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FIXED-ORDER H∞ CONTROLLER DESIGN
 

FOR MIMO SYSTEMS
 

VIA POLYNOMIAL APPROACH
 

Bilal Erol and Akın Delibaşı 

Abstract 

This paper presents an LMI based fixed-order H∞ controller design 

for multi-input-multi-output (MIMO) systems. The main difficulty in 

the development of fixed-order controller design is that, the associated 

solution set of the problem is defined in a non-convex cluster, and that 

makes the problem computationally intractable. The convex inner ap
proximation is used to deal with this non-convexity. The proposed 

controller design approach is applied to some elegant numerical prob
lems taken from various previous works. In order to show effectiveness 

of the proposed method, the full order H∞ controller and fixed order 

ones are constructed for these models via traditional method and popu
lar toolboxes, respectively. Furthermore, in this paper some strategies 

for choosing the central polynomial which is the main conservatism of 
the proposed method is discussed. 

INTRODUCTION 

The fixed order or structured controllers are preferred in industry for out
put feedback problem due to their simple usage. Traditional Proportional
Integral-Derivative (PID) type controllers are the most popular structured 

controllers. Although they do not always guarantee the closed loop sys
tem stability and do not ensure some performance constraints, engineers 

resort to these type practical controllers. However, they have trouble in 

designing for the demanded structure to overcome some basic performance 

requirements. The most common performance criteria are minimizing H∞, 
H2 norms of the transfer function between performance output and distur
bance input based synthesis problem, and some necessary parameters such 
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as maximum overshoot, settling time, etc. which are related with dynamic 

response of the system. The fundamental contributions of the work related 

with minimizing H∞, H2 norms is accomplished by Gahinet and Apkarian 

(1994), and there are also works for discrete time systems based on reducing 

conservatism on synthesis algorithms Lee et al. (2006), Chang and Yang, 
(2014), Taşçıkaraoğlu et al. (2015), Chang et al. (2017). 

In the standard H∞ control theory, the designed controller has the same 

order as the system, called as full-order controller in the literature Zhou et 

al. (1996). As a result of this designing constraint, the order of the closed 

loop system is increased twofold, and this may result in severe troubles 

in case of any faults in the systems. At first glance, these conventional 
methods can be seen feasible for low order systems, but it may not be easy 

for applicable studies due to the necessity of the weighted filters located 

at the performance outputs, so this increases the order of the system. In 

industry, the engineers avoid to use the full-order controllers due to their high 

sensitivity on changes of system’s parameters. As a matter of these facts, 
the design problem of fixed order controller for computer-aided systems is 

one of the most challenging topics for control engineers. 
The main difficulty in the development of fixed-order controllers based on 

the convex approaches is that the associated stability region is defined in a 

non-convex cluster, and at present there is no algorithm to solve the problem 

globally. In Gahinet and Apkarian (1994)’s work, the performance criteria 

at issue are formulated in terms of LMIs and a non-convex rank constraint 

is added for fixed order controller design. To deal with this non-convexity, 
the literature is abounded with various of approaches. 

There are three main strategies to design fixed order controller. Firstly, 
a reduced order approximation model of the system is obtained by the help 

of model order reduction techniques Gugercin and Antoulas (2004), Yuan 

and Jiang (2017). Then the reduced order controller design is aimed to con
struct via this model, using traditional controller methods. Another strategy 

is that, the full order controller is designed initially, and the order of this 

controller is reduced gradually considering performance requirements. Al
ternatively, there are also some works in which, model reduction techniques 

are applied to the controller Kong and Zhou, (2011), Zebiri et al. (2014). 
In the work Zebiri et al. (2014), frequency weighted balanced truncation 

method is used in order to reduce order of the controller in a predefined 
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frequency range. However, reduction of the controller or system orders may 

not always guarantee the closed loop performance requirements. In the light 

of this issue, researchers insist on designing fixed order controllers directly. 
In order to deal with this non-convexity, usage of alternating projections 

method Grigoriadis and Skelton (1996) which is based on seeking intersec
tion of convex LMIs and non-convex rank constraint, and augmented La
grangian method Fares et al. (2001), Ankelhed et al. (2011) which is based 

on relaxing the non-convex constraint provide reasonable results. In addi
tion to these approaches, nonlinear semi-definite programming can be used 

for the solution of this problem Apkarian et al. (2004). A similar method to 

the alternating projection is developed in Orsi et al. (2006). In their work, 
order of controller is reduced with considering convergence of the alternating 

projection and performance indexes. An open source solver called LMIRANK 

is developed by this project team. There are two main toolboxes which are 

related with designing a fixed order controller. One of them is a commercial 
product called hinfstruct which is a function in MATLAB Robust Con
trol Toolbox and provides an efficient way to design sub-optimal structured 

H∞ controllers. The other one is open source one called HIFOO which is 

a public domain MATLAB packages to design fixed order H∞ controller 

Burke et al. (2006). They both use non-smooth optimization techniques to 

overcome the non-convexity. These algorithms work iteratively, and if the 

initial points are not specified, a randomly initial solution is generated. HI
FOO has two main phases called as stabilization and optimization. In the 

first phase a numeric optimization technique, Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algoritm is used to minimize the maximum of the spectral 
abscissa of the closed loop system. If the starting point is not specified, a 

randomized starting point is defined. Then the algorithm iterates the con
secutive steps up to reach maximum number of iterations to find a feasible 

solution that stabilizes the closed loop system. It does not go beyond to 

the second phase, unless a proper solution is found. In the second phase, it 

is aimed to minimize preassigned infinity norm by using numeric optimiza
tion techniques. The efficiency of these types of algorithms are hinge on the 

initial points. 
Most of the previous studies on H∞ controller designs are based on the 

state space representation. Contrary to the state space approaches, polyno
mial ones are more efficient in designing the controller due to the existence 
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of the controller coefficients in the problem directly. In Henrion and Kučera 

(2003), Henrion (2003) and Yang et al. (2007), they propose an inner LMI 
approximation technique to reduce the non-convex region of the solution set 

to convex one in terms of LMIs. These approaches are based on Strictly 

Positive Realness (SPRness) of the closed loop transfer function. Since the 

problem presented in convex region, one can use interior point algorithm 

to find sub-optimal solution. By using convex inner approximation and re
gional pole placement shown in Chilali and Gahinet (1996), a fixed order 

controller is designed for the stability problem Henrion and Kučera (2003). 
The H∞ norm minimization is also solved via the convex inner approxi
mation technique by Henrion, but it includes some geometrical constraints 

Henrion (2003). Yang et al, extended this technique and these geometri
cal constraints are eliminated, so the stability in the predefined D-Region 

and H∞ norm minimization are achieved with the fixed-order H∞ controller 

Yang et al. (2007). In Lin and Yang (2008), they have tried to extend this 

method for multi-input multi-output (MIMO) systems. This work is based 

on providing the closed loop stability and reducing the interaction between 

different channels. The main drawback of this work is that, the performance 

outputs are not taken into account, so all outputs are chosen as measured 

outputs which are applied directly to the controller. The other important 

shortcoming is that, this work can only be adopted to the coupled system 

in which each input is only effected by a different output. In Khatibi et al. 
(2008) a state space based method, similar approach to the work Yang et al. 
(2007), is developed based on strictly positive realness of transfer functions 

using Kalman-Yakubovich-Popov (KYP) Lemma. H∞ synthesis is added to 

these results by Sadabadi and Karimi (2013). The quality of this work is de
pendent on choosing two slack matrices, a stable matrix and a non-singular 

matrix, which is similar to the choice of the central polynomial in the work 

Yang et al. (2007). Choosing suitable matrices is quite essential with regard 

to performance of the controller, and it is not a straight forward procedure. 
In this study we extend the scheme given in Yang et al. (2007) to design 

fixed-order H∞ controller for MIMO systems on account of minimizing the 

infinity norm of the transfer function between performance outputs and 

disturbance inputs. In Lin and Yang (2008), a similar approach is taken 

into account, but they do not resort to any optimization via performance 

outputs, all outputs are directly fed to the controller and the coupled system 
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is considered, so each input is associated to only one different output. From 

the virtue of our scheme, the designer may define an adequate performance 

index for their system and minimize the effect of defined disturbances on 

this pre-defined performance indexes. 
In order to demonstrate the effectiveness of the proposed method, some 

elegant numerical problems are taken from various previous works. Firstly, 
full order H∞ controllers are constructed by the help of conventional method 

given in Gahinet and Apkarian (1994) for these systems. The proposed 

controller for MIMO system is compared with not only full order one but 

also the fixed order controllers which are constructed by Matlab hinfstruct 

function, HIFOO and LMIRANK codes. One more reduced order controller is 

designed via model order reduction techniques. Furthermore, some of the 

problems that were not solvable by these available fixed order techniques can 

now be solved via our proposed scheme. In addition to these contributions, 
it is aimed to bring about some strategies for choosing central polynomial 
which is the main conservatism of the proposed method. 

This paper is organized as follows. Section 2 is based MIMO system 

structure, basic relation between outputs and inputs is given and overall 
closed loop transfer functions of MIMO system are obtained. After problem 

formulation, the reduced order controller technique for MIMO systems is 

taken into account in Section 3. Then, some elegant numerical examples are 

used in order to demonstrate effectiveness of different controllers in Section 

4. Conclusion and future work are given in Section 5. 

Problem Formulation 

The general system form in H∞ controller problems as shown in Figure 1, 
is taken into account. Performance outputs are considered as independent 

of measured outputs, and it is aimed to minimize H∞ norms of the transfer 

functions between performance outputs and exogenous disturbance inputs. 
The transfer function of the MIMO system which is given in Figure 1 is as 
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follow,
 ⎤⎡ 
Pz1w1 (s) Pz1w2 (s) · · · Pz1wp (s) Pz1u(s)
 

Pz2w2 (s) Pz2w2 (s) · · · Pz2wp (s) Pz2u(s)
 
⎢⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎥⎥⎥⎦ 

P (s) £
 . . . ... . . . . .
 (1)
.. . . . 
Pzmw1 (s) Pzmw2 (s) · · · Pzmwp (s) Pzmu(s)
 

Pyw1 (s) Pyw2 (s) · · · Pywp (s) Pyu(s)
 

w1
w2

wp

u

z1
z2

zm
y

K(s)

P (s)

Figure 1: The Output feedback P -K control scheme. 

The relation between inputs and outputs can be written as, 

zi = Pziw1 (s)w1 + Pziw2 (s)w2 + · · · + Pziwp (s)wp + Pziu(s)u, 

y = Pyw1 (s)w1 + Pyw2 (s)w2 + · · · + Pywp (s)wp + Pyu(s)u (2) 

let the feedback control law choose as u = K(s)y, the performance outputs 

become, 

Pyw1 (s)w1 + Pyw2 (s)w2 + · · · + Pywp (s)wp 
y = 1 − Pyu(s)K(s) 
zi = Pziw1 (s)w1 + Pziw2 (s)w2 + · · · + Pziwp (s)wp + Pziu(s)K(s)y, 

Pziw1 (s) − Pziw1 (s)Pyu(s)K(s) + Pziu(s)K(s)Pyw1 (s) = w1 + · · · 1 − Pyu(s)K(s)
 
Pziwp (s) − Pziwp (s)Pyu(s)K(s) + Pziu(s)K(s)Pywp (s)
+ wp1 − Pyu(s)K(s) tp

j=1 

1, · · · , m, j = 1, 

Pziwj (s) − Pziwj (s)Pyu(s)K(s) + Pziu(s)K(s)Pywj (s) zi = 

=
 

wj1 − Pyu(s)K(s) 

(3)
· · ·
 , p.
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After taking each transfer functions and the controller as in Pij (s) £ 
bij (s) yk (s), K(s) £ respectively, Equation 3 can be written as Equation 
aij (s) xk (s) 

4. Here in this form we consider the denominators, aywj (s), aziwj (s), are 
equalized and defined as a(s) as shown in Equation 5. 

-  
ptbziwj (s)aywj (s) ayu (s)aziu (s)xk (s) − byu(s)aziu (s)yk (s) +bziu(s)bywj

(s)aziwj
(s)ayu(s)yk(s) 

zi = -  wj . (4) 
aziwj

(s)aziu(s)aywj
(s) ayu (s)xk (s) − byu(s)yk (s)

j=1 

p (s) a(s)xk(s) − byu(s)yk(s) + bziu(s)bywj (s)yk(s)t bziwj 

zi = � � wj . (5) 
j=1 a(s) a(s)xk(s) − byu(s)yk(s) 

If the system has both observability and controllability properties, an
other simplification for above equation can be also possible via minimal 

bziu(s)bywj (s)−bziwj byu(s)realization of . Let bziwj (s) be the minimal realiza
a(s) 

tion of this term, where i, j indicate performance output, z, and control 
input, u, respectively, then above equation will be as follows, 

pt bziwj (s)xk(s) + bziwj (s)yk(s) 
zi = wj , (6) 

a(s)xk(s) − byu(s)yk(s)j=1 

so m performance outputs are obtained. Consequently, the transfer func
tions from any disturbance inputs to any performance outputs have the same 

common denominator, only the numerators are different. From the above 

equation, it is clear that, if we have more than one control input, u, and 

measured output, y, this will cause multiplication of unknowns, which breaks 

down convexity of the problem. Therefore in this paper we only consider 

the systems which have one control input and measured output. Let 

nij (s)
Tziwj (s) = , i = 1, · · · , m, j = 1, · · · , p,

dij (s) 

be the closed loop transfer function of the MIMO system given in Equation 

3. This dynamic system is D-Stable if all its poles line in D-Region. D-
Stability can be used in order to enhance the transient response via putting 

poles of the closed loop system in the predefined region. These regions which 

are taken into account in the designing stage are LMI regions. Considering 

the dynamic response of the system, these regions can be chosen as a circle, 
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conic, vertical strip or intersection of them. In the complex plane a region 

can be defined in the form of ⎫⎧ �∗ � 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎬1 δ1,1 δ1,2 1 
< 0 (7)
D £ s ∈ C :
 

δ∗ s s1,2 δ2,2⎪⎪⎪⎪⎩ 
⎪⎪⎪⎪⎭ 

Δ 

here Δ is a symmetric matrix, and has one positive and one negative eigenval
ues. Standard choices for Δ are; the left half plane, δ11 = 0, δ12 = 1, δ22 = 0, 
the circle centered at origin with radius r, δ11 = −r2, δ12 = 0, δ22 = 1 or 

the left side of the vertical strip placed at −k, δ11 = 2k, δ12 = 1, δ22 = 0. 
In brief, it is aimed to find a reduced order control law u = K(s)y for 

the MIMO system given in Equation 3 such that; closed loop poles lie in 

D-Region and the infinity norm of the transfer functions between each per
formance outputs and disturbance inputs should be smaller than a scalar 

value γ, lTziwj (s)l∞ < γ. 

3 H∞ Controller Design For MIMO Case 

A convex inner approximation technique is proposed in Yang et al. (2007) in 

order to design fixed order H∞ Controller. The core idea of this approach 

for stability problem is based on the positivity of polynomials and Strictly 

Positive Realness (SPRness) of the closed loop transfer function. From the 

point of that, the denominator of closed loop system is affected by an ad
ditive norm-bounded uncertainty, H∞ minimization problem is combined 

with stability by using Small Gain Theorem. In this section MIMO case for 

this problem is taken into account via extending proposed method. Over
all system structure is given in Figure 1, and simplified relation between 

performance outputs (zi) and disturbance inputs (wj ) is given in Equation 

6. 
Let us consider three polynomials in monomial basis, 

n c(s) =c0 + c1s + · · · + cns , 
n nij (s) =nij0 + nij1 s + · · · + nijn s , 

nd(s) =d0 + d1s + · · · + dns . 
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c(s) is called central polynomial and it is the main design parameter. nij (s) 

and d(s) are numerators and the common denominator of the closed loop 

transfer function, such that Tziwj (s) = nij (s)/d(s). Coefficient vectors of 
these polynomials are   

c = c0 c1 · · · cn ,   
nij = nij0 nij1 · · · nijn

,   
d = d0 d1 · · · dn . 

From the definition of D-Region in Equation 7, the one-dimensional 
boundary of the D-Stability region is 

  
∗∂D = 12 + δ22ss . (8)s ∈ C : δ11 + δ12s + δ∗ 

Lemma 1. (Henrion and Kučera (2003)) (D-Stability) For a given D-Stable 

polynomial c(s), the polnomial d(s) is also D-Stable if the rational c(s)/d(s) 

is D-SPR. 

Since, the SPRness of a transfer function is closely related with the 

stability, this approach takes an important place in control theory. To ensure 

the SPRness of a rational function, G(s) = c(s)/d(s), d(s) needs to be 

Hurwitz and Re{G(jw) > 0} for all real w Henrion (2002). The first 

requirement can be satisfied by choosing d(s) in D-Region. For the second 

requirement; 

  c(s) 1 c ∗(s) c(s)Re = +
d∗(s) d(s)

(9)d(s) 2   1 c ∗(s)d(s)+d∗(s)c(s)= : E, E > 0.
d∗(s)d(s)2

From this equation, the positivity condition can be defined as; 

d ∗ (s)c(s) + c ∗ (s)d(s) − 2 E d ∗ (s)d(s) : 0, (10) 

for all s ∈ ∂D. Product of two polynomial in monomial base is also showed 

by using the coefficients vector of them. Therefore positivity condition can 

be formed in as Hermitian matrix, P(c), 

P(c) = d ∗ c + c ∗ d − 2 E d ∗ d : 0, (11) 
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here −2 E d∗d can be negligible, because E can be any positive scalar. In 

order to reduce the stability problem into LMIs, a projection matrix with 

dimensions (2n) × (n + 1) should be used, 

⎡ ⎤
1 · · · 0 0 
... . . . ... 
0 0 1 0 

0 1 · · · 0 
... . . . 
0 0 1 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

S1
S £
 (12)
=
 

S2 

then the projected stability matrix can be defined as 

D(Q) = ST (� ⊗ Q)S, (13) 

where ⊗ denotes Kronecker Product. 
By using the following lemma, one can find the output feedback con

troller parameters that stabilizes the closed loop transfer function, which is 

shown in Figure 1. 

Lemma 2. Given a D-Stable polynomial c(s) of order n, polynomial d(s) 
is also D-Stable if there exists a matrix Q of size n solving the LMI which 

is given as follows, 

P(c) − D(Q) = c T d + dT c − ST (� ⊗ Q)S ≥ 0. (14) 

Let us assume that the polynomial d(s) is affected by an additive norm-
bounded uncertainty such as 

dδ (s) = d(s) + δnij (s), |δ| ≤ γ−1 (15) 

where δ is a real-valued scalar of unstructured uncertainty, whose magni
tude is smaller than γ−1. According to the small-gain theorem Zhou et al. 
(1996), robust stability of polynomial is equivalent to the H∞ performance 

constraint lnij (s) l∞ ≤ γ on the closed loop transfer function. 
d(s) 

Theorem 1. For a given D-Stable polynomial c(s) of order n, and a positive 

scalar γ, the transfer functions nij (s)/d(s) are also D-Stable and ensure the 

H∞ performance performance constraint if there exist symmetric matrices 
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4 

Qij = QT and scalars βij such that ij 

T d + dT Tc c − ST (� ⊗ Qij )S nij ≥ 0 . (16) 
nij βij γ

2 

Numerical Examples 

Some elegant numerical examples are extracted from different papers in 

order to show the effectiveness of the extended version of proposed tech
nique and compare this with other methods. Each of these examples are 

considered as a regulator problem and they are finite dimensional, linear 

time invariant and multi-input-multi-output (MIMO) models. In this sec
tion fixed order H∞ controllers are designed based on three basic strategies. 
Primarily, the full order H∞ controller is designed using Gahinet and Ap
karian (1994), then the reduced order one is constructed via relaxing the 

non-convex constraint via LMIRANK. The second strategy is applying model 
order reduction techniques. Once the reduced order model is obtained, the 

full order controller is designed for this model. The last strategy is to at
tain the fixed order controller directly. In the light of this, three different 

fixed order controllers are designed using open source code HIFOO, Matlab 

hinfstruct function and the proposed method. 

Example 1. The first basic example is taken from the work Levine (1970). 
The system matrices of this second order model are given below. It has two 

performance outputs, a measured output, a disturbance and control input. 
Performances of different controllers are shown in Table 1. As seen in this 

table, all controllers pull down H∞ norm to a certain level. In this example 

central polynomial is constructed with negative sign of absolute value of open 

loop system poles. 

0 1 1 0 
A = , B = , 

−1 0 0 1 ⎤⎡⎤⎡ 
0 1 0 0
 (17)
 ⎢⎢⎣1 0


⎥⎥⎦ ,
 D
 =
 
⎢⎢⎣0 0


⎥⎥⎦C
 =
 .
 
0 1 0 0
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Table 1: Results for Basic Problem.
 
Controller Type H∞ Norm 
Full Order K _ 1.0078 
Proposed Method, K = −1.223K _ 1.7338 
hinfstruct, K = −1.291K _ 1.7314 
HIFOO, K = −1.291K _ 1.7314 
LMIRANK, K = −1.284 1.7313 

Example 2. This example consists of a suspension system which is taken 

from Erol and Delibaşı (2015). Quarter car active suspension systems are 

quite popular for mechanical engineers and academic researchers who work 

on vibration control. The system matrices is given in Equation 19. This 

fourth order model is constructed via system identification technique with 

excitation real time suspension system. In order to focus the acceleration 

which is the main performance output in suspension system, over the most 
sensitive range for humans which is 4-8 Hz according to ISO2361-1 report, 
a second order weighted filter is used on the performance output. Then the 

order of new system becomes six. In this example setting central polynomial 
is based on open loop system poles. In the light of this, negative sign of 
absolute value of open loop poles are multiplying by two, then extra two roots 

are taken as negative sign of absolute value of two small poles. Consequently, 
the central polynomial for this example is as follows, 

8 7 6 5 4 c(s) =s + 366.7s + 5.348 × 104 s + 3.968 × 106 s + 1.604 × 108 s 
(18) 

+3.566 × 109 s 3 + 4.206 × 1010 s 2 + 2.418 × 1011 s + 5.298 × 1011 . 

Performances of second order controllers and full order controller are given 

in Table 2. As seen in this table, second order controllers (except LMI
RANK) provide nearly optimal solution which is the same improvement as 

the full order one. These controllers are not applied to the real system. In 

the work Erol and Delibaşı (2016), PID controller is designed using a similar 

framework, and the achievement of this controller on the real time applica
tion is compared with both full order controller and another PID controller 

which is constructed with Matlab hinfstruct function. It is shown that, the 

proposed method gives reasonable better results. 
Additionally, model reduction technique is applied to this model. A second 

order model is designed using balanced truncation method which is based on 

discarding states with small Hankel singular values, then a full order con
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troller is constructed via this reduced order model. But, this controller does 

not provide a noticeable improvement for main performance criterion. It 
yields 23.6773 as closed loop system H∞ norm. 

⎤⎡ ⎢⎢⎢⎢⎢⎣ 

−19.7674 25.6571 −40.6622 25.9981
 

−4.1955 −10.4602 −34.7182 −39.7065
 

−9.9024 −0.6211 −41.4122 −11.2298
 

7.5811 9.3144 23.5396 8.8044
 

⎥⎥⎥⎥⎥⎦ 
,
 (19)
A =
 

⎤⎡ 
−69.3126 0.2581 

0.2074 
⎥⎥⎥⎥ ,⎥⎦0.1746 

−29.9929 −0.0457 

19.7260 3.8051 29.5828 −27.5216 
C = ,

0.0530 − 0.5588 1.2330 0.6870 

0 0 
D = .

0 0 

Table 2: Performance Results For Suspension System. 

⎢⎢⎢⎢⎢⎣ 

40.0139
 
B =
 

52.8435
 

Controller Type H∞ Norm 

Full Order 0.0165 
s2−2.628×106s−5.549×107Proposed Method, K(s) = −4.058×105

s2+4.566×104s−2.84×105 0.0194 

s2−2.478×106s−5.229×107
hinfstruct, K(s) = −3.826×105

s2+4.307×104s−2.677×105 0.0168 

s2−2.949×105s−6.286×106HIFOO, K(s) = −4.567×104

s2+5135s−3.102×104 0.0931 
2−2.594×104s−9.212×104LMIRANK, K(s) = −1453s

s2+191.3s+2376 6.7314 
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Example 3. This academic example is borrowed from the work Scherer 

(2000). The dense structured system matrices of this fourth order system is 

given in Equation 21. This system has two performance and one measured 

outputs, two disturbance and one control inputs. A second order controller 

is developed for this unstable system. Among all reduced order controller 

methods, only proposed method is able to provide a solution to this example. 
The main reason for the failure of hinfstruct function and HIFOO is re
lated with initial points, because such these algorithms work iteratively and 

the efficiency of them are hinge on initial points. The central polynomial 
which is the main conservatism of the proposed method is chosen as follows, 

6 5 4 3 2 c(s) = s + 6.8778s + 23.4968s + 47.4879s + 60.5338s + 45.6486s + 17.0989. 
(20) 

Concerning to improve our results, we look for the central polynomial around 

two stable open loop system poles. On the account of this, the roots of cen
tral polynomial are chosen as shifting these two stable poles one unit to the 

left. As seen from the Table 3, only full order controller and the second order 

controller which is constructed with proposed method give sustainable results. 
The stabilization and minimization of H∞ norm of the system are accom
plished. None of others controllers could stabilize this system. Furthermore, 
model truncation method is resorted in order to reduce system model as done 

in previous example. Unfortunately, the controller which is designed via this 

reduced order model, does not provide closed loop system stability. 

⎤⎡⎤⎡ 
0.5 1 1.5 1 1 0 0
 ⎢⎢⎢⎢⎢⎣ 

−1 3 2.1 2
 

1 −1 −0.6 1
 

⎥⎥⎥⎥⎥⎦ 
, B =
 

⎢⎢⎢⎢⎢⎣ 

0 0 0
 

0 1 0
 

⎥⎥⎥⎥⎥⎦ 
A =
 ,
 

−2 2 −1 1 0 0 1
 (21)
⎤⎡⎤⎡ 
0 0 1 0 0 0 0
 ⎢⎢⎣1 0 0 0


⎥⎥⎦ ,
 D =
 
⎢⎢⎣0 0 0


⎥⎥⎦C
 =
 

0 0 0 1 0 0 0 

Example 4. This example, which consists of a simple supported Euler 

Bernoulli beam, is taken from the work Geromel and Gapski (1997). The 

damping coefficient is set to ζ = 10−2, then the system matrices are attained 

as given in Equation 23. The main goal of this paper is to design reduced 
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Table 3: Performance Results for the System Given in Equation 21.
 
Controller Type H∞ Norm 

Full Order 20.0054 
2−13.36s−56.9Proposed Method, K(s) = −45.47s

s2−37.73s−18.87 52.8092 

hinfstruct − 
HIFOO − 
LMIRANK − 

order H∞ controller for MIMO systems. In this context, using a high order 

example is a good way to show worthiness and effectiveness of proposed work 

with sustainable results. In order to do so, a high order example is chosen 

as the final example. This 10th order system has two performance and one 

measured outputs, two disturbance and one control inputs. Since the open 

loop system is stable, the roots of central polynomial are searched around its 

poles. Consequently, the roots of central polynomial are chosen as shifting 

these open loop system poles 0.4 units to the left. 

10 9 8 7 6 5 c(s) =s + 6.2s + 3933s + 1.789 × 104 s + 3.998 × 106 s + 1.238 × 107 s 
4 3 2+1.098 × 109 s + 2.041 × 109 s + 5.876 × 1010 s 

+4.942 × 1010 s + 2.228 × 1011 

(22) 

The performances of zero order controllers and full order one are demon
strated in Table 4. As shown from this table, zero order controllers provide 

nearly optimal results which is acquired by full order controller. Instead of 
using a 10th order controller, using zero order one is much more practical. 
LMIRANK could not provide a proper solution for this problem. 

Table 4: Performance Results for Euler Bernoulli Beam Model. 
Controller Type H∞ Norm 
Full Order 3.1073 

Proposed Method, K = −0.3433 3.1088 

hinfstruct, K = −0.3394 3.1225 

HIFOO, K = −0.3395 3.1223 

LMIRANK − 
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⎤⎡ 
0 1 0 0 0 0 0 0 0 0 

−1 −0.02 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 

0 0 −16 −0.08 0 0 0 0 0 0 

0 0 0 0 0 1 0 0 0 0 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

A =
 ,

0 0 0 0 −81 −0.18 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 −256 −0.32 0 0 

0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 −625 −0.5 ⎤⎡ ⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

0 0 0 

0.9877 0 0.9877 

0 0 0 

−0.3090 0 −0.3090 

0 0 0 

−0.8910 0 −0.8910 

0 0 0 

0.5878 0 0.5878 

0 0 0 

0.7071 0 0.7071 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

B =
 ,
 

⎤⎡ 
0 0.8090 0 −0.09511 0 0.3090 0 0.5878 0 −1
 ⎢⎢⎣0 0 0 0 0 0 0 0 0 0


⎥⎥⎦C =
 ,
 
0 0.9877 0 −0.3090 0 −0.8910 0 0.5878 0 0.7071
 ⎤⎡ 
0 0 0
 ⎢⎢⎣0 0 1.9


⎥⎥⎦D =
 

0 1.9 0 
(23) 

As seen from the final example, a 10th order system can be controlled 

with a zero order controller that yields the same enhancement as the full 
order one. The proposed controller reduces not only computational burden 

but also sensitivity against to any unmodelled noise and dynamics. In the 

third example apart from the proposed one neither of these fixed order 

methods (HIFOO, hinfstruct, lmirank) provides a feasible solution. The 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 
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main reason for this failure is related with that, the efficiency of these types 

of algorithms are hinge on the initial points. The second example is a real 
time validated one, except lmirank all controllers bring about the same 

improvement for this system. 
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5 Conclusion 

In the standard H∞ control theory, the designed controller has the same 

order as the system. Subsequently, the order of overall system is increased 

one more times with the controller. A common misimpression in industry is 

that, the disfavor of this type high order controller yields only computational 
difficulties, and it is supposed that, one can deal with this computational 
problem via embedded systems which have advanced calculation abilities. 
However, high order controller design increases fragility of the system against 

to any uncertainties which may occur during operation. Therefore, having 

concerns about high order controllers is related with not only computational 
troubles but also rising system complexities which may increase the fragility 

and damage sustainability of the system. In this context, design of low 

order controller is essential. The main problem which exists during this de
sign process is that the associated stability region is defined in a non-convex 

cluster. Therefore, the quality of a work in this scheme is depended on hav
ing less conservatism results. In this paper it is aimed to design fixed order 

H∞ controller for MIMO systems. In order to find sub-optimal solution, the 

proposed method is based on an interior point algorithm that reduces the 

non-convex region of the solution set to convex one in terms of LMIs. Fixed 

order H∞ controllers are designed for some elegant numerical problems taken 

from various previous works, using proposed method. The effectiveness of 
proposed controller is compared with full and fixed order ones which are 

constructed via traditional approach and popular toolboxes, respectively. 
The results show that, in three examples fixed order controllers which de
signed via proposed method, MATLAB hinfstruct toolbox and an public 

domain MATLAB package called HIFOO bring about the same improvement 

as full order ones, but in Example 3 apart from the proposed method nei
ther of other reduction methods could provide a proper controller. On the 

other hand, the main conservatism of the proposed method is the central 
polynomial, then a proper one provides reasonable good results. Although 

some strategies for choosing the central polynomials are given in the paper, 
it will be of great interest to define a general proper central polynomial form 

especially for large scale MIMO systems. 

18
 



References 

Ankelhed, D., Helmersson, A., and Hansson, A. (2011, December). A par
tially augmented Lagrangian method for low order H-infinity controller 

synthesis using rational constraints. In Decision and Control and Euro
pean Control Conference (CDC-ECC), 2011 50th IEEE Conference on 

(pp. 8219-8224). IEEE. 

Apkarian, P, Noll, D, Thevenet, J, and Tuan, H D (2004). A Spectral 
Quadratic-SDP Method with Applications to Fixed-Order H2 and H∞ 

Synthesis, European Journal of Control, 10(6), 527-538. 

Burke, J V, Henrion, D, Lewis, A S, and Overton, M L (2006). HIFOO-a 

MATLAB package for fixed-order controller design and H∞ optimization, 
In Fifth IFAC Symposium on Robust Control Design, Toulouse. 

Chang, X. H., & Yang, G. H. (2014). New Results on Output Feedback 

H∞ Control for Linear Discrete-Time Systems. IEEE Transactions on 

Automatic Control, 59(5), 1355-1359. 

Chang, X. H., Xiong, J., Li, Z. M.,& Park, J. H. (2017). Quantized Static 

Output Feedback Control For Discrete-Time Systems. IEEE Transactions 

on Industrial Informatics. 

Chilali, M, and Gahinet, P (1996). H∞ design with pole placement con
straints: an LMI approach, Automatic Control, IEEE Transactions on, 
41(3), 358-367. 

Erol B. and Delibaşı A., Fixed order H∞ controller for quarter car active sus
pension system, In Control and Automation (MED), 2015 23th Mediter
ranean Conference on, (pp. 921-926), IEEE, (2015, June). 

Erol B. and Delibaşı A., Proportional integral derivative type controller for 

quarter car active suspension system, Journal of Vibration and Control, 
(2016). 

Fares, B, Apkarian, P, and Noll, D (2001). An augmented Lagrangian 

method for a class of LMI-constrained problems in robust control the
ory, International Journal of Control, 74(4), 348-360. 

19
 



Gahinet, P and Apkarian, P (1994). A linear matrix inequality approach to 

H∞ control, International Journal of Robust and Nonlinear Control Int. 
J. Robust Nonlinear Control, 4(4), 421-448. 

Henrion, D (2002). Linear matrix inequalities for robust strictly positive real 
design, Circuits and Systems I: Fundamental Theory and Applications, 
IEEE Transactions on, 49(7), 1017-1020. 

Henrion, D, and Kučera, V (2003). Positive polynomials and robust stabi
lization with fixed-order controllers, Automatic Control, IEEE Transac
tions on, 48(7), 1178-1186. 

Henrion, D (2003). LMI optimization for fixed-order H∞ controller design, 
In Decision and Control, 2003. Proceedings. 42nd IEEE Conference on (5 

4646-4651). IEEE. 

Geromel J. C. and Gapski P. B., Synthesis of positive real H2 controllers, 
IEEE Transactions on automatic control, 42(7), 988-992, (1997). 

Grigoriadis, K M and Skelton, R E (1996). Low-order control design for LMI 
problems using alternating projection methods, Automatica, 32(8). 

Gugercin, S, and Antoulas, A C (2004). A survey of model reduction by bal
anced truncation and some new results. International Journal of Control, 
77(8), 748-766. 

Khatibi H., Karimi A. and Longchamp R., Fixed-order controller design for 

polytopic systems using LMIs, IEEE Transactions on Automatic Control, 
53(1), 428-434, (2008). 

Kong, L., & Zhou, K. (2011, December). New approaches for H∞ perfor
mance preserving controller reduction. In Decision and Control and Eu
ropean Control Conference (CDC-ECC), 2011 50th IEEE Conference on 

(pp. 7771-7776). IEEE. 

Lee, K. H., Lee, J. H., & Kwon, W. H. (2006). Sufficient LMI conditions for 

H∞ output feedback stabilization of linear discrete-time systems. IEEE 

Transactions on Automatic Control, 51(4), 675-680. 

Levine, William, and Michael Athans, On the determination of the optimal 
constant output feedback gains for linear multivariable systems, IEEE 

Transactions on Automatic control 15.1 (1970) 

20
 



Lin Q. and Yang F. (2008). Multiobjective fixed-order controllers for MIMO 

systems. In Control, Automation, Robotics and Vision, 2008. ICARCV 

2008. 10th International Conference on (pp. 1494-1497). IEEE. 

Orsi, R., Helmke, U., and Moore, J. B. (2006). A Newton-like method for 

solving rank constrained linear matrix inequalities. Automatica, 42(11), 
1875-1882. 

Sadabadi M. S. and Karimi A., Fixed-order H∞ and H2 controller design for 

continuous-time polytopic systems: An LMI-based approach, European 

Control Conference, (pp. 1132-1137), July, (2013). 

Scherer C. W., An efficient solution to multi-objective control problems with 

LMI objectives, Systems and control letters (2000). 

Taşçıkaraoğlu, F. Y., Ucun, L., & Küçükdemiral, I. B. (2015). Receding 

horizon H∞ control of time-delay systems. Transactions of the Institute 

of Measurement and Control, 37(5), 596-605. 

Yang, F., Gani, M., and Henrion, D. (2007). Fixed-order robust H∞ con
troller design with regional pole assignment, Automatic Control, IEEE 

Transactions on, 52(10), 1959-1963. 

Yuan, J. W., & Jiang, Y. L. (2017). A multi-point parameterized model 
reduction for large parametric systems by using Krylov-subspace tech
niques. Transactions of the Institute of Measurement and Control, 40(4), 
1340-1351. 

Zebiri, H., Mourllion, B., & Basset, M. (2014, June). H∞-controller order 

reduction for active suspension system. In Control Conference (ECC), 
2014 European (pp. 2364-2369). IEEE. 

Zhou, K., Doyle, J. C., and Glover, K. (1996). Robust and optimal control, 
Upper Saddle River, NJ: Prentice Hall. 

21
 


	Fixed cs
	Fix_Order_H_inf_Controller_Design_for_MIMO_systems_via_Polynomial_Approach
	1 INTRODUCTION
	2 Problem Formulation
	3 H Controller Design For MIMO Case
	4 Numerical Examples
	5 Conclusion


