-component and single
component models are much closer for HME2 than for HME1. The droplet
evaporation times predicted by these models differ by 0.58%. This can be
explained by the fact that there are no heaviest components (C22:1 M and
C24:1 M) in HME2 while they are quite noticeable in HME1 (see Table A1).
The time evolution of surface mass fractions of five dominant species in HME2
droplets is shown in Fig. 8. As one can see in this figure, the mass fraction
of the heaviest component C20:0 M increases with time at the final stage of
droplet evaporation, while mass fractions of all other components decrease
with time. These decreases and increases are less pronounced compared
with the cases shown in Figs. 2 and 6, which is reflected in the closeness
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of the droplet surface temperatures and radii predicted by multi-component
and single component models. The plots of mass fractions of species and
temperatures in HME2 droplets versus normalised distance from the centre
of the droplet R/Rd at various instants of time show the same trends as in
the case of PME and HME1. These plots are not presented.

The plots similar to those shown in Figs. 1, 5 and 7 but for RME, are
presented in Fig. 9. The plots shown in this figure are rather similar to
those referring to previously considered biodiesel fuels, except that the devia-
tion between the results predicted by multi-component and single component
models is larger than in the case of PME, HME1 and HME2. The droplet
evaporation times predicted by these models for RME differ by 5.50%. This
can be attributed to the presence in RME of two components, C22:1 M and
C18:2 M, with almost equal initial mass fractions, but different molar masses,
boiling temperatures and enthalpies of evaporation. The mass fractions of
species with larger n (C22:1 M and C24:1 M) increase at the expense of
species with smaller n (C16:0 M, C18:1 M, C18:2 M and C18:3 M) except
at the very final stage of droplet evaporation. At this final stage all species
except C24:1 M start to decrease. This is demonstrated in Fig. 10, where the
time evolution of surface mass fractions of six dominant species is presented.
As in the case of previously considered biodiesel fuels, the species with larger
n evaporate more slowly than the species with lower n and have higher wet
bulb temperatures. The plots of mass fractions of species and temperatures
in RME droplets versus normalised distance from the centre of the droplet
R/Rd at various instants of time show the same trends as in the case of PME,
HME1 and HME2. These plots are not presented.

The plots similar to those shown in Figs. 1, 5, 7 and 9 but for SME, are
presented in Fig. 11. The plots shown in this figure are rather similar to those
referring to previously considered biodiesel fuels, especially those for HME1.
The droplet evaporation times predicted by these models differ by 1.16%.
The time evolution of surface mass fractions of six dominant species in SME
droplets is shown in Fig. 12. As one can see in this figure, the mass fraction
of the heaviest component, C22:1 M, increases with time at the final stage of
droplet evaporation, while mass fractions of all other components decrease
with time. These decreases and increases are less pronounced compared with
the cases shown in Fig. 10, which is reflected in the relative closeness of
the droplet surface temperatures and radii predicted by multi-component
and single component models. The plots of mass fractions of species and
temperatures in SME droplets versus normalised radius R/Rd at various
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instants of time show the same trends as in the case of PME, HME1, HME2
and RME. These plots are not presented.

The plots for the same case as shown in Fig. 1, but for a droplet moving
with velocity 10 m/s, are presented in Fig. 13. In the same figure, the plots
calculated using the multi-component model, based on the Infinite Thermal
Conductivity/Infinite Diffusivity (ITC/ID) approach, are shown. Comparing
Figs. 1 and 13 one can see that moving droplets evaporate about 3 times faster
than stationary droplets as expected. As in the case of Diesel and gasoline
fuel droplets [15, 16], there are noticeable differences in predictions based on
the ETC/ED and ITC/ID models, especially for temperatures at the initial
stage of droplet heating. As mentioned in [15, 16] accurate prediction of
these temperatures is particularly important for the prediction of the auto-
ignition timing in Diesel engines. This brings into question the reliability
of the models for heating and evaporation of biodiesel droplets, based on
the ITC/ID approximations. These models are almost universally used for
the analysis of these processes. As in the case shown in Fig. 1, the multi-
component model predicts higher droplet surface temperatures and longer
evaporation times compared with the single component model. The droplet
evaporation times predicted by these models differ by 1.6 %. This difference
between the predictions of these models is slightly smaller than in the case
of stationary droplets.

6. Conclusions

The previously suggested model for droplet heating and evaporation, tak-
ing into account temperature gradient and recirculation inside droplets and
species diffusion within them, has been applied to the analysis of biodiesel
fuel droplet heating and evaporation in realistic Diesel engine-like conditions.
In contrast to most commonly used models to take into account these ef-
fects, our model is based on the analytical solutions to the heat transfer and
species diffusion equations inside droplets. The analysis has been focused
on five types of biodiesel fuels: Palm Methyl Ester (PME) produced from
palm oil, Hemp Methyl Esters, produced from hemp seed oil in the Ukraine
(HME1) and European Union (HME2), Rapeseed oil Methyl Ester (RME),
produced from rapeseed oil in the Ukraine, and Soybean oil Methyl Ester
(SME) produced from soybean oil. These fuels contain up to 15 methyl es-
ters and possibly small amounts of unspecified additives, which are treated
as methyl esters with average characteristics.
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Calculations have been performed: 1) taking into account the contribu-
tion of all components of biodiesel fuel; and 2) assuming that this fuel can
be treated as a one component fuel with averaged transport and thermody-
namic coefficients (as a widely used approximation for the analysis of real-
istic multi-component fuels, including biodiesel fuels). It has been pointed
out that for HME2 the droplet surface temperatures and radii predicted by
the multi-component and single component models almost coincide, which
justifies the application of the single component model for the analysis of
droplet heating and evaporation. For PME, HME1 and SME the predictions
of the multi-component and single component models were rather close (the
droplet evaporation times predicted by these models differ by less than about
2%). The maximal deviation between the predictions of the multi-component
and single component models have been observed for RME. Even in the lat-
ter case, however, the difference between the evaporation times predicted by
these models has been less than about 5.5%. This difference is much smaller
than observed in the case of Diesel and gasoline fuel droplets (see Figs. 2, 5
and 8 in [16]).

This difference in the predictions of biodiesel, Diesel and gasoline droplet
heating and evaporation is related to the fact that in the case of Diesel and
gasoline droplets the contribution of components in a wide range of mo-
lar masses, boiling temperatures and enthalpies of evaporation needs to be
taken into account, while in the case of biodiesel droplets the main contribu-
tion comes from the components in a narrow range of molar masses, boiling
temperatures and enthalpies of evaporation. As in the case of Diesel and
gasoline droplets, for biodiesel droplets the multi-component model predicts
higher droplet surface temperatures and longer evaporation times than the
single component model. This is related to the fact that at the final stages
of droplet evaporation the mass fraction of heavier species increases at the
expense of lighter species. The heavier species evaporate more slowly than
the lighter species and have higher wet bulb temperatures.
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Appendix 1

Composition of biodiesel fuels

The following biodiesel fuels are used in our analysis: Palm Methyl Ester
(PME) produced from palm oil [27], Hemp Methyl Esters, produced from
hemp seed oil in the Ukraine (HME1) [24] and European Union (HME2)
[28], Rapeseed oil Methyl Ester (RME) [5], produced from rapeseed oil in
the Ukraine, and Soybean oil Methyl Ester (SME) produced from soybean
oil [29]. Molar fractions of components (pure methyl esters) of these fuels
are shown in Table A1.

Component PME HME1 HME2 RME SME

C12:0 M 0.0026 0.0000 0.0000 0.0000 0.0000
C14:0 M 0.0129 0.0000 0.0000 0.0000 0.0000
C16:0 M 0.4513 0.0662 0.0651 0.0495 0.109
C17:0 M 0.0000 0.0021 0.0000 0.0000 0.0000
C18:0 M 0.0447 0.0206 0.0246 0.0167 0.044
C20:0 M 0.0035 0.0045 0.0090 0.0056 0.004
C22:0 M 0.0000 0.0025 0.0000 0.0000 0.0000
C24:0 M 0.0000 0.0023 0.0000 0.0000 0.0000
C16:1 M 0.0021 0.0033 0.0000 0.0000 0.0000
C18:1 M 0.3839 0.1188 0.1188 0.2671 0.240
C20:1 M 0.0017 0.0027 0.0090 0.0000 0.0000
C22:1 M 0.0000 0.0017 0.0000 0.2204 0.003
C24:1 M 0.0000 0.0015 0.0000 0.0077 0.0000
C18:2 M 0.0916 0.5671 0.5482 0.2484 0.528
C18:3 M 0.0019 0.2067 0.2007 0.0973 0.072
Other 0.0038 0.0000 0.0246 0.0873 0.0000

Table A1

Chemical formulae of the components presented in Table A1, their names
and their molar masses are shown in Table A2 [30]. The numbers of carbons
in fatty acids (nacid) and numbers of double bonds (DB) in each component
are shown by the numbers on the left and on the right of ‘:’ respectively in
the expressions for the components. For example, C16:1 M has nacid = 16
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and DB= 1. The total number of carbon atoms in methyl esters is equal to
nacid +1. Note that an alternative name for ‘Methyl dodecanoate’ is ‘Methyl
laurate’, for ‘Methyl tetradecanoate’ is ‘Methyl myristate’, and for ‘Methyl
decosanoate’ is ‘Methyl behenate’.

Comp. Chem. form. Name Mol. mass (kg/kmol)

C12:0 M C13H26O2 Methyl dodecanoate 214.338
C14:0 M C15H30O2 Methyl tetradecanoate 242.39
C16:0 M C17H34O2 Methyl palmitate 270.442
C17:0 M C18H36O2 Methyl heptadecanoate 284.468
C18:0 M C19H38O2 Methyl stearate 298.494
C20:0 M C21H42O2 Methyl eicosanoate 326.546
C22:0 M C23H46O2 Methyl decosanoate 354.598
C24:0 M C25H50O2 Methyl tetracosanoate 382.65
C16:1 M C17H32O2 Methyl palmitoleate 268.426
C18:1 M C19H36O2 Methyl oleate 296.478
C20:1 M C21H40O2 Methyl eicosenoate 324.53
C22:1 M C23H44O2 Methyl erucate 352.582
C24:1 M C25H48O2 Methyl nervonate 380.634
C18:2 M C19H34O2 Methyl linoleate 294.462
C18:3 M C19H32O2 Methyl linolenate 292.446
Other 298.111

Table A2

As follows from Table A1, the contribution of other components to biodiesel
fuels varies from 0 to about 2.5% and can be considered very small. Since the
composition of these other components has not been reported in the above-
mentioned papers, we believe that it would be reasonable to assume that
all parameters of these other components, including molar masses shown in
Table A2, can be calculated as an arithmetic average of the corresponding
values for all remaining components from C12:0 M to C18:3 M.

Chemical structures of three typical components shown in Tables A1 and
A2 (C18:0 M, C18:1 M, C18:2), illustrating the meaning of DB, are shown
in Fig. A1.
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Appendix 2

Transport and thermodynamic properties of the components of
biodiesel fuels

All values of parameters in this section are given in SI units. For tem-
peratures above the upper limit of the validity of formulae given below it is
assumed that the corresponding transport and thermodynamic properties are
equal to those at the upper limit temperatures, unless specified otherwise.

Liquid density

The density of pure liquid methyl esters shown in Tables A1 and A2 can
be estimated based on the following general formula [33]:

ρl = ρl0 − αT (T − 288.15), (30)

where

ρl0 = 851.471 +
250.718 DB + 280.899

1.214 + nacid

,

αT =
7.536

ln(nacid) + 3.584
− 0.446,

nacid is the number of carbons in fatty acids, DB is the number of double
bonds. The lower limit of applicability of Eq. (30) was extended up to 288.15
K (15 ◦C), while the upper limit of their applicability was not investigated
in [33]. However, based on the results presented in [31] we can anticipate
that the linear dependence of liquid density on temperature is maintained
from room temperature up until the vicinity of the critical temperature with
about the same regression rate. This allows us to use this equation from
288.15 K to the critical temperature. It is anticipated that at temperatures
close to the critical temperature, if this range of temperatures is reached,
the droplets become close to being completely evaporated and the errors
in estimating droplet densities will produce negligible effect on the overall
droplet evaporation time.

Liquid viscosity

For saturated methyl esters (with zero double bonds, DB=0) the liquid
kinematic viscosity can be estimated based on the following formula, valid
in the temperature range 293.15 K ≤ T ≤ 353.15 K [34]:

ln
[
νl × 106

]
= −2.177− 0.202 nacid +

403.66

T
+

109.77 nacid

T
. (31)
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Formula (31) can still be used at temperatures above 353.15 K, although
with lower accuracy [34]. Remembering that the final results are not very
sensitive to the values of νl, this formula is used in the temperature range
293.15 K ≤ T ≤ min(700 K, Tcr). Note that for the processes considered in
our paper the droplet temperatures almost never exceed 700 K.

For unsaturated methyl esters (with non-zero double bonds, DB≥ 1) the
liquid kinematic viscosity can be estimated based on the following formula,
valid in temperature range T ≤ 0.7 Tcr [31, 35]:

ln
νlρl106

ρl(20)M
= Ak +

Bk

T
, (32)

where ρl(20) is liquid density at T = 293.15 K, M are molar masses given in
Table A2. Coefficients Ak and Bk are given in Table A3.

Coefficient C16:1 M – C24:1 M C18:2 M C18:3 M

Ak -10.83 -9.93 -9.03
Bk 2099 1721 1343

Table A3

Liquid thermal conductivity and latent heat of evaporation

The thermal conductivity of pure liquid methyl esters shown in Tables
A1 and A2 can be estimated based on the following general formula (Latini
method) [36, 37, 38]:

kl =
0.0415 T 1.2

b (1− Tr)
0.38

M T 0.167
cr T

1/6
r

, (33)

where

Tr =
T

Tcr

,

the values of the boiling and critical temperatures (Tb and Tcr) for methyl
esters used in our study are estimated from the following expressions [6]:

Tb = ab + bbM, (34)

Tcr = acr + bcrM, (35)
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the values of coefficients in Eqs. (34) and (35) for various pure methyl esters
are given in Table A4.

Coefficient C12:0 M – C24:0 M C16:1 M – C24:1 M C18:2 M C18:3 M

ab 348.7 350.4 352.1 353.82
bb 0.8478 0.8463 0.8463 0.8472
acr 534.3 538.5 542.6 546.8
bcr 0.784 0.777 0.772 0.7711
aL 1.506× 107 1.389× 107 1.270× 107 1.154× 107

bL 1.814× 105 1.822× 105 1.834× 105 1.843× 105

Table A4

The calculation of the thermal conductivity of the mixture of compo-
nents forming biodiesels presented in Table A1 led to its noticeable (up to
50%) under-estimation compared with experimentally observed values. This
under-estimation could possibly be attributed to the low accuracy of the es-
timation of the coefficient 0.0415 for methyl esters. We were able to demon-
strate that replacing this coefficient with 0.0713 led to much better agreement
with experimental data for the mixtures. This leads to the modification of
Eq. (33) to

kl =
0.0713 T 1.2

b (1− Tr)
0.38

M T 0.167
cr T

1/6
r

. (36)

The method of estimation of thermal conductivity based on (36) is called the
modified Latini method. The results predicted by (36) have been validated
based on experimental data presented in [39, 40].

The molar latent heat of evaporation of pure methyl esters shown in
Tables A1 and A2 is estimated based on the following general formula, valid
in temperature range 300 K ≤ T ≤ 700 K [6, 41]:

L = (aL + bLM) ΦL, (37)

where

ΦL =

(
Tcr − T

Tcr − Tb

)0.38

, (38)

the values of coefficients in Eqs. (34), (35) and (37) for various pure methyl
esters are given in Table A4. Note that coefficients for C18:3 M have been
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obtained via the linear extrapolation of the values of the coefficients for C18:1
M and C18:2 M.

Although the coefficients in (37) have been obtained for 300 K ≤ T ≤
700 K, this formula is used in our analysis for temperatures up to the critical
temperature to allow us to capture zero L at the critical temperature. This
assumption has no practical importance in our analysis as droplet surface
temperatures in our calculations have not exceeded 700 K in almost all cases.

Numerical values of the parameter (Tcr−Tb)
0.38 were used in [6] to simplify

calculations based on Eq. (38).

Liquid heat capacity

The specific heat capacities (in J/(kg K)) of pure liquid methyl esters
shown in Tables A1 and A2 are estimated based on the following general
formula, valid in the temperature range 300 K ≤ T ≤ min(700 K, Tcr)
[6, 41]:

cl =
(
apl + bplT + cplT

2
)
× 103 J/(kg K), (39)

where the values of coefficients are given in Table A5 [6]. As in the case
of Table A4, the coefficients for C18:3 M have been obtained via the linear
extrapolation of the values of the coefficients for C18:1 M and C18:2 M.

Coeff. C12:0 M – C24:0 M C16:1 M – C24:1 M C18:2 M C18:3 M

apl 1.816 1.915 2.018 2.115
bpl −1.462× 10−3 −2.163× 10−3 −2.878× 10−3 −3.580× 10−3

cpl 7.51× 10−6 8.29× 10−6 9.09× 10−6 9.92× 10−6

Table A5

Liquid diffusion coefficient

In our previous papers [8, 9, 15] it was suggested that the diffusion co-
efficient of component j relative to all other components can be estimated
based on the simplified versions of the Sanchez and Clifton formula [38]:

Djm = XjD
0
mj + XmD0

jm, (40)

where m refers to the mixture of all other components, D0
jm and D0

mj are
diffusivities of dilute solute j in solvent m, and dilute solute m in solvent j
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respectively, both are in m2/s. Note that there are typos in the corresponding
expressions for Djm given in [8, 9].

At the same time it was shown in [42, 43] that a more accurate approxi-
mation for Djm is given by the formula:

Djm = (D0
mj)

Xj(D0
jm)Xm . (41)

(The authors are grateful to P. Kelley for drawing our attention to [42, 43].)
In our case, the difference between Eqs. (40) and (41) is not important as
the simplified model, based on the assumption that D0

mj = D0
jm, is used in

our analysis (see below).
As in [8, 9], from amongst various approximations for D0

jm and D0
mj the

Wilke-Chang approximation was chosen. This is given by the following for-
mula [44]:

D0
AB =

7.4× 10−15
√

ϕMBT

µBV 0.6
A

, (42)

where MB is the molar mass of solvent B, kg/kmol, T is the temperature in
K, µB is the dynamic viscosity of solvent B (in kg m−1s−1), VA is the molar
volume of solute A at its normal boiling temperature, cm3/mol (this can be
recalculated from density if required, taking into account the molar mass
of the substance), ϕ is the associated parameter of solvent B (following the
recommendation by [44] it is assumed equal to 1).

This model is further simplified, assuming that Djm is the same for all
species and estimated as

Djm ≡ Dl =
7.4× 10−15

√
M vT

µlV 0.6
v

, (43)

where M v is the average molar mass defined as

M v =

[
i=N∑
i=1

(Yi/Mi)

]−1

, (44)

mass fractions Yi are linked with the molar fractions Xi by the following
formula

Yi =
XiMi∑
i MiXi

, (45)
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the summation is performed over all pure methyl esters in biofuels, N is the
total number of pure methyl esters, Vv is defined as

Vv = (σv/1.18)3 , (46)

where σv is the Lennard-Jones length (in Å). For individual components this
length could be estimated based on the following formula [45]:

σ3
v = 0.17791 + 11.779

(
Tc

pc

)
− 0.049029

(
Tc

pc

)2

, (47)

where the critical temperatures Tc and pressure pc are in K and bar respec-
tively.

When estimating Dl for realistic biodiesel fuels shown in Table A1, these
fuels could be approximated by the dominant components: C16:0 M for
PME, C18:2 M for HME1, C18:2 M for HME2, C18:1 M for RME, C18:2 M
for SME.

An alternative approach to the estimation of σv is based on the following
formula [46]:

σv = 1.468 M0.297, (48)

where M is the molar mass (in kg/kmole), and σv is in Å.
We found that Expression (48), with M identified as the mixture molar

mass, is more convenient for calculations of σv, compared with Expression
(47). Using Expression (48), the following values have been obtained: σv =
7.86 Å for PME, σv = 7.93 Å for HME1, HME2 and SME, σv = 8.05 Å for
RME. The above values of σv for SME and RME appeared to be close to the
corresponding experimentally observed values reported in [47].

Alternative approaches to the estimation of σv are discussed in [40, 46,
48, 49]. These are not used in our analysis.

Saturated vapour pressure

The saturated vapour pressure (in Pa) of pure liquid methyl esters shown
in Tables A1 and A2 can be estimated based on the following general formula,
valid in the temperature range 260 K ≤ T ≤ 610 K [50]:

pv = 103aCN, 0

[
auc(DB + 1) + buc +

cuc

DB + 1

]
exp (aCN, 1 nacid) , (49)

where
aCN, 0 = 1.908 exp [0.01715 T ] ,
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aCN, 1 = −5.656 + 0.02649 T − 4.5417× 10−5 T 2 + 2.6571× 10−8T 3,

for DB = 0 or T > 323 K: auc = cuc = 0, buc = 1, otherwise:

auc = 5.05− 3.06× 10−2 T + 4.62× 10−5 T 2,

buc = −9.93 + 3.39× 10−2 T, cuc = 9.62− 2.97× 10−2 T.

Vapour density is calculated from the ideal gas law as:

ρv =
pvM

RuT
, (50)

where Ru = 8.315 kJ/(kmol K) is the universal gas constant.

Vapour diffusion coefficients

The formulae for binary diffusion coefficients of five dilute gaseous methyl
esters in air, valid in the temperature range 300 K ≤ T ≤ min(Tcr, 750 K)
and pressure equal to 1 bar are presented in Table A6 [31]:

Methyl ester Binary diffusion coefficient of diluted methyl esters in air

C16:0 M Dv = 2.048241× 10−10 T 1.75

C18:0 M Dv = 1.935023× 10−10 T 1.75

C18:1 M Dv = 1.946548× 10−10 T 1.75

C18:2 M Dv = 1.958266× 10−10 T 1.75

C18:3 M Dv = 1.970184× 10−10 T 1.75

Table A6

As follows from Table A6, the values of all diffusion coefficients are rather
close. For our analysis we use only the average values of this coefficient
for the mixtures of methyl esters. It is assumed that these values do not
depend on the composition of this mixture and can be assumed equal to
Dv = 2 × 10−10 T 1.75. In the general case when p is not equal to 1 bar, this
expression should be generalised to [44, 51]:

Dv =
2× 10−10 T 1.75

p
, (51)

where p is pressure in bars. Expression (51) is used in our analysis.
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Vapour heat capacity

Using data provided in [52], the following approximation for the vapour
heat capacities of the components of biodiesel fuels in the range of tempera-
tures 300 ≤ T ≤ 1200 K is derived:

cpv = acpvT̃
5 + bcpvT̃

4 + ccpvT̃
3 + dcpvT̃

2 + ecpvT̃ + fcpv, (52)

where T̃ = T/300. The values of the coefficients for the components are
given in Table A7.

Comp. acpv bcpv ccpv dcpv ecpv fcpv

C12:0 M 0.027532 -1.509613 32.489208 -348.51699 1937.2422 -196.0638
C14:0 M 0.028031 -1.537655 33.11172 -355.3911 1975.95 -217.793
C16:0 M 0.02847 -1.562807 33.666284 2866.545 2008.022573 -236.281242
C17:0 M -32.23395 359.06409 -1525.7052 2866.545 -1140.51 913.075
C18:0 M 0.029073 -1.592711 34.24248 -366.8571 2035.689 -252.356
C20:0 M -33.507964 372.266358 -1578.271181 2963.634219 -1205.392857 929.231426
C22:0 M -35.404232 392.035853 -1657.479888 3114.46656 -1334.93298 972.12171
C24:0 M -38.172408 420.952853 -1773.590013 3337.37856 -1536.64767 1041.9097
C16:1 M 0.028355 -1.548214 33.141987 -353.10969 1946.7159 -194.6743
C18:1 M 0.028632 -1.565423 33.556761 -358.027218 1976.32596 -210.68717
C20:1 M -37.732982 415.113425 -1742.582079 3261.99987 -1489.90392 1034.4857
C22:1 M -43.35771 473.480486 -1975.083156 3702.98628 -1869.74505 1162.5471
C24:1 M -48.982436 531.847544 -2207.584225 4143.97269 -2249.586144 1290.60857
C18:2 M 0.028537 -1.552823 33.097465 -350.761281 1921.716581 -176.117655
C18:3 M 0.02823 -1.531367 32.505573 -342.625176 1864.607187 -140.492938
Other 0.028632 -1.565423 33.556761 -358.027218 1976.32596 -210.68717

Table A7

For the component identified as ‘Other’ the parameters for C18:1 M have
been used. These provided the required average values for cpv calculated
using the remaining components.

Gas viscosity and thermal conductivity

We assume that fuel vapour is sufficiently diluted to allow us to consider
both these transport coefficients for the mixture to be equal to that for air.
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In contrast to our previous papers [8, 9], both these properties have been
obtained based on the approximations of reported experimental data [53].
In the case of dynamic viscosity, the theoretical formula used in [8, 9] (see
Eq. D.6-2 on page 861 of [44]) gave an almost perfect approximation of the
experimental data and it was used in our analysis. In the case of thermal
conductivity, however, the theoretical formula used in [8, 9] (see Eq. D.6-3 on
page 861 of [44]) underpredicted the experimental data given in [53] by up to
about 10% (especially at high temperatures). In our analysis the following
approximation of data for thermal conductivity of air given in [53], valid in
the range of temperatures from 250 K to 1200 K, was used

kair = −0.00189 T̃ 2 + 0.0252 T̃ + 0.0036, (53)

where T̃ = T/300.

Appendix 3

Transport and thermodynamic properties of biodiesel fuels

Average values

Data presented in Appendix 2 allow us to calculate average values of liquid
density, specific heat capacity, dynamic viscosity and thermal conductivity
using the following formulae [8, 9]:

ρl =

[
i=N∑
i=1

(Yi/ρli)

]−1

, (54)

cl =
i=N∑
i=1

(Yicli) , (55)

ln µl =
i=N∑
i=1

Xi ln µli, (56)

kl =

(
i=N∑
i=1

Yik
2
li

)−1/2

, (57)

where the subscripts li refer to the corresponding liquid components (Eqs.
(56)-(57) are approximate).
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The values of the average latent heat of evaporation and saturated vapour
pressure are estimated as in [15] based on the equations:

L =
i=N∑
i=1

εiLi, (58)

pv =
i=N∑
i=1

Xipvi. (59)

Comparison of the values

In this section, the values of parameters predicted by Eqs. (54)-(59) are
compared with the values reported by other authors (measured or calculated)
where possible.

Liquid density. The values of liquid density (estimated [54] and calculated
Eqs. (54) and (30) for Palm Methyl Ester (PME), Rapeseed oil Methyl Ester
(RME), and Soy oil Methyl Ester (SME) are compared in Table A8. We
have presented the values of densities only for the cases for which results
were reported in [54].

Temperature PME RME SME
Measured /Calculated Measured/Calculated Measured/Calculated

293.15 K - 886.4/878.823 891.4/882.303
298.15 K 876.0/867.303 - -
313.15 K 866.4/856.382 871.4/864.634 876.4/867.9
333.15 K 849.3/843.62 864.3/850.445 869.4/853.497
353.15 K 841.3/827.260 849.3/ 836.256 856.3/839.094
360.15 K 834.3/822.161 841.3/831.290 846.3/834.053

Table A8

As one can see from Table A8, the agreement between the values of den-
sity predicted by both approaches is reasonably good. In our calculations
the gradients of density inside droplets are ignored. The average density
is calculated based on the average temperature and composition inside the
droplets as was done in [8, 9].
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Liquid viscosity. The values of liquid dynamic viscosities (in kg/(m s)) re-
ported by [54] and calculated from Eqs. (56), (31), (32) for Palm Methyl
Ester (PME), Rapeseed oil Methyl Ester (RME), and Soybean oil Methyl
Ester (SME) are compared in Table A9. We have presented the values of
dynamic viscosities only for the cases for which results were reported in [54].

Temperature PME RME SME
Measured /Calculated Measured/Calculated Measured/Calculated

293.15 K - 0.006777/0.00583394 0.005853/0.00511201
298.15 K 0.006041/0.00548836 - -
313.15 K 0.004256/0.00388956 0.004212/0.0038166 0.003785/0.00342128
333.15 K 0.002954/0.00257629 0.003052/0.00262691 0.002793/0.00238586
353.15 K 0.002158/0.00178582 0.002251/0.0018860 0.002099/0.00173252
373.15 K 0.001654/0.00158557 0.001646/0.0016940 0.001537/0.001561884

Table A9

As one can see from Table A9, the agreement between the values of dy-
namic viscosity predicted by both approaches is reasonably good. They differ
by not more than 17% which is perfectly acceptable for our analysis remem-
bering that the results are rather weak functions of viscosity in most cases.
This is consistent with the results of measurements of biodiesel viscosities
reported by various authors. For example, the values of viscosities for two
different RMEs at temperature 293.15 K measured by [55] turned out to be
6.09× 10−3 kg/(m s) and 6.24× 10−3 kg/(m s). These values are more that
8% smaller than those measured by [54]. As in the case of density, in our
calculations the gradients of dynamic viscosity inside droplets are ignored.
The average dynamic viscosity is calculated based on the average tempera-
ture and composition inside the droplets as was done in [8, 9] for Diesel and
gasoline fuels.

Liquid thermal conductivity and latent heat of evaporation. The values of liq-
uid thermal conductivity (estimated [54]; calculated Eqs. (57) and (36), mod-
ified Latini method) (in W/(m K)) of Palm Methyl Ester (PME), Rapeseed
oil Methyl Ester (RME), and Soybean oil Methyl Ester (SME) are compared
in Table A10. We have presented the values of dynamic viscosities only for
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the cases for which results were reported in [54]. The results for temperatures
below 300 K, not relevant for most automotive applications, are not included
in this table.

Temp. PME RME SME
Estimated/Calculated Estimated/Calculated Estimated/Calculated

300 K 0.16999/0.1695 0.17696/0.16423 0.17887/0.167862
350 K 0.16158/0.158077 0.1686/0.15349 0.17031/0.15672
400 K 0.15282/0.14711 0.15991/0.143202 0.16139/0.146016
450 K 0.14361/0.136234 0.15083/0.13306 0.15204/0.135435
500 K 0.13384/0.1251531 0.14125/0.12280 0.14216/0.124685
550 K 0.12333/0.1181 0.13104/0.11415 0.13159/0.116403
600 K 0.1118/0.118093 0.11997/0.113173 0.12007/0.116387

Table A10

As one can see from Table A10, the agreement between the values of
thermal conductivity predicted by both approaches is reasonably good. They
differ by not more than 14%. The measurements of thermal conductivity of
SME and RME reported by [56] predicted values 0.154±0.002 W/(m K)
and 0.149±0.001 W/(m K) respectively at room temperature. These values
are reasonably close to those presented in Table A10. The values predicted
by the original Latini method (Eq. (33)) would lead to values of thermal
conductivity about 50% less than those reported in [54]. Until we are able to
understand the root of this deviation, the modified Latini method will be used
to estimate the liquid thermal conductivity. As in the case of density and
dynamic viscosity, in our calculations the gradients of thermal conductivity
inside droplets are ignored. The average thermal conductivity is calculated
based on the average temperature and composition inside the droplets as was
done in [8, 9].

The values of the molar latent heat of evaporation of SME in the tem-
perature range from below 300 K to almost 800 K are presented in [57] in
graphical form. This heat was shown to be lower than that of Diesel fuel at
low temperatures but higher than that of Diesel fuel at high temperatures
[58].
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Liquid heat capacity. The calculated values of the molar heat capacity of
SME in the temperature range from 300 K to 600 K are presented in [57] in
graphical form. It was shown to increase almost linearly with temperature.
Similar results but for canola and coconut biodiesel fuels and in a narrower
temperature range (283 – 328 K) were reported in [50].

Saturated vapour pressure. The following approximation for the saturated
vapour pressure of SME (in bars) was suggested in [57], based on data pro-
vided by [59]:

log10 pv = 76.08−8143 T−1−23.01 log10(T )+6.0000×10−5 T +3.2×10−6 T 2.
(60)

The temperature range applicability of this equation is (300-353 K).
Similar results but for canola and coconut biodiesel fuels and in a graph-

ical form in the temperature range from about 323 K to 473 K, using ex-
perimental data from [60], were reported in [50]. In general, the saturated
vapour pressures for biodiesel fuel were shown to be much lower than those
for Diesel fuel [58].
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Figure captions

Fig. 1 The plots of PME droplet surface temperatures (Ts) and radii (Rd)
versus time predicted by the multi-component (M) and single component (S)
models. Gas temperature and pressure are assumed to be equal to 880 K
and 30 bar respectively. The initial droplet radius is assumed to be equal to
12.66 µm. The droplet is assumed to be stationary. The analysis is based on
the Effective Thermal Conductivity/Effective Diffusivity (ETC/ED) model.

Fig. 2 The plots of liquid surface mass fractions (Ylis) of methyl palmi-
tate (C16:0 M), methyl stearate (C18:0 M), methyl oleate (C18:1 M), methyl
linoleate (C18:2 M) and methyl eicosenoate (C20:1 M) versus time for the
same droplet as in Fig. 1.

Fig. 3 The plots of liquid mass fractions (Yli) of methyl palmitate (C16:0
M) and methyl oleate (C18:1 M) versus normalised distance from the centre
of the droplet R/Rd at three instants of time (0.3 ms, 1 ms and 2 ms) for
the same droplet as in Figs. 1 and 2.

Fig. 4 The plots of temperature (T ) versus normalised distance from the
centre of the droplet R/Rd at five instants of time (0.02 ms, 0.3 ms, 0.5 ms,
1 ms and 2 ms) for the same droplet as in Figs. 1-3.

Fig. 5 The plots of HME1 droplet surface temperatures (Ts) and radii
(Rd) versus time predicted by the multi-component (M) and single compo-
nent (S) models. The gas and initial droplet parameters are the same is in
Fig. 1. The analysis is based on the Effective Thermal Conductivity/Effective
Diffusivity (ETC/ED) model.

Fig. 6 The plots of liquid surface mass fractions (Ylis) of methyl palmi-
tate (C16:0 M), methyl tetracosanoate (C24:0 M), methyl oleate (C18:1 M),
methyl linoleate (C18:2 M) and methyl linolenate (C18:3 M) versus time for
the same droplet as in Fig. 5.

Fig. 7 The plots of HME2 droplet surface temperatures (Ts) and radii
(Rd) versus time predicted by the multi-component (M) and single compo-
nent (S) models. The gas and initial droplet parameters are the same is in
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Fig. 1. The analysis is based on the Effective Thermal Conductivity/Effective
Diffusivity (ETC/ED) model.

Fig. 8 The plots of liquid surface mass fractions (Ylis) of methyl palmi-
tate (C16:0 M), methyl eicosanoate (C20:0 M), methyl oleate (C18:1 M),
methyl linoleate (C18:2 M) and methyl linolenate (C18:3 M) versus time for
the same droplet as in Fig. 7.

Fig. 9 The plots of RME droplet surface temperatures (Ts) and radii (Rd)
versus time predicted by the multi-component (M) and single component (S)
models. The gas and initial droplet parameters are the same is in Fig. 1. The
analysis is based on the Effective Thermal Conductivity/Effective Diffusivity
(ETC/ED) model.

Fig. 10 The plots of liquid surface mass fractions (Ylis) of methyl palmi-
tate (C16:0 M), methyl oleate (C18:1 M), methyl nervonate (C24:1 M),
methyl linoleate (C18:2 M) and methyl linolenate (C18:3 M) versus time
for the same droplet as in Fig. 9.

Fig. 11 The plots of SME droplet surface temperatures (Ts) and radii
(Rd) versus time predicted by the multi-component (M) and single compo-
nent (S) models. The gas and initial droplet parameters are the same is in
Fig. 1. The analysis is based on the Effective Thermal Conductivity/Effective
Diffusivity (ETC/ED) model.

Fig. 12 The plots of liquid surface mass fractions (Ylis) of methyl palmi-
tate (C16:0 M), methyl stearate (C18:0 M), methyl oleate (C18:1 M), methyl
erucate (C22:1 M), methyl linoleate (C18:2 M) and methyl linolenate (C18:3
M) versus time for the same droplet as in Fig. 11.

Fig. 13 The plots of PME droplet surface temperatures (Ts) and radii
(Rd) versus time predicted by the multi-component (M) and single compo-
nent (S) models. Gas temperature and pressure are assumed to be equal to
880 K and 30 bar respectively. The initial droplet radius is assumed to be
equal to 12.66 µm. The droplet is assumed to be moving with a constant
velocity equal to 10 m/s. The analysis in both cases is based on the Effec-
tive Thermal Conductivity/Effective Diffusivity (ETC/ED) model and in the
case of the multi-component model it is also based on the Infinite Thermal
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Conductivity/Infinite Diffusivity (ITC/ID) model (IM).

Fig. A1 Schematic presentations of the structures of C18:0 M, C18:1 M
and C18:2 M molecules.
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