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Abstract 

 

Reduced order modelling is a recognised and effective technique to reduce the 

intensive burden in heavily complex numerical simulations. Model order reduction 

(MOR) has been successfully implemented in linear and nonlinear areas. This thesis 

deals with the challenging nonlinear MOR. Trajectory piece-wise linear (TPWL) 

approximation has produced substantial results to simplify the high order nonlinear 

systems. TPWL approach contains the idea of suitably selecting multiple 

linearisation points along the state trajectory of the nonlinear system. The carefully 

chosen linearisation points are reduced to lower order models using a linear MOR 

approach before obtaining the weighted combination of the bank of linearised 

models. 

This thesis presents and demonstrates the benefits of improved approaches in the 

area of linearisation point selection and reduced order basis. There are many 

advantages of these improvements, such as; smaller number of linearisation points 

resulting in reduced computational cost, capable of reducing very high order models 

while retaining the stability of reduced order models, producing lower order model 

yet retaining the simulation accuracy. This thesis also proposes a combination of 

data based and TPWL approximation approaches in order to expand the applications 

of TPWL for various nonlinear systems available in different structures. 

The comparison of the new approaches with the original work done in this area is 

illustrated using different examples and case studies.      
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Chap te r  1  

 

Introduction 

 

 

Models in their most fundamental form are considered approximations of the real 

world. A system or a process describing a phenomenon under scrutiny can be 

described by models which can be elements or amalgamations of elements. There 

are two types of models; linear and nonlinear however most of the systems are 

nonlinear in nature.  

 

1.1 The need of model order reduction 

 

Multi-physical description of subsystems and developed technologies have forced 

designers to take into account nonlinear effects to improve the rigour and accuracy 

of models. However this result in increased complexity of the mathematical models. 

Such complicated models are difficult to analyse and their use for control system 

design is challenging.  The incrementing dimensions and complexness of accurate 

models of real life process represents a paramount challenge for the aim of 

simulation and control system design. Complex models take considerable duration 

and computer resources to simulate. Thus such advanced models are required to be 

refined to make them more suitable for given purposes.  

Model order reduction (MOR) approaches replace the high fidelity model with a 

much smaller whilst retaining the true behaviour under investigation to high precision 
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(Schilders, van der Vorst, and Rommes 2008). MOR has become a necessity for 

high order linear as well as nonlinear systems. The extracted small realisation of 

high order models allows more efficiently computational simulations. Many 

repeatedly performed industrial processes are now better and faster performed with 

mini-models rather than prototypes (Schilders, van der Vorst, and Rommes 2008).  

 

By performing the MOR one can still study the high fidelity systems whilst making 

them more suitable for the given purposes (Quarteroni and Rozza 2014).  

Reducing the order of the high order system for the ease of simulation, results in 

some of the fidelity and behaviour to be compromised. One should be cautious 

enough in the trade-off process depending on the purpose of reducing a high order 

model. MOR seeks to generate computationally simple reduced order models which 

retain the properties of the initial systems and produce an approximated output of the 

true systems for a specific range of input set.  

MOR has become an integral and indispensable part of today’s technological world.  

One should try to maintain the followings characteristics while performing reduced 

order modelling (Martίnz 2009); 

a) Good Accuracy: It is one of the most vital aspects of any MOR approach. The 

reduced order ultimate model should produce the minimal error on the behaviour 

of the input-output error relations of high order system. 

b) User Independence: the MOR algorithm offers negligible user intervention when 

producing the compact realization for a categorical system. 

c) System properties preservations: It is required that the ultimate realisation retains 

specific properties or parameters of the actual system. 

d) Computational Efficiency: it contains two main aspects 

• The cost of the generation of the compact realisation 

• The computational efficiency of the evaluation of the compact realisation with 

respect to original system. 



3 

 

1.2 A brief history of MOR 

The need to approximate a complicated function with an easier formulation can be 

found decades ago. In the history of mathematics, Fourier published the concept to 

approximating a function with a few mathematical terms, in 1807. In linear algebra 

Lanczos (1893-1974) took the primary step to reduce the high order models. He 

looked for options to reduce the dimensions of a matrix in tridiagonal form. W.E. 

Arnoldi demonstrated that a smaller matrix could be a better approximation of the 

true matrix (Schilders, van der Vorst, and Rommes 2008). 

The research intensified throughout the 60s and 70s (Genesio and Milanese 1976). 

This period corresponds to a wider utilisation of digital computers for simulation of 

previously prohibitively complex dynamic systems. It made designers capable to 

simulate massive dynamical models (Schilders, van der Vorst, and Rommes 2008). 

During this era, Kalman contributed to the rebirth of state-space representation for 

modelling and control of dynamic systems. The stability and control of dynamic 

systems became easier to analyse. He projected a solution to the minimal size 

representation for a linear system through observability and controllability concepts. 

In the eighties and nineties of the last century, the fundamentals methods for 

reduced order modeling were published (Martίnz 2009). The truncation of the state 

space model representation was proposed using the relation importance of the 

states in the input-output behaviour. 

In 1981 Moore (Moore 1981) took the preliminary step of balanced realization before 

the reduction procedure. The latter was realised using truncation of weakly 

controllable and observable states. In 1985 Kabamba improved the concept of 

balanced realization by introducing the balanced gains instead of principal values 

used by Moore (Schilders, van der Vorst, and Rommes 2008). The work on Hankel-

norm reduction was proposed by Glover in 1984. Sirovich proposed the method of 

Proper Orthogonal Decomposition (POD) in 1987. In this approach the projection 

basis was generated through the information of data samples or linear approximation 

of true system (Quarteroni and Rozza 2014). All these developed methods were in 

the field of systems and control theory. 
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The first method related to Krylov subspace was proposed in 1990. However, the 

finding of the Pade approximation was the main focus of this paper rather than 

Krylov subspaces (Martίnz 2009). The concept of the Krylov subspaces had been 

widely used to decide the associated orthogonal basis for the geometrical 

subspaces. Freund and Feldmann proposed Pade via Lanczos in 1993 and showed 

the relation between the Pade approximation and Krylov subspaces (Martίnz 2009). 

Another fundamental method related to this relation was proposed in 1995 

(Schilders, van der Vorst, and Rommes 2008). The authors of (Feldmann and 

Freund 1995, Odabasioglu, Celik, and Pileggi 1997) presented the approaches PVL 

and PRIMA, based on the ideas of Arnoldi instead of Lanczos. They showed that 

very complex and high order systems can be represented by much smaller systems 

which allow the simulation of whole network in a reasonable time. Many traditional 

simulations such as SPICE (Kumar, Tiwari and Nagar 2011) were not able to handle 

very large systems without considering impractical memory requirements and 

extremely long simulation times. In more recent years a number of efficient MOR 

techniques have been developed and applied to handle the simulation of large 

dimensional problems in many different areas, see Chapter 2 and 3. 

1.3 Motivation and problem statement: 

The motivation of this work is inspired by the Trajectory Piecewise Linear 

Approximation (TPWL) which was introduced in (Rewienski 2003). The TPWL 

approach is based on the idea of obtaining multiple linearisation points along the 

state trajectory of the nonlinear system. Having selected the linearisation points, the 

next step is to linearise the nonlinear model around these points. This results in a 

high order linear model for each linearization point. A linear MOR is then applied to 

reduce the order of each high order linear model around each linearization point. The 

resultant reduced order linearised models are then combined together using a 

weighting combination approach.  

Linearisation point selection is a crucial stage and it has a huge influence on the 

number of linearisation point and order of the reduced model. In Rewienski’s TPWL, 

linearisation points are selected based on the distance between the current 
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linearisation point and previous linearisation point. However, this approach often 

produces more number of linearisation points than required, causing an increase in 

the order of the final reduced order model and associated computational cost.  

The generation of reduced order basis is another important stage of the TPWL 

approach. Krylov subspace approach has most commonly been used in TPWL 

process to reduce the order of the high order system (Rewienski and White 2001 

and Rewienski 2003 and Vob et al. 2008). However there is no guarantee of 

preserving the stability of high order linear models when using Krylov subspace 

approximation. Other linear MOR techniques such as truncation based realisation 

have also been employed in TPWL approach (Vesilyev, Rewienski and White 2003). 

However, truncation based approaches produce poor approximation at low 

frequencies and additionally are not suitable for very high order models. TPWL has 

proven to be a promising approach for nonlinear model order reduction approach. 

One of the main drawbacks of this approach is that it is only applicable to the 

systems which are modelled in nonlinear state space form where nonlinearities are 

considered in the states of the system.  

1.4 Aim and Objectives 

The aim of this work is to improve the accuracy and applicability of TPWL MOR 

based on Rewienski’s work. 

This overall aim was achieved through the following objectives: 

a) Improve the method accuracy by investigating a techniques for the 

linearisation point selection and reduced order basis generation. 

b) Improve the applicability of the method by extending it to other nonlinear 

model structures (e.g. nonlinear differential equations and black box model) 

beyond the use of nonlinear state space form where nonlinearities are 

considered in the states of the system.  

c) Apply the proposed approaches to a realistic case study to demonstrate the 

significance of the work. 
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1.5 Contributions 

The following contributions, ranked in order of significance, were realised during the 

course of this work: 

a) A new set of approaches for linearisation point selection was developed to 

reduce the compational cost of the method without impacting the accuracy: 

1. Determination of exact linearisation point selection: This new approach is 

presented to keep the number of linearisation points low. A linearisation 

point is selected exactly where it is needed instead of overlapping on 

previous linearisation point. This approach helps to keep the 

computational cost as low as possible while producing low order models 

with better accuracy. 

2. Determination of tolerance based linearisation point selection: This is 

another linearisation point selection approach which can also generate a 

smaller number of linearisation points. 

3. Determination of tolerance based exact linearisation point selection: This 

is the combination of the proposed first and second linearisation point 

selection approaches. This approach can be effective to generate a 

smaller number of linearised models for heavy nonlinear systems. 

b) Alternative reduced order basis methods were developed to make them suitable 

for very high order model order reduction while retaining the stability in the 

reduced order models.  

1. Singular perturbation based model order reduction: This linear MOR 

approach has been used to generate the stable reduced order models 

which provide an excellent accuracy at low frequencies.  

2. Krylov subspace + singular perturbation based model order reduction 

(Kry/SPA): The combination of Krylov and singular perturbation 

approximation is employed to make the reduce order modelling effective 

for very large scale system while retaining the stability in reduced order 

models.  

c) A general mathematical form was derived to extract a nonlinear state space 

realisation using system identification from an input-output data of a black box 
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system. The resultant nonlinear state space model is function of states and input. 

The transformation of input-output data into a nonlinear state space form will 

expand the scope of TPWL implementation whereas Rewienski’s TPWL 

applications are limited to nonlinear systems in state space form only. 

1. TPWL modification with respect to nonlinearities: Rewienski’s TPWL deal with 

nonlinear state space form where the nonlinearities are considered in the 

states of the system only. In this modified approach nonlinear function is the 

function of states and input. 

2. Hybrid TPWL (combination of data based and TPWL): In this modified TPWL 

approach, a data based approach is used to obtain a nonlinear state space 

form from an input-output data of a black box model. The TPWL 

approximation can further be implemented on the extracted nonlinear state 

space model to obtain a reduced order linear model. 

 

 

 

Figure 1-1: Schematic flow of contributions 
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1.6 Publications 

The research has led to the following publications: 

Aizad, T., Sumislawska, M., Maganga, O., Agbaje, O., Phillip, N., & Burnham, K.J.: 

Investigation of Model Order Reduction techniques: A Supercapacitor case 

study, ICSS, Wrocław, Poland, 2013, 240, p. 795-804 

In this publication different linear model order reduction approaches have been 

applied to a high order supercapacitor model. This is discussed in further detail 

in chapter 2. 

 

Aizad, T., Maganga, O., Sumislawska, Burnham, K.J.: A comparative study of 

model-based and data-based model order reduction techniques for nonlinear 

systems, ICSEng, Las Vegas, USA, 330, p. 83-88. Springer, 2015. 

This publication is presented in Chapter 3 where nonlinear MOR approaches are 

discussed. To demonstrate the comparative study, these approaches have been 

implemented on high order transmission line model presented in Chapter 6. 
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1.7 Thesis outline  

This thesis is outlined as follows: 

 

Chapter 2: This chapter presents literature review which provides a summary to the 

state of the art research in the linear model order reduction field. This chapter 

reviews different linear MOR approaches, with focus on Krylov subspace and 

balanced realisation based MOR approaches. The Arnoldi process which is used for 

the computation of the projection basis utilised for Krylov subspace is presented to 

some detail.   

Truncation balanced realisation and singular perturbation approximation MOR 

approaches are then discussed. An extension of balanced realisation approach for 

unstable systems is also presented where an unstable system is decouples into a 

stable and unstable parts.  

Later in this chapter a high order supercapacitor case study is used to present a 

comparative study of different linear MOR techniques. Each method is analysed with 

a predefined performance criteria and compared with an analytical model.  The linear 

MOR approaches play a vital role to reduce to order of the high fidelity nonlinear 

models in TPWL process, which has been discussed in chapter 3. Some of MOR 

techniques reviewed in this chapter, namely Krylov subspace, singular perturbation 

approximation for stable and unstable systems are then exploited in Chapter 4 within 

the modified TPWL method to reduce the order of the bank of linearised models 

selected along the state trajectories. 

  

Chapter 3: Different nonlinear MOR approaches are discussed in this chapter. The 

impact of linearisation of a nonlinear system is demonstrated using graphical 

illustrations. Nonlinear MOR using linear approximation approach is shown to be 

suitable for weak nonlinear systems only. The use of a quadratic approximation 

approach is discussed where second term of Taylor series expansion is considered 

to overcome the drawbacks of linear approximation. Quadratic approximation 

approach is proven to be better than linear approximation however its applications 

are also limited to weak nonlinear systems. 
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This chapter narrows this discussion into the approximation of nonlinear models 

through TPWL approach. Different stages of this approach including selection of 

linearisation points, reduced order basis of linear models and weighted combination 

of reduced models are presented in detail. This method (TPWL) described in this 

chapter is then modified in chapter 4. 

    

Chapter 4: This chapter presents six contributions. The first contribution presented 

improves on the work done in the literature, see Chapter 3, describe the modification 

of TPWL where, unlike in (Rewienski 2003), the nonlinear function is states as well 

as input dependent function (i.e. 𝑓(𝑥, 𝑢)). This modification is listed on number 6 in 

the contribution list. The next section focuses on two important stages of TPWL 

process: linearisation point selection and reduced order basis. Two new linearisation 

point selection approaches, known as ‘exact linearisation point selection’ and 

‘tolerance based’, are presented. The main purpose of this contribution is to reduce 

the number of linearisation points in order to reduce the computational cost and 

generate the reduced order models with lower orders yet improving the simulation 

accuracy as compared to Rewienski’s TPWL method. The both new approaches 

have also been used together to make them suitable for heavy nonlinear systems. 

The proposed linearisation point selection approaches are then critically evaluated. 

On the contribution list these proposed linearisation point selection approaches are 

listed on 1, 2 and 3 numbers, respectively.  

The second half of the chapter present the MOR approaches employed within the 

proposed TPWL method. The fourth and fifth novelties are the application of reduced 

order bases generated using singular perturbation approximation on its own and in 

combination with Krylov subspace approximation, respectively. The purpose of these 

techniques is to not only make them suitable for very high order models but also 

retain the stability of the original models in the lower order models. An example from 

the literature is used to demonstrate the combination of Krylov subspace and 

singular perturbation approximation approaches.  

    

Chapter 5: This chapter presents nonlinear state space realisation formation from an 

input-output data of a black box model. The original Rewienski’s TPWL is suitable for 
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a particular nonlinear state space structure which limits its implementations on 

variety of case studies. This chapter focuses on the conversion of input-output data 

into a nonlinear state space form using a system identification approach. A 

generalised form of nonlinear state space realisation is presented providing the 

flexibility to choose the order of the model and defining the nonlinear functions. An 

example from the literature is employed to demonstrate the formulation of nonlinear 

state space form from a black box model. In the last part of this chapter simulation 

results of this example are presented which are compared with the output of the 

actual model in order to evaluate the accuracy of formulated nonlinear state space 

model. 

 

Chapter 6: This chapter presents a case study to show the unique implications of 

the techniques proposed in the chapters 4 and 5. A comparative MOR study of linear 

approximation, quadratic approximation and TPWL approach is presented to 

observe the improvement from a single operating point to multiple linearisation 

points. This is followed by the simulation of the modified TWPL approaches. Three 

different validation inputs are used to test the modified approaches and compare it 

with the Rewienski’s TPWL in order to observe the improvements. An efficacy table 

is also presented in this chapter which compares the different techniques with 

respect to the order of the reduced model, the number of linearisation points, the 

number of flops, the coefficient of determination and the mean absolute error to 

measure the accuracy of reduced order models.       

 

Chapter 7: In this chapter an overall conclusion and the avenues for further work are 

presented. 
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Chap te r  2  

 

 

Model Order Reduction of Linear 
Systems 

 

2.1 Introduction 

This chapter introduces MOR for linear systems. Linear MOR is mature and well 

established field of study. Numerous linear MOR approaches have been successfully 

implemented to reduce the order of the high order systems. Some of the linear MOR 

approaches have also been extended for nonlinear MOR. This chapter mainly 

focuses on projection based and balanced realisation based approaches. A 

comparative study of linear MOR approaches including projection based and 

balanced realisation based approaches has been published in (Aizad et al. 2013). 

Krylov based and singular perturbed approximation MOR approaches are then 

exploited in the TPWL methods reviewed in chapter 3 and extended in chapter 4. 

The remainder of this chapter is organised as follows: A brief history of some linear 

MOR approaches is presented. This is followed by the explanation of projection 

based approaches and balanced realisation based approaches including truncation 

balanced realisation and singular perturbation approximation. This chapter also 

presents the extension of balanced realisation approaches for unstable systems. An 

example from the literature has been used to demonstrate the evaluation of these 
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approaches. At the end of the chapter these MOR approaches have been 

implemented on a case study.  

2.2 Systems and their classifications 

A system that obeys the principle of superposition is known as linear system 

(Larkowski and Burnham 2011). If the response of a system to a given input does 

not explicitly depend on the time, it is known as time-invariant system. Conversely 

systems that have at least on parameter varying with time are time variant. 

Systems are represented in continuous or discrete in time. Continuous systems 

usually expressed as ordinary or partial differential equations can be obtained by 

writing down balance equations of a given process (Larkowski and Burnham 2011).  

Discrete time systems are described by input-output relationships at certain time 

instances. Discrete systems are useful to handle the process data as it is normally 

available only at discrete-time instances at which it is sampled. The control and 

identification algorithms are implemented on digital platforms, so they are inherently 

discrete-time (Larkowski and Burnham 2011). 

A continuous system can be approximated by a discrete-time system by choosing an 

appropriate sampling frequency. 

Having introduced the concepts of linear, nonlinear, continuous and discrete systems 

the following sections focus on MOR for linear systems.  
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2.3 Overview of MOR for linear systems 

MOR for linear systems is a mature and well established field of study that has been 

applied to numerous high order linear systems with great success. A range of model 

order reduction algorithms has been developed for linear time invariant (LTI) 

systems such as projection based and truncation based approaches (Quarteroni and 

Rozza 2014, Arnoldi 1951, Moore 1981, Liu and Anderson 1989, Cingoz and Bidram 

2011, Lanczos 1950). Projection based MOR obtains reduced models by mapping 

the high order spaces to a lower order subspace whilst ensuring the important 

properties are retained (Sheldon and Tan 2007). This approach approximates a high 

order system with a relatively lower dimensional state-space (Grimme 1997). Using 

an orthonormal basis of the Krylov subspace, a reduced order model is constructed 

which matches a certain number of moments of the transfer function of the original 

system. Thus the transfer function of the reduced order system can approximate the 

original transfer function around a specified frequency (Gartton 2002). Krylov 

subspace approach has been discussed in further details in the next section of this 

chapter. Krylov subspace algorithms have numerous advantages such as suitability 

for very large scale systems and robustness for low numerical cost. The Krylov-

based MOR algorithms include the Arnoldi algorithm and the Lanczos process 

(Arnoldi 1951, Lanczos 1950, Sheldon and Tan 2007, Balk 2001). However these 

approaches have been modified in order to retain the stability of the high order 

system and also developed means of error estimates (Slone 1988, Zhaojun et al. 

1999). 

Proper orthogonal decomposition (POD) is another approach to obtain a reduced 

order basis. POD method is also known as Karhunen–Loѐve decomposition or 

principal component analysis. Lumley (Lumley 1976) first introduced this method 

which was used for model reduction in computational fluid dynamics (CFD) 

applications. POD belongs to projection based category where the original system is 

projected into a system of lower dimensions (Quarteroni and Rozza, 2014).  

The operating principle of truncation balanced realisation (TBR) strategies comprises 

balancing the system and discarding states with low Hankel singular values (HSV). 

HSV values provide a measure of the energy of each state of the system. Unlike 
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Krylov subspace methods, reduced models obtained are stable and the frequency 

error bound can be calculated (Pernebo and Silverman 1982). In singular 

perturbation approximation (SPA) the derivatives of weakly observable and 

controllable states are set to zero. This approach keeps the more information of high 

order system by preserving the DC gain unlike TBR (Tan and He 2007 and Samar 

and Postlethwaite 1994). TBR and SPA approaches will be discussed later in the 

chapter. 

Fourier model reduction (FMR) is another promising approach proven to resolve the 

existing issues in many LTI model order reduction approaches. This approach is 

well-known for preserving the stability of the true system unlike Krylov subspace and 

POD algorithms. Provable error bounds can also be easily obtained using this 

approach. During the MOR, the FMR approach uses of the system’s input output 

behaviour whereas other methods only consider system inputs. This approach can 

also be used as a hybrid approach in combination with truncation based approach to 

obtain balanced and stable reduced order models (Schilders, van der Vorst and 

Rommes 2008 and Gartton 2002). 

All the MOR approaches discussed in this section are suitable for only linear 

systems. A modification to these methods are required if a substantial increase in 

nonlinearity is observed. 
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2.4 Formulation of the problem for linear systems 

This section states the problem of reduced order modelling for linear systems. 

Consider a linear system in its state space form 

 

 �̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) 2.1 

 𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡) 2.2 

 

where 𝐴 ∈ ℝ𝑛 × 𝑛, 𝐵 ∈ ℝ𝑛 × 𝑝, 𝐶 ∈ ℝ𝑝 × 𝑛 and 𝐷 ∈ ℝ𝑝 × 𝑝 are appropriately dimensioned 

state matrix, input matrix, output matrix and feedforward matrix, repectively. 𝑥(𝑡) ∈

ℝ𝑛 ,𝑢(𝑡) ∈ ℝ𝑝 ,𝑦(𝑡)𝜖 ℝ𝑝  are respectively the system vector, the input and the output. 

Although the above form is not the most general form of the linear systems, however 

it represents a broad class of engineering problems. In this chapter we shall perform 

reduced order modelling of the linear systems given in the form of (2.1) - (2.2).  

The task of the linear MOR is to find the reduced order model of the high fidelity 

linear model such that 𝑟 ≪ 𝑛, where 𝑟 and 𝑛 are the orders of the reduced and actual 

systems, respectively. A linear model in its reduced form can be given as; 

 

 �̇�𝑟(𝑡) = 𝐴𝑟𝑥𝑟(𝑡) + 𝐵𝑟𝑢(𝑡) 2.3 

 

 𝑦𝑟(𝑡) = 𝐶𝑟𝑥𝑟(𝑡) + 𝐷𝑟𝑢(𝑡) 2.4 

 

where 𝐴𝑟 ∈ ℝ𝑟×r, 𝐵𝑟 ∈ ℝr × 𝑞, 𝐶𝑟 ∈ ℝ𝑞 × r and 𝐷𝑟 ∈ ℝ𝑝 × 𝑝 are the reduced order model 

matrices such that 𝑥𝑟(𝑡) ∈ ℝ𝑟. The reduced order form (2.3) - (2.4), represents the 

response of high order system  given in (2.1) - (2.2). Different linear MOR 

approaches can be used to obtain the reduced order matrices which will be 

discussed in the next sections of this chapter. 
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2.4.1 Projection based MOR 

In the MOR process, the projection based approaches are used to reduce the order 

by projecting linear equations describing high fidelity LTI models of systems into a 

subspace of lower dimension (Phillips 2000). In order to introduce Krylov subspace, 

consider a linear system in its state space form as given in (2.1) - (2.2). Linear 

systems can be represented using the transfer function 𝐻(𝑠) in 𝑠 domain where a 

transfer function is the ratio of the input to the output as 

 

 𝐻(𝑠) = 𝑌(𝑠)/𝑈(𝑠) 

 

2.5 

The transfer function 𝐻(𝑠) can be derived using Laplace transform of (2.1) - (2.2). 

Using the relations �̇�(𝑡) ↦ 𝑠𝑋(𝑠), y(t) ↦ 𝑌(𝑠) and �̇�(𝑡) ↦ 𝑠𝑈(𝑠), it can be written as; 

 

 𝑠𝑋(𝑠) = 𝐴𝑋(𝑠) + 𝐵𝑈(𝑠) 2.6 

 

 𝑋(𝑠) = (𝑠𝐼 − 𝐴)−1𝐵𝑈(𝑠) 2.7 

 

The output 𝑌(𝑠) can be written as 

 

 𝑌(𝑠) = 𝐶𝑋(𝑠) 2.8 

 

 𝑌(𝑠) = 𝐶(𝑠𝐼 − 𝐴)−1𝐵𝑈(𝑠) 2.9 

 

 𝐻(𝑠) = 𝐶(𝑠𝐼 − 𝐴)−1𝐵 2.10 

 

Using the Taylor series expansion, the transfer function can be written as a 

polynomial function where the coefficients of this expansion at zero are known as 

moment of the transfer function given as; 

 

 
𝐻(𝑠) = ∑𝑚(𝑙)

∞

𝑙=1

𝑠𝑙−1 
 

2.11 
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where 𝑚(𝑙) are the moments. The moments can be found at different values of 𝑠. 

For this case moments can be described as; 

 

 𝑚(𝑙) = −𝐶(𝐴)−𝑙𝐵 2.12 

 

Krylov subspace approach tries to generate reduced order models by making the 

moments of the reduced order model and the higher order model equivalent. 

 

Krylov subspace method is a projection based approach which uses the Arnoldi 

algorithm as proposed in (Arnoldi 1951), to derive projection vectors 𝑉 ∈ ℝ𝑛×𝑟 and 

𝑊 ∈ ℝ𝑟×𝑛 whose columns span a Krylov subspace defined as; 

 

 𝐾𝑟 = 𝑠𝑝𝑎𝑛{[𝐵  𝐴−1𝐵  𝐴−2𝐵 …  𝐴−𝑟+1𝐵]} 2.13 

 

where 𝐴 ∈ ℝ𝑛 × 𝑛 and 𝐵 ∈ ℝ𝑛 × 𝑝 are appropriately dimensioned matrices. After 

projecting the large state space 𝑥 ∈ ℝ𝑛 into a smaller subspace via 𝑥 ≈ 𝑉𝑥𝑟, the 

reduced state-space can be derived as given in (2.3) - (2.4), where  

 

 𝐴𝑟 = 𝑊𝐴𝑉          𝐵𝑟 = 𝑊𝐵            𝐶𝑟 = 𝐶𝑉 2.14 

 

In (2.14) 𝑉 and 𝑊 (where 𝑊𝑇 = 𝑉) are obtained using Arnoldi method. The Arnoldi 

method which utilises a modified Gram-Schmidt orthogonalisation is one of the 

common approaches to calculate the projection basis as described in (Tan and He 

2007). The Arnoldi method produces projection bases such that  𝑉𝑇𝑉 = 𝐼. 

The beginning vectors of the Krylov subspace correspond to the system matrices 

and input vectors of the linear system. Using the starting vectors of Krylov subspace, 

the Arnoldi algorithm formulates a set of vectors iteratively, with a norm of unity, that 

are orthogonal to each other (Arnoldi 1951). The result of the algorithm is the matrix 

𝑉 which is orthonormal. The Arnoldi method using the modified Gram-Schmidt 

orthogonalization (Sheldon, Tan 2007) is illustrated in Figure 2-1. 
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1. Input 𝐴, 𝐵, 𝐶, 𝑟 

2. Compute 𝑉 =
𝐵

‖𝐵‖2
 

3. For 𝑗 = 1,… , 𝑟  

4. Obtain 𝑧𝑗 = 𝐴𝑉𝑗 

5. For 𝑖 = 1,… , 𝑗  

6. ℎ𝑖𝑗 = 𝑉𝑖
𝑇𝑧𝑗 

7. 𝑧𝑗 = 𝑧𝑗 − ℎ𝑖𝑗𝑉𝑖 

8. End Do 

9. If ℎ𝑗+1,𝑗 = 0, stop, else ℎ𝑗+1,𝑗 = ‖𝑧𝑗‖2
 

10. 𝑉𝑗+1 =
𝑧𝑗

ℎ𝑗+1,𝑗
 

11. End  

 

Figure 2-1  The Arnoldi algorithm (Sheldon, Tan 2007) 

 

Krylov subspace approaches are suitable to reduce the order of very high order 

models (>100th order) however drawbacks of such approaches include lack of 

provable error bounds as well as no guarantee for stability in the reduced order 

models. Additionally, it can be difficult to predict the order of the reduced model. 

Balanced realisation approaches are discussed in the next section to overcome 

these drawbacks. 

An illustrative diagram is presented in Figure 2-2 showing the various steps of 

Arnoldi method using the modified Gram-Schmidt orthogonalization. 
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Figure 2-2  A graphical diagram of Arnoldi algorithm  
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2.4.2 Balanced realisation approaches 

Model order reduction based on balancing the systems was originally introduced by 

Moore (Moore 1981). In this approach, HSV are observed and the states that retain 

less energy (i.e. weakly controllable and weakly observable) are truncated (Grimme 

1997). This approach is suitable for stable systems. 

For computation of controllability and observabilty Grammians, the system must be 

assumed to be asymptotically stable, controllable and observable. Considering the 

system (2.1) - (2.2) the controllability and observability Grammians, denoted 𝑃 and 𝑄 

respectively, can be obtained by (Balakrishnan et al. 2001) 

 

 
𝑃 = ∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝜏𝐴𝑇

𝑑𝑡
∞

0

 
2.15 

 

 
𝑄 = ∫ 𝑒𝐴𝑇𝑡𝐶𝑇𝐶𝑒𝐴𝑡𝑑𝑡

∞

0

 
2.16 

 

The 𝑃 and 𝑄 matrices obtained using (2.15) - (2.16) satisfy the following Lyapunov 

equations.   

 

 𝐴𝑃 + 𝑃𝐴𝑇 + 𝐵𝐵𝑇 = 0 2.17 

 

 𝐴𝑇𝑄 + 𝑄𝐴 + 𝐶𝑇𝐶 = 0 2.18 

                                     

The HSV can be extracted as the square roots of the products of the eigenvalues of 

the two Grammians by assuming the HSV, given in (2.19), where 𝜆𝑖 denotes the 

eigen values and 𝑃 and 𝑄 are controllability and observability Grammians, 

respectively. 

Assume that the magnitude of HSV of the system is in decreasing order such that 

𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑟 ≥ ⋯ 𝜎𝑘 > 0 and 𝜎𝑘+1 = ⋯ = 𝜎𝑛 = 0 where 𝑛 is the high order of the 

actual system,  𝑘 is the Non-zero HSV and 𝑟 is the order of the reduced order model. 
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 𝐻𝑆𝑉 = √𝜆𝑖(𝑃𝑄) = [𝜎1, 𝜎2, , … , 𝜎𝑘 , 𝜎𝑘+1, … , 𝜎𝑛] 2.19 

             

The order of the reduced order model is then chosen equal to the number of HSV 

which are possessing significant values of magnitude. 

The singular value decomposition (SVD) of the controllability and observability 

Grammians 𝑃 and 𝑄, are then calculated as,  

 

 𝑃 = 𝑈𝑃𝛴𝑃𝑉𝑃
𝑇 𝑎𝑛𝑑 𝑄 = 𝑈𝑄𝛴𝑄𝑉𝑄

𝑇 2.20 

 

where 𝑈𝑃, 𝑉𝑃, 𝑈𝑄 and 𝑉𝑄 are known as unitary matrices. 

 

The similarity transformation matrices 𝑆𝐿 and 𝑆𝑅 can be obtained using the following 

procedure.  

Let us consider 

 𝑉𝑅 = 𝑈𝑃√𝛴𝑃, 𝑉𝐿 = 𝑈𝑄√𝛴𝑄  and 𝐸 = 𝑉𝐿
𝑇 . 𝑉𝑅  2.21 

 

Perform SVD of such that 

 𝐸 = 𝑈𝐸𝛴𝐸𝑉𝐸
𝑇  2.22 

 

where 𝑉𝑅, 𝑉𝐿, 𝐸, 𝑈𝐸, 𝛴𝐸 and 𝑉𝐸 ∈ ℝ𝑛×𝑛. The elements of 𝛴𝐸 that exceed 𝑘 are 

truncated. 

 

 𝛴𝑡𝑟𝑢𝑛𝑐 = 𝛴𝐸(1: 𝑘, 1: 𝑘)  2.23 

where 𝛴𝑡𝑟𝑢𝑛𝑐 ∈ ℝ𝑘×𝑘.         

The transformation matrices can then be written as:   

 

 𝑆𝐿 = 𝑉𝐿. 𝑈𝐸 . (𝛴𝑡𝑟𝑢𝑛𝑐)
−1/2 2.24 

and 

 𝑆𝑅 = 𝑉𝑅. 𝑈𝐸 . (𝛴𝑡𝑟𝑢𝑛𝑐)
−1/2 2.25 

 

The balanced realised model of the original system is finally given by: 
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𝐺𝑏𝑎𝑙 = [
𝐴𝑏𝑎𝑙 | 𝐵𝑏𝑎𝑙

— + —
𝐶𝑏𝑎𝑙 | 𝐷𝑏𝑎𝑙

] = [
𝑆𝐿

𝑇𝐴𝑆𝑅 | 𝑆𝐿
𝑇𝐵

— + —
𝐶𝑆𝑅 | 𝐷

] 
2.26 

   

𝐺𝑏𝑎𝑙 = [

𝐴11 𝐴12 | 𝐵1

𝐴21 𝐴22 | 𝐵2

— — + —
𝐶1 𝐶2 | 𝐷

] 

 

where       𝐴𝑏𝑎𝑙 = [
𝐴11 𝐴12

𝐴21 𝐴22
]    𝐵𝑏𝑎𝑙 = [

𝐵1

𝐵2
]      𝐶𝑏𝑎𝑙 = [𝐶1 𝐶2]   𝐷𝑏𝑎𝑙 =  𝐷    

 

The above balanced system (2.26) is a combination of strong and weak subsystems.  

2.4.2.1 Truncation balanced realisation (TBR) 

In the TBR approach, the weak subsystem is discarded while the strong reduced 

order subsystem is retained as given, 

 

 
𝐺𝑏𝑎𝑙 = [

𝐴11 | 𝐵1

— + —
𝐶1 | 𝐷

] + [
𝐴22 | 𝐵2

— + —
𝐶2 | 0

] 
2.27 

                                    Strong subsystems    +   Weak subsystem 

 

The reduced order system obtained via balanced truncation in the form of (2.3) - 

(2.4) is defined by 

 �̇�1(𝑡) = 𝐴11𝑥1(𝑡) + 𝐵1𝑢(𝑡) 2.28 

 𝑦(𝑡) = 𝐶1𝑥1(𝑡) + 𝐷𝑢(𝑡) 2.29 

 

where 𝐴11, 𝐵1 and 𝐶1 are respectively of dimensions 𝑟 × 𝑟, 𝑟 × 1 and 1 ×  𝑟. 

 

TBR approach has also been used to obtain the reduced order basis using Cholesky 

factorisation. In some cases, Cholesky factorisation may not be a good option to use 

due to ill-conditioning of Lyapunov equations. It has been observed that the TBR 
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approach provides the good approximation at high frequency but provides poor 

performance at low frequency due to DC gain mismatch of the actual high order 

system and reduced order system. 

 

2.4.2.2 Singular perturbation approximation (SPA) 

In this approach the derivatives of weakly controllable and observable states are set 

to zero instead of truncating them like TBR approach (Gajic 2000). This approach 

retains the more information of the actual system by preserving the gain of it (Balk 

2000).  

After obtaining the balanced system (2.26) in the following form; 

 

 �̇�1(𝑡) = 𝐴11𝑥1(𝑡) + 𝐴12𝑥2(𝑡) + 𝐵1𝑢(𝑡) 2.30 

 �̇�2(𝑡) = 𝐴21𝑥1(𝑡) + 𝐴22𝑥2(𝑡) + 𝐵2𝑢(𝑡) 2.31 

 𝑦(𝑡) = 𝐶1𝑥1(𝑡) + 𝐶2𝑥2(𝑡) + 𝐷𝑢(𝑡) 2.32 

                    

By setting the derivative of 𝑥2(𝑡) to zero, the vector 𝑥2(𝑡) can be expressed as  

 

 𝑥2(𝑡) = −𝐴22
−1(𝐴21𝑥1(𝑡) + 𝐵2𝑢(𝑡)) 2.33 

 

which leads to a low order model, of the form (2.3) - (2.4) given by 

 

 �̇�1(𝑡) = (𝐴11 − 𝐴12𝐴22
−1𝐴21)𝑥1(𝑡) + (𝐵1 − 𝐴12𝐴22

−1𝐴21)𝑢(𝑡) 2.34 

 

 𝑦(𝑡) = (𝐶1 − 𝐶2𝐴22
−1𝐴21)𝑥1(𝑡) + (𝐷 − 𝐶2𝐴22

−1𝐵2)𝑢(𝑡) 2.35 
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2.4.2.3 Extension of balanced realisation to unstable systems 

Balanced realisation was originally only suitable for stable and minimal system. 

However, it was extended to unstable systems in (Kumar, Tiwari and Nagar 2011) by 

decomposing the system into stable and unstable part to stabilise the system. 

The decomposition approach consists of two stages of transformations. In the first 

stage of transformation the MATLAB implementation of the Schur transformation 

was used (Safnov and Chiang 1989). In the second stage the completely decoupled 

stable and unstable systems were obtained by solving the generalized Lyapunov 

equation.  

 

The decomposition procedure can be divided into two stages. 

Let the system (2.1) - (2.2) be an unstable system.  

In the first stage using a unitary 𝑈 in block diagonal upper Schur form, this system is 

transformed such that the eigenvalues of the transformed system are arranged in 

ascending order of its real component. The unitary matrix 𝑈 and the transformed 

systems states 𝑥𝑡 can be related as  𝑥 = 𝑈𝑥𝑡. The transformed system is given as 

 

 
𝐺𝑡 = [

𝐴𝑡 𝐵𝑡

𝐶𝑡 𝐷𝑡
] =  [𝑈

𝑇𝐴𝑈 𝑈𝑇𝐵
𝐶𝑈 𝐷

] 
2.36 

where 

 
𝐴𝑡 = [

𝐴𝑡11 𝐴𝑡12

𝐴𝑡21 𝐴𝑡22
] , 𝐵𝑡 = [

𝐵𝑡1

𝐵𝑡2
] , 𝐶𝑡 = [𝐶𝑡1 𝐶𝑡2] 𝑎𝑛𝑑 𝐷𝑡 = 𝐷 

2.37 

 

Matrices 𝐴𝑡11 and 𝐴𝑡22 are respectively of dimensions 𝑚 × 𝑚 (𝑚 is the number of 

stable eigenvalues) with the remaining matrices of dimensions (𝑛 − 𝑚) × (𝑛 − 𝑚). 

In the second stage the transformed system (2.36) is decoupled as it contains a 

coupling term 𝐴𝑡12. The Lyapunov equation is solved to decouple the transformed 

system given by: 

 

 𝐴𝑡11𝑆 − 𝑆𝐴𝑡22 + 𝐴𝑡12 = 0 2.38 
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The value of 𝑆 is obtained to proceed to the next transformation stage. Let 𝑥𝑡 = 𝑊𝑋, 

where 𝑊 is the final stage transformation matrix and 𝑋 is the final stage transformed 

stage. The transformation matrix 𝑊 is given as 

 

 
𝑊 = [

𝐼𝑚 𝑆
0 𝐼𝑛−𝑚

] 
2.39 

 

where 𝐼𝑚 and 𝐼𝑁−𝑚 are identity matrices of sizes 𝑚 × 𝑚 and (𝑛 − 𝑚) × (𝑛 − 𝑚). 𝑊−1 

can be obtained by simply replacing 𝑆 with – 𝑆 in (2.39)  as given 

 

 
𝑊−1 = [

𝐼𝑚 −𝑆
0 𝐼𝑛−𝑚

] 
2.40 

 

Thus 𝑊−1 always exists and is never found to be ill-conditioned.  

We can obtain a completely decoupled system 𝐺𝑑 using 𝑊 as: 

 

 
𝐺𝑑 = [

𝑊−1𝐴𝑡𝑊 𝑊−1𝐵𝑡

𝐶𝑡𝑈 𝐷
] 

2.41 

 

 The transformed system can be decomposed into stable and unstable system as 

 

 
𝐺𝑑 = [

𝐴𝑡11 𝐵𝑡1

𝐶𝑡1 𝐷
] + [

𝐴𝑡22 𝐵𝑡2

𝐶𝑡2 0
] 

2.42 

 

𝐺𝑑 = 𝐺𝑠(𝑠𝑡𝑎𝑏𝑙𝑒) + 𝐺𝑢(𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒) 

 

The stable system 𝐺𝑠 is separated as given in (2.42), containing 𝑚 stable 

eigenvalues. Further, the stable subsystem is reduced to a lower order model by 

discarding the weak subsystem as given in (2.28) - (2.29). 
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2.4.3 Example 2.1 

Consider an example presented in (Moore 1989): 

 

𝐴 = [

0 0 0 −150
1 0 0 −245
0 1 0 −113
0 0 1 −19

] ;          𝐵 = [

4
1
0
0

] 

 

𝐶 = [0 0 0 1] 

2.4.3.1 Krylov Subspace Implementations 

Krylov subspace methods are used to obtain Projection matrix 𝑉 and 𝑉𝑇 (where 

𝑉𝑇𝑉 = 𝐼). The Arnoldi algorithm (Arnoldi 1951) iteratively formulates a set of vectors 

with norm 1 which are orthogonal to each other.  

The Arnoldi method using the modified Gram-Schmidt orthogonalization is used to 

obtain projection matrices 𝑉 and 𝑊 = 𝑉𝑇 as follows; 

 

𝑉 = [

0.97 0.23
0.243 −0.924

0 −0.31
0 −0.016

] 

 

The reduced (2nd) order matrices using Krylov subspace approach 𝐴𝑘𝑟𝑦, 𝐵𝑘𝑟𝑦 and 

𝐶𝑘𝑟𝑦 are as follows; 

 

𝐴𝑘𝑟𝑦 = [
0.235 3.347
−0.97 −3.562

] ;            𝐵𝑘𝑟𝑦 = [
4.123

3.33 × 𝑒−16] 

 

𝐶𝑘𝑟𝑦 = [0 −0.016] 
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2.4.3.2 Balanced Realisation 

The balanced matrices of the above system are as follows; 

 

𝐴𝑏𝑎𝑙 = [

−0.437 −1.168 −0.414 0.051
1.168 −3.135 −2.835 0.329

−0.414 2.84 −12.48 3.249
−0.051 0.33 −3.249 −2.952

] ;         𝐵𝑏𝑎𝑙 = [

−0.118
0.13

−0.056
−0.007

] 

 

𝐶𝑏𝑎𝑙 = [−0.118 −0.131 −0.056 0.007] 

 

In order to find the dominant states of the above system, the Hankel singular values 

are plotted in Figure 2-3. The HSV bar chart shows that first 2 values are significant 

so the order of the model to be reduced is selected as 2. 

 

 

Figure 2-3: Hankel singular values (state contributions) of 4th order model 

The 2nd order modes are {0.0159; 0.0027; 1.27 × 10−4; 8.006 × 10−6} 

The reduced (2nd) order matrices using TBR approach 𝐴𝑡𝑏𝑟 , 𝐵𝑡𝑏𝑟 and 𝐶𝑡𝑏𝑟 are as 

follows; 

𝐴𝑡𝑏𝑟 = [
−0.438 −1.168
1.168 −3.135

] ;            𝐵𝑡𝑏𝑟 = [
−0.118
0.13

] 

 

𝐶𝑡𝑏𝑟 = [−0.118 −0.13] 
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The reduced (2nd) order matrices using SPA approach 𝐴𝑠𝑝𝑎, 𝐵𝑠𝑝𝑎 and 𝐶𝑠𝑝𝑎 are as 

follows; 

𝐴𝑠𝑝𝑎 = [
−0.425 −1.256
1.256 −3.735

] ;            𝐵𝑠𝑝𝑎 = [
−0.116
0.143

] 

 

𝐶𝑠𝑝𝑎 = [−0.116 −0.143];             𝐷𝑠𝑝𝑎 = 2.38 × 10−4 

 

The output responses of the actual (4th order) model is compared with reduced order 

models as shown in Figure 2-4.   

 

Figure 2-4: A comparison of the output responses of the true and reduced order models using 

TBR, SPA and subspace approaches 
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2.4.4 Case study – Supercapacitor (SC) model 

An inductor 𝐿, a complex pore impedance 𝑍𝑝, a series resistor 𝑅𝑖 and a leakage 

resistance 𝑅𝐿 are used to represent a SC model, as shown in Figure 2-5. The 

complex pore impedance 𝑍𝑝 attribute of the model relates to level of electrode 

porosity in the supercapacitor which directly impacts the impedance of the system. 

The mathematical expression for 𝑍𝑝(𝑗𝑤) is given by, (Buller et al. 2002 and Cingoz, 

Bidram and Davoudi 2011) 

 

 
𝑍𝑝(𝑗𝑤) =

𝜏coth (√𝑗𝑤𝜏)

𝐶√𝑗𝑤𝜏
 

2.43 

where 𝜏 is the time constant, 𝐶 is the capacitance and coth is the hyperbolic 

cotangent. 

 

Figure 2-5: Equivalent circuit of SC 

A number of RC branches in series with a capacitor can be used to approximate the 

nonlinear complex pore impedance 𝑍𝑝, see Figure 2-6 where the resistance and the 

capacitance of each branch are, see (Buller et al. 2002); 

 

 
𝑅𝑘 =

2𝜋

𝜋2𝑘2𝐶
, 𝑘 = 1, 2, … , 𝑛 

2.44 

 

 
𝐶1 = 𝐶2 = ⋯ = 𝐶𝑛 =

𝐶

2
, 𝑛 = 58 

2.45 
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Figure 2-6: Approximation of 𝒁𝒑 by 𝒏 RC branches in series with a capacitor 

 

In this section, the model where the complex pore impedance is modelled using 

number of RC branches is referred as the n-branch model whereas the SC model 

with Zp given by (2.43) is termed as the analytical model. 

 

2.4.5 Results of model order reduction 

2.4.5.1 Efficacy Index 

A quantitative efficacy index is required to obtain the goodness of fit of the reduced 

order model in the frequency domain 

In this chapter the integral of absolute error (IAE) of the difference in the magnitude 

frequency responses between the complex and the reduced order model is used, 

which is calculated as 

 

 
𝐼𝐴𝐸 = ∫ (𝑀𝑐𝑜𝑚𝑝𝑙𝑒𝑥(�̅�) − 𝑀𝑟𝑒𝑑𝑢𝑐𝑒𝑑(�̅�))𝑑�̅�

�̅�2

�̅�1

 
2.46 

where �̅� = 𝑙𝑜𝑔10(𝜔) and 𝜔 is the frequency expressed in radians per second. The 

terms 𝑀𝑐𝑜𝑚𝑝𝑙𝑒𝑥 and 𝑀𝑟𝑒𝑑𝑢𝑐𝑒𝑑 represents the magnitudes of the frequency responses 

of the actual and the reduced model, respectively.  
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2.4.5.2 Model order reduction by decreasing number of RC branches 

It is worth exploring, how well a low order n-branch model resembles the analytical 

model as the n-branch model is an approximation of the analytical model. The 

frequency response of the analytical model is compared with the frequency 

responses of different order models (i.e. 3rd, 10th and 58th order models) as shown in 

Figure 2-7. An increasing accuracy of the n-branch model can be noted in Figure 2-7 

as the model order increases. 

It is obvious that the models with low number of branches represent a relatively poor 

accuracy as compared to the model with higher number of branches (i.e. 58 

branches). In this section a 58-branch model is reduced using TBR, SPA and Arnoldi 

techniques described earlier in this chapter in order to obtain a relatively good 

approximation of the analytical model. Note the IAE between the analytical and the 

58-branch model is equal to 0.14.  

 

Figure 2-7: Comparison of frequency responses n-branch model with analytical model of SC
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Figure 2-8: Hankel singular values (state contributions) of 58-branch model 

 

2.4.5.3 Comparison of reduced order models 

The HSV are plotted in order to observe the state contributions of the 60th order 

model as shown in Figure 2-8. Based on the dominant modes with the highest 

contribution; thus, the second order model has been selected as a starting point for 

the model order reduction process. Figures 2-9 and 2-10 show the comparative 

study of model order reduction using TBR, SPA and Arnoldi techniques. One can 

note that an improvement of model accuracy has been achieved by increasing the 

order of the reduced model. 
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Figure 2-9: Frequency responses of reduced, 3rd order models 

 

Table 2-1 represents values of the IAE for reduced order models using TBR, SPA 

and Arnoldi techniques. One can note that the reduced 3rd-5th order models of the 

high order (60th order) have the accuracy comparable to the 58-branch model in 

terms of the IAE. Accuracy of all the reduced order techniques increases by 

increasing the order of the reduced model as given in Table 2-1.  
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Figure 2-10: Frequency responses of reduced, 4th order models 

 

r TBR SPA Arnoldi n-branch model 

2 1.19 (1.19) 5.90 (5.84) 6.72 (6.86) 6.86 

3 1.19 (1.26) 0.60 (0.60) 1.19 (1.27) 3.70 

4 0.33 (0.39) 0.16 (0.23) 0.38 (0.47) 2.59 

5 0.13 (0.20) 0.04 (0.14) 0.13 (0.23) 2.01 

 

Table 2-1: The IAE of reduced order models 

 

In the in columns 2-5 numbers outside brackets present the IAE between the 58-

branch model and the low order models whereas numbers in brackets are IAE 

between the analytical model and the reduced order models. 
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The IAE between the analytical model and the appropriate low order 𝑛-branch model 

(with 𝑛 = 0, 1, 2, 3) is presented in the last column. The IAE has been calculated for 

𝜔1 = 0.001 𝑟𝑎𝑑/𝑠, 𝜔2 = 1000 𝑟𝑎𝑑/𝑠. 
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2.5  Conclusion 

Linear MOR is a mature and well established field of study. There are multiple linear 

MOR approaches exist which are successfully implemented for MOR of high order 

linear systems. In this chapter our main focus has been on projection based and 

balanced realisation approaches. 

Projection based approaches are based on the idea of projecting the high order 

linear models into a subspace of low order dimensions. The Arnoldi method which 

utilises a modified Gram-Schmidt orthogonalisation is presented in order to obtain 

the projection basis.  

Balanced realisation approach is based on the idea of balancing and reducing the 

system to a lower order. This approach was initially introduced by Moore in 1981 

(Moore 1981) and was applicable to stable systems only. This approach was later 

extended to unstable systems where the unstable systems are decoupled into stable 

and unstable systems. In TBR approach the order of the balanced system is reduced 

by discarding weakly controllable and observable subsystem. In SPA approach the 

idea of TBR is extended such that, instead of discarding the weak, their derivatives 

are set to zero. In this chapter a 4th order system example is considered in order to 

show the reduced order matrices.  

A 60th order SC, RC circuit is used as a case study in order to demonstrate the 

implementation and performance of linear MOR approaches. A comparative study of 

these approaches is also presented with some efficacy indices in order to analyse 

their performance.    

It has been seen that SPA approach guarantee to retain the stability of the reduced 

order model and produces better approximation at low frequencies. However it is not 

suitable for very large scale systems. By contrast Krylov approaches are suitable for 

very large scale systems, but may not retain the stability in the reduced order model. 

SPA and Krylov MOR were used separately and then combined to exploit their 

respective advantages to form the proposed projection basis TPWL in Chapter 4. 
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Chap te r  3  

 

 

Model Order Reduction Applied to 

Nonlinear Systems 

 

3.1 Introduction 

Having presented a review of the MOR methods for linear system and illustrated 

their relative merits using an example and a case study, this Chapter focuses on the 

applicability of MOR to nonlinear systems. This Chapter justified the relative 

advantages of TPWL and form the basis for the improved versions of TPWL 

presented in chapters 4 and 5 and evaluated using simulation studies in chapter 6. In 

(Aizad et al. 2015) a comparative study of linear approximation, quadratic 

approximation and TPWL has been demonstrated using a case study of high order 

transmission line model.  

The remainder of the chapter is organised as follows: The next section presents a 

brief introduction of nonlinear MOR process which is followed by a graphical 

illustration to demonstrate the impact of linearisation around the operating point. 

Section 3.4 quadratic approximation approach for MOR purposes. Section 3.5 

focuses on TPWL approach followed by the description of its all stages including, 

generation of state trajectory, selection of linearisation points (LPs), constructing the 

reduced order basis and weighting procedure.  
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3.2 Overview of MOR for Non-linear systems 

Model order reduction for nonlinear systems is still an open challenge. With certain 

modifications, linear MOR techniques have been applied to many nonlinear systems. 

Few modified linear model order reduction approaches have been applied to 

nonlinear systems which are similar to linear scheme in complexity but can still 

capture the nonlinearities of the high order nonlinear systems. In (Fillips 2000) a 

projection-based linear MOR approach is presented to reduce the order of a 

nonlinear system by using bilinearization formalism. However bilinearization 

approach can produce models of high order before final reduction. Truncation based 

approaches have also been applied to nonlinear systems but the common drawback 

is that they often do not adequately represent the nonlinearity of the system. 

Some of the main approaches for obtaining reduced order models for nonlinear 

systems can be summarised as: linear approximation (LA), quadratic approximation 

(QA), POD and TPWL.  

LA is the most straight forward classical approach to reduce the order of nonlinear 

systems. The idea is based on the linearisation of the nonlinear system around a 

point in state space and then employing an LTI model order reduction approach to 

reduce the order of a high order model. In this approach only the first term of the 

Taylor series expansion is considered. The Jacobian of the original nonlinear system 

is obtained as a linear model approximation (Quarteroni and Rozza 2014, Rewienski 

2003 and Martίnz 2009).  

In the QA approach, the idea of LA is extended such that the second order term of 

the polynomial expansion is also included to approximate the actual nonlinear 

system. This addition is made to improve the accuracy and validity of the QA as 

compared to LA. A reduced order model containing quadratic nonlinearity is obtained 

as an outcome of QA. However both LA and QA approaches are limited to a good 

match of the system only in the neighbourhood of the expansion point (Chen and 

White 2000 and Martίnz 2009). The success of both techniques strongly depends on 

the closeness to a linear or quadratic representation of the original system. This fact 

makes them suitable for weakly nonlinear systems. Both approaches may produce a 

poor approximation of moderate to highly nonlinear systems.  
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The POD approach has been widely applied to linear as well as nonlinear systems 

(Schilders, van der Vorst and Rommes 2008 and Gartton 2002). This approach is 

also more suitable for weakly nonlinear systems. In the reduced order models the 

efficient representation of the nonlinearity is inadequately addressed. In POD the flux 

evaluation of the actual high order systems is still required even though reduced 

order models have a smaller number of states.  The selection of snapshots from data 

set requires knowledge of the final solution of the system which is not always 

available or practical to generate (Martίnz 2009). 

TPWL approximation is one of the most promising approaches to reduce the 

complexity of high order nonlinear models. This method considers multiple LPs along 

the trajectory of the states instead of linearising at a single operating point like LA 

and QA. After carefully selecting the LPs, an LTI MOR technique (e.g. truncation 

balanced realisation, Krylov subspace) is employed to obtain a bank of reduced 

order linear models. Finally, reduced order linearised models are combined together 

using weighted combination approach (Chen and White 2000, Martίnz 2009 and 

Vesilyev, Rewienski and White 2003). This technique has produced remarkable 

results for strong and weak nonlinear systems. This approach is discussed in detail 

in a later section of this chapter. 

Various nonlinear MOR approaches and the existing issues can be described using 

the Figures 3-1 - 3-3 (Gratton 2004). 

Figure 3-1 illustrates the classical linearisation and MOR of nonlinear system. The 

left hand side (LHS) of Figure 3-1 presents the linearization around a single 

operating point where sky blue and light orange colours represent the nonlinear 

space and its linearisation around a single point, respectively. The right hand side 

(RHS) of Figure 3-1 shows the MOR of the linearised model which is represented 

using grey colour. One can note that a linearised model can be reasonably 

approximated by employing a linear MOR approach however such reduced order 

models are accurate locally only due to linearisation at single operating point. This 

fact makes this approach suitable for weak nonlinear systems only. 
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Figure 3-1: Linear approximation of full order nonlinear system (left) and reduced order model 

(right) (Gratton 2004). 

 

Figure 3-2 presents the technique of polynomial expansion where a higher term of 

Taylor series is also considered in order to expand the validity of linearisation area. 

The consideration of the higher term of Taylor series expansion can increase the 

validity of a linearisation point (LP) however it is still accurate locally only due to 

single operating point. The single operating point which is valid locally only limits its 

applicability to weak nonlinear systems only. Additionally, higher term of Taylor 

series expansion can increase the complexity of MOR process.  
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Figure 3-2: Polynomial expansions around linearisation points of a full order nonlinear system 

and reduced order state space (right) (Gratton 2004). 

 

Figure 3-3 illustrates the framework of PWL approximation. In Figure 3-3 a nonlinear 

space is linearised around multiple operating points unlike the previous two 

approaches. It can be noted that multiple LPs cover the most nonlinear area which 

makes this approach more suitable for weak as well as strong nonlinear nonlinear 

systems. The RHS of Figure 3-3 presents the MOR of the linearised models of the 

nonlinear system. Due to multiple LPs, this MOR approach can capture a good 

global approximation of nonlinear system unlike other two previous approaches.  

The resulting reduced order model is more accurate as it consists of multiple LPs 

instead of relying on a single expansion. An obvious challenge is the selection of 

suitable LPs to capture all the necessary dynamics of the nonlinear system. LP 

selection is a crucial process which is going to be addressed later in this chapter and 

chapter 4. 
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Figure 3-3: Collection of various linearisation points inside a 2D full order nonlinear state 

space (left) and reduced order state space (right) (Gratton 2004). 

 

A comparative analysis of classical linearisation, quadratic approximation and 

piecewise linear approximation is presented in Chapter 6. A high order nonlinear 

system is used to implement the different concepts of linearisations and then for 

model order reduction. In chapter 6, different efficacy indices are used to quantify the 

performance of these concepts.  
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3.3 Formulation of the problem for nonlinear systems 

This section states the problem of MOR of nonlinear systems. Consider a state 

space form of a nonlinear system as follows; 

 

 �̇�(𝑡) = 𝑓(𝑥(𝑡)) + 𝐵𝑢(𝑡) 3.1 

 

 𝑦(𝑡) = 𝐶𝑇𝑥(𝑡) 3.2 

 

where 𝐵 ∈ ℝ𝑁 is the input matrix, 𝐶 ∈ ℝ𝑁 is an output matrix, 𝑥(𝑡) ∈ ℝ𝑁 is the state 

vector, whilst 𝑢(𝑡) ∈ ℝ1 and y(𝑡) ∈ ℝ1 are system input and output, respectively. The 

term 𝑓(𝑥) = [𝑓1(𝑥),  𝑓2(𝑥), … , 𝑓𝑁(𝑥)]𝑇 is a nonlinear function of states where 𝑁 defines 

the total number of states of high order system (Schilders, van der Vorst and 

Rommes 2008). The nonlinear state-space form (3.1) - (3.2), is not the most general 

form of the nonlinear systems, however many engineering problems are presented in 

this form.  In the given nonlinear system (3.1) - (3.2), nonlinearities are considered in 

the states of the system only, therefore the output equation of the system (3.2) is a 

linear equation.  

The task of the nonlinear MOR is to find the reduced order model of the high order 

nonlinear model such that 𝑞 ≪ 𝑁, where 𝑞 and 𝑁 are the orders of the reduced and 

actual systems, respectively. In this chapter we obtain the reduced order model of 

high order nonlinear system in its nonlinear state-space form. A reduced order 

nonlinear model can be given as; 

 

 �̇�(𝑡) = 𝑓𝑟(𝑧(𝑡)) + 𝐵𝑟𝑢(𝑡) 3.3 

 

 𝑦(𝑡) = 𝐶𝑟
𝑇𝑥(𝑡) 3.4 

 

where 𝑧(𝑡) ∈ ℝ𝑞, 𝑞 ≪ 𝑁 and the input-output relation of model (3.3) - (3.4) mimics 

the response of (3.1) - (3.2). For the sake of clarity, the time index (𝑡) will be omitted 

in the rest of the thesis. It’s to be noted that the implementation of TPWL approach is 

limited to nonlinear systems formulated in their state-space form. This problem is 
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further addressed in Chapter 5, where a data based approach is discussed in order 

to expand the applicability of TPWL approach. 

 

3.4 MOR via Quadratic Approximation 

The QA method is used to reduce a high order nonlinear model to a reduced order 

model with a quadratic nonlinearity. In this approach firstly a second order Taylor 

expansion is used to approximate the original nonlinear system and then the order of 

the quadratic model is reduced (Chen 1999 and Chen and White 2000). This 

approach not only reduces the order of the original nonlinear system but also the 

nonlinearity. QA generates a better approximation of the original nonlinear as 

compared to classic nonlinear approximation. A comparative study of QA and other 

nonlinear MOR techniques is presented in Chapter 6. The quadratic approximation 

of system (3.1) - (3.2) about the origin is given by 

 

 �̇� = 𝐴𝑥 + 𝑥𝑇𝑊𝑥 + 𝐵𝑢 3.5 

 

 𝑦(𝑡) = 𝐶𝑇𝑥 3.6 

 

where 𝐴 is the Jcobian of 𝑓(𝑥) evaluated at the origin and 𝑊 is a 3 dimension 

(𝑁 × 𝑁 × 𝑁) Hessian tensor given as 

 

 
𝑊𝑖,𝑗,𝑘 =

𝜕2𝑓𝑖
𝜕𝑥𝑗𝑥𝑘

 

 

3.7 

Let 𝐴1 = 𝐴−1, then multiplying (3.5) - (3.6) by 𝐴1 gives; 

 

 𝐴1�̇� = 𝑥 + 𝐴1𝑥
𝑇𝑊𝑥 + 𝐴1𝐵𝑢 3.8 

 

 𝑦 = 𝐶𝑇𝑥 3.9 
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The state 𝑥 is projected onto a dimension (𝑞 ≪ 𝑁) subspace 𝑠𝑝𝑎𝑛{𝑉}, where 𝑉 ∈

ℝ𝑁×𝑞 is an orthonormal matrix spanning the Kroylov subspace span {[𝐴1𝐵,

𝐴1
2𝐵,… , 𝐴1

𝑞𝐵]}. One can denote the projection of 𝑥 onto the sub-space span 𝑠𝑝𝑎𝑛{𝑉} 

as; 

 𝑧 = 𝑉𝑇𝑥 3.10 

The motion equation of the projection of 𝑥 onto 𝑠𝑝𝑎𝑛{𝑉} i.e. 𝑉𝑉𝑇𝑥 = 𝑉𝑧 is given by 

(Chen 1999) 

  

 𝐴1𝑉�̇� = 𝑉𝑧 + 𝐴𝑧𝑇𝑉𝑇𝑊𝑉𝑧 + 𝑏1𝑢 3.11 

 

 𝑦 = 𝐶𝑇𝑉𝑧 3.12 

 

where 𝑏1 = 𝐴1𝐵. Using 𝐻 = 𝑉𝑇𝐴1𝑉 and multiplying both sides of (3.11) by 𝑉𝑇 one 

obtains; 

  

 𝐻�̇� = 𝑧 + 𝑉𝑇𝐴𝑧𝑇𝑉𝑇𝑊𝑉𝑧 + 𝑉𝑇𝑏1𝑢 3.13 

 

 𝑦 = 𝐶𝑇𝑉𝑧 3.14 

 

Multiplying (3.13) - (3.14) by 𝐻−1 yields to; 

 

 �̇� = 𝐻−1𝑧 + 𝐻−1𝑉𝑇𝐴𝑧𝑇𝑉𝑇𝑊𝑉𝑧 + 𝐻−1𝑉𝑇𝑏1𝑢 3.15 

 

 𝑦 = 𝐶𝑇𝑉𝑧 3.16 

 

Now we set 𝐴𝑟 = 𝐻−1, 𝐵𝑟 = 𝐻−1𝑉𝑇𝑏1 and 𝐶𝑟 = 𝑉𝑇𝐶. 

 

For the Quadratic term 𝑄(𝑧) = 𝐻−1𝑉𝑇𝐴𝑧𝑇𝑉𝑇𝑊𝑉𝑧, we define 𝑞 × 𝑁 matrix 𝑄1 =

𝐻−1𝑉𝑇𝐴 and 𝑄2 = 𝑉𝑇𝑊𝑉 which is 𝑁 × 𝑞 × 𝑞. The Quadratic term can be written as 

(Chen 1999) 

 𝑄(𝑧) = 𝑄1(𝑧
𝑇𝑄2𝑧) 3.17 
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If 𝑄1 = (𝑑𝑗
𝑖), 𝑄2 = (𝛽𝑠𝑡

𝑘 ) we denote [𝑉]𝑖 for the 𝑖𝑡ℎ element of any vector 𝑣 we can 

write in term of elements  

 

 [�̂�(𝑧)]𝑖 = 𝑑𝑘
𝑖 (𝑧𝑠𝛽𝑠𝑡

𝑘 𝑧𝑡) 3.18 

 

 [�̂�(𝑧)]𝑖 = 𝑧𝑠(𝑑𝑘
𝑖 𝛽𝑠𝑡

𝑘 )𝑧𝑡 3.19 

   

 [�̂�(𝑧)]𝑖 = 𝑧𝑠�̂�𝑠𝑡
𝑖 𝑧𝑡 3.20 

 

 𝑄(𝑧) = 𝑧𝑇𝑤𝑟𝑧 3.21 

where 𝑤𝑟 = �̂�𝑠𝑡
𝑖  with �̂�𝑠𝑡

𝑖 = 𝑑𝑘
𝑖 𝛽𝑠𝑡

𝑘 . In a tensor notation, it can be written as (Chen 

1999) 

 

 𝑤𝑟 = 𝑇1
2(𝑄1 ⊗ 𝑄2) 3.22 

 

The reduced order system of the original quadratic system can be written as 

 

 �̇� = 𝐴𝑟𝑧 + 𝑧𝑇𝑤𝑟𝑧 + 𝐵𝑟𝑢 3.23 

 

 𝑦 = 𝐶𝑟𝑧 3.24 

 

3.5 Trajectory piecewise linear approximation 

Motivated by the need to develop a MOR technique capable of capturing strongly 

nonlinear behaviour of systems, better global approximation, yet at relatively low 

extraction cost, (Rewienski 2003) proposed a quasi-piecewise linear approach called 

trajectory piece-wise linearization. This approach considers multiple linearised 

models around a fixed state trajectory of states (Rewienski and White 2001 and 

Rewienski 2003). These suitably selected linearised models are reduced to low order 

models by using a linear MOR approach. Finally, a weighted combination is obtained 
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of the reduced order linearised models. The selection of linearised models, reduced 

order bases and weighting combination algorithms are discussed later in this 

chapter.  

The TPWL technique is formulated for a particular nonlinear state space structure 

where the nonlinearities are considered in the states of the system only as given in 

(3.1) - (3.2). The techniques is based upon the logic that for a nonlinear system, a 

linear model of it can be obtained by linearizing about a point, and a good 

approximation of the system can be obtained at some neighbourhood around the 

point. The main idea of this approach is to select multiple LPs at suitable distance 

(i.e. close enough to the previous LP) instead of relying on single operating point at 

equilibrium (Rewienski 2003). The collection of these finite points is illustrated in 

Figure 3-4. Vectors 𝑥0, 𝑥1, … 𝑥4 are points about which the nonlinear system is 

linearised.  

 

 

Figure 3-4: Collection of linearisation points in 2D space (Rewienski 2003) 
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Consider 𝑠 linearised points around states 𝑥0, . . . , 𝑥(𝑠−1) of (3.1) - (3.2)  

 

 �̇�𝑖 = 𝑓(𝑥𝑖) + 𝐴𝑖(𝑥 − 𝑥𝑖) + 𝐵𝑢 3.25 

 

 𝑦𝑖 = 𝐶𝑇(𝑥 − 𝑥𝑖) 3.26 

 

where 𝐴𝑖  are the Jacobians of nonlinear function 𝑓(. ) evaluated at different states 

𝑥𝑖 , 𝑖 = 0, 1, … , (𝑠 − 1).  

By taking the weighted combination of the linearised models (3.25) 

 

 
�̇�𝑖 = ∑�̃�𝑖(𝑥)(𝑓(𝑥𝑖) + 𝐴𝑖(𝑥 − 𝑥𝑖) + 𝐵𝑢)

𝑠−1

𝑖=0

 
 

3.27 

 

where �̃�𝑖(𝑥) ∈ ℝ are known as state dependent weights. It is assumed that all 

weights satisfy the normalise condition e.g. ∑ �̃�𝑖(𝑥) = 1𝑠−1
𝑖=0 , which means that we 

combine the linearised models in (3.27). 

Assuming qth order (q<<N) bases 𝑉 ∈ ℝ𝑁×𝑞 (Note that bases 𝑉𝑖 are different for 

different linearised models) and projecting (3.27) yields to the weighted combination 

of the reduced order form (Rewienski and White 2001 and Rewienski 2003). The 

weighting combination procedure has been discussed in detail in section 3.5.4. 

 

 
�̇�𝑖 = ∑�̃�𝑖(𝑉𝑧)(𝑉𝑇𝑓(𝑥𝑖) + 𝑉𝑇𝐴𝑖(𝑉𝑧 − 𝑥𝑖) + 𝑉𝑇𝐵𝑖𝑢)

𝑠−1

𝑖=0

 
 

3.28 

 

where 𝑧𝑖 represents reduced order state vector. Instead of weights �̃�𝑖 which are the 

weights of linearised models, we use new weights which depend on the reduced 

order state vector 𝑧. Replacing �̃�𝑖(𝑉𝑧) with 𝑤𝑖(𝑧) in (3.28) gives: 
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�̇�𝑖 = ∑𝑤𝑖(𝑧)𝑉

𝑇𝑓(𝑥𝑖) + ∑𝑤𝑖(𝑧) 𝑉
𝑇

𝑠−1

𝑖=0

𝐴𝑖𝑉𝑧 − ∑𝑤𝑖(𝑧)𝑉
𝑇

𝑠−1

𝑖=0

𝐴𝑖𝑥𝑖

𝑠−1

𝑖=0

+ ∑𝑤𝑖(𝑧) 𝑉
𝑇

𝑠−1

𝑖=0

𝐵𝑖𝑢 

3.29 

 

 
�̇�𝑖 = ∑𝑤𝑖(𝑧)𝑉

𝑇𝑓(𝑥𝑖) + ∑𝑤𝑖(𝑧)𝐴𝑖𝑟

𝑠−1

𝑖=0

𝑧 − ∑𝑤𝑖(𝑧)𝑉
𝑇

𝑠−1

𝑖=0

𝐴𝑖𝑥𝑖

𝑠−1

𝑖=0

+ ∑𝑤𝑖(𝑧) 

𝑠−1

𝑖=0

𝐵𝑖𝑟𝑢 

3.30 

 

where 𝐴𝑖𝑟 = 𝑉𝑖
𝑇𝐴𝑖𝑉𝑖 and 𝐵𝑖𝑟 = 𝑉𝑖

𝑇𝐵𝑖 

 

 
�̇�𝑖 = ∑𝑤𝑖(𝑧)𝐴𝑖𝑟

𝑠−1

𝑖=0

𝑧 + ∑𝑉𝑇(𝑓(𝑥𝑖) − 𝐴𝑖𝑥𝑖)𝑤𝑖(𝑧) + ∑𝑤𝑖(𝑧) 

𝑠−1

𝑖=0

𝐵𝑖𝑟𝑢

𝑠−1

𝑖=0

 
3.31 

 

Finally, the reduced order model is given by: 

 

 
�̇� = (∑𝑤𝑖(𝑧)𝐴𝑖𝑟

𝑠−1

𝑖=0

)𝑧 + 𝛾.𝑤(𝑧) + (∑𝑤𝑖(𝑧)𝐵𝑖𝑟

𝑠−1

𝑖=0

)𝑢 
3.32 

 

 𝑦 = 𝐶𝑟(𝑧) 3.33 

 

where 𝐶𝑟 = 𝐶𝑇𝑉𝑖 and 𝛾 = [𝑉𝑖
𝑇(𝑓(𝑥0) − 𝐴0𝑥0),… , 𝑉𝑖

𝑇(𝑓(𝑥𝑠−1) − 𝐴𝑠−1𝑥𝑠−1)]. The term 

𝑤(𝑧) = [𝑤0(𝑧),… ,𝑤𝑠−1(𝑧)]
𝑇 is a vector of state dependent weights [∑ 𝑤𝑖(𝑧) = 1𝑠−1

𝑖=0 ].  

Having presented the original TPLW method, the next two sections describe the 

generation of the state trajectories and then the linearization points selection along 

these state trajectories.  
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3.5.1 Generation of state trajectory 

The state trajectories are generated in order to select the linearization points along 

them. This step requires a careful consideration as it may affect the overall 

approximation efficiency of the final TPWL model. A training input is used to 

generate the state trajectories. Figure 3-5 represents the generation of trajectories 

by different inputs. 

 

 

Figure 3-5: Generation of trajectories by different inputs 

 

Let us assume that a reduced order model is composed of linear models generated 

along this trajectory (curve A). 𝑥0, 𝑥1, … 𝑥4 are points along which sub-models have 

been linearised (Rewienski and White 2001 and Rewienski 2003 and Vob et al. 

2008). If a certain system’s trajectory, corresponding to a given input signal 𝑢, lies 

within the region of the state space covered by these models, we expect that the 

constructed piece-wise linear model will suitably approximate the input/output 

behaviour of the original nonlinear system (curves B and C). If an increase in the 
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amplitude of the input causes a shift in the state trajectory (curve D is outside the 

accuracy region), the TPWL approach fails.   

3.5.2 Selection of linearised points 

The trajectory piecewise linear approximation approach proposes an approach for 

the selection of linearised points along the state trajectories.   

If a nonlinear system f is linearised at a point 𝑥𝑖, then the sub-model at 𝑥𝑖 is an 

accurate approximation for f in some neighbourhood 휀, as long as 𝑥𝑖 is ‘close 

enough’ to 𝑥, where ‖𝑥 − 𝑥𝑖‖ < 휀. Obviously, it is required to fill all the N-dimensional 

space with linearised points effective in a certain radius. But filling the entire state 

space is computationally intensive and very costly (Rewienski and White 2001, 

Rewienski 2003 and Vob et al. 2008).  

The choice of linearised points can be summarised as: 

1. Generate a linearised model about the initial state and set 𝑖 = 0. 

2. Using the training input simulate the nonlinear system while 𝑚𝑖𝑛⏟
0≤𝑗≤𝑖

‖𝑥−𝑥𝑗‖

‖𝑥𝑗‖
< 𝛿 

where 𝛿 (𝛿 > 0) is a tuning parameter and 𝑥𝑗 , 𝑗 = 0, 1, … , 𝑖 are selected LPs. 

3. When 𝑚𝑖𝑛⏟
0≤𝑗≤𝑖

‖𝑥−𝑥𝑗‖

‖𝑥𝑗‖
> 𝛿, linearise nonlinear model about 𝑥(𝑖+1) = 𝑥, and set 𝑖 =

𝑖 + 1 and go back to point 2. 

 

Having obtained the linearization points and linearised the system along those 

points, the next stage is to obtain the reduced order basis. 

3.5.3 Constructing the reduced order basis 

The order of suitably selected linearised models can be reduced by using a linear 

MOR approach e.g. ‘Poor Mans’ TBR or a Krylov approach. In (Rewienski and White 

2001 and Rewienski 2003 and Vob et al. 2008) the Krylov subspace based Arnoldi 

method is used to obtain reduced order basis 𝑉 by projecting linear equations 

describing LTI models into a subspace of lower dimension. The state 𝑥 is projected 

onto lower order subspace 𝑠𝑝𝑎𝑛{𝑉}, where 𝑉 ∈ ℝ𝑁×𝑞  is an orthonormal matrix 
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spanning the Krylov subspace 𝑠𝑝𝑎𝑛{[𝐴1𝐵, 𝐴1
2𝐵,… , 𝐴1

𝑞
𝐵]}. This approach has been 

discussed in detail in chapter 2. One can denote the projection of 𝑥 onto the 

subspace span {𝑉} as: 

𝑧 = 𝑉𝑇𝑥 

Having obtained a set of reduced order models, the next step is to obtain the 

weighted combination of these models. 

3.5.4 Weighting procedure 

This section explains the procedure for computing the weights �̃�𝑖 and 𝑤𝑖 used in 

(3.28) and (3.29). In this procedure the weight distribution is computed such that in 

some neighbourhood of LPs the nonlinearity will be approximated by the 

combination of linearised models (Rewienski 2003). A scalar weighting function is 

used during crossing region boundaries to have smooth transitions.  

Let us consider the linearised models of (3.1) from a given state 𝑥𝑖 

 

 𝑓(𝑥) = 𝑓(𝑥𝑖) + 𝐴𝑖(𝑥 − 𝑥𝑖) 3.34 

 

where 𝐴𝑖 is the Jacobian of 𝑓 evaluated at 𝑥𝑖; 

 

 
𝑓(𝑥) − 𝑓(𝑥) = (∫ (1 − 𝑠)

1

0

𝑊(𝑥 + 𝑠(𝑥 − 𝑥𝑖)𝑑𝑠)(𝑥 − 𝑥0) ⊗ (𝑥 − 𝑥0) 
3.35 

 

where 𝑊 is known as Hessian of 𝑓. For 𝑥 ∈ 𝐵(𝑥𝑖, 휀) with 휀 > 0, it implies that 

  

 
‖𝑓(𝑥) − 𝑓(𝑥)‖ ≤

1

2
‖𝑊(𝑥)‖‖𝑥 − 𝑥0‖

2
𝑥∈𝐵(𝑥𝑖,𝜀)

𝑠𝑢𝑝
 

3.36 

 

The above equation (3.36) shows that the Hessian is bounded for 𝑥𝑖. As the distance 

increases between the expansion point 𝑥𝑖 and the evaluating point 𝑥, the error due to 

linear approximation of 𝑓 also increases quadratically. The information on the 
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distance of 𝑥 and 𝑥𝑖 can be used to compute the distribution of weights (Rewienski, 

2003, Vesilyev, Rewienski and White 2003 and Rewienski and White 2001). 

The intuitive heuristics can be used following from (3.36) if the information on the 

Hessian is not available. In other words the dominant linearised model of (3.27) 

should be used to find the information about the distance between the expansion 

point 𝑥𝑗 and the current state 𝑥. It can be written as  

  

 �̃�𝑖 = �̃�𝑖(‖𝑥 − 𝑥0‖,… , ‖𝑥 − 𝑥𝑠−1‖) 3.37 

 

such that if 𝑗 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑖=0,…,(𝑠−1)‖𝑥 − 𝑥𝑗‖, then �̃�𝑗 = 𝑚𝑎𝑥𝑖=0,…,(𝑠−1){�̃�𝑖} (Rewienski, 

2003). 

The challenge here is now to construct the weighted combination of the reduced 

order linear models. (3.37) can be written as 

 

 𝑤𝑖 = �̃�𝑖(‖𝑉𝑧 − 𝑥0‖,… , ‖𝑉𝑧 − 𝑥𝑠−1‖) 3.38 

 

It is required to compute 𝑉𝑧 in order to evaluate 𝑤𝑖 which would be very costly. 

Alternatively, instead of using ‖𝑉𝑧 − 𝑥𝑖‖ in the high order state space, the distance 

between the reduced order state 𝑧 and reduced projection 𝑧𝑖 of the linearization 

points 𝑥𝑖 can be considered.  

The projection 𝑧𝑖 can be taken as least square approximation of 𝑥𝑖 in the basis 𝑉 

such that 

 

 [𝑧0, 𝑧1, … , 𝑧𝑠−1] = [𝑉𝑇𝑥0, 𝑉
𝑇𝑥1, … , 𝑉𝑇𝑥𝑠−1] 3.39 

 

where 𝑉 is orthonormal projection basis. It is to be noted that the distances between 

the linearization points and the original and reduced spaces may be different 

(Rewienski, 2003).  

 In order to avoid this issue all the linearization points can be represented exactly in 

the reduced order space; 
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 ‖𝑉𝑧 − 𝑥𝑖‖2 = ‖𝑉𝑧 − 𝑉𝑧𝑖‖2 = ((𝑉𝑧 − 𝑉𝑧𝑖)
𝑇(𝑉𝑧 − 𝑉𝑧𝑖))

1/2

= ((𝑧 − 𝑧𝑖)𝑉
𝑇𝑉(𝑧 − 𝑧𝑖))

1/2 = ‖𝑧 − 𝑧𝑖‖2 

3.40 

 

This shows that the Cartesian distances between the linearization points and 𝑥 (such 

that 𝑥 = 𝑉𝑧) are preserved after orthonormal projection. 

There are different weighting procedures available to select the dominant linearised 

model depending on the distances ‖𝑧 − 𝑧𝑖‖2. This idea works in a way that when the 

state vector 𝑧 approaches the centre point 𝑧𝑖, it should become close to 1 and should 

move to zero as soon as 𝑧 leaves 𝑧𝑖 (Rewienski, 2003). 

   

 

1. For 𝑖 = 0,… , (𝑠 − 1), calculate 𝑑𝑖 = ‖𝑧 − 𝑧𝑖‖2, where 𝑠 is number of 

linearisation models, 𝑧 and 𝑧𝑖 current and previous state respectively 

2. Obtain 𝑚 = 𝑚𝑖𝑛𝑖=0,…,(𝑠−1)𝑑𝑖 

3. For 𝑖 = 0,… , (𝑠 − 1) calculate ŵi(z) = e
−βdi

m , where β is a positive constant 

4. Normalise ŵi(z) at the evaluation point: 

4.1 For 𝑖 = 0,… , (𝑠 − 1) set 𝑤𝑖(𝑧) =
ŵi(z)

∑ ŵj(z)
(s−1)
(j=0)

 

 

The author (Rewienski, 2003) also proposed a more complex technique that uses 

the norm of Hessians to determine weights. The limitation of this technique is that it 

is not often feasible to compute norms of hessians (Dong and Roychowdhury, 2005). 

 

 

1. Compute 𝑤𝑖(𝑧) = [
𝑑𝑚𝑖𝑛(𝑧)

𝑑𝑖(𝑧)
exp (−

𝑑𝑖(𝑧)−𝑑𝑚𝑖𝑛(𝑧)

𝐷𝑚𝑖𝑛
)]𝑃 

  where 

              𝑑𝑖(𝑧) = ‖𝑧 − 𝑧𝑖‖2
2 

𝑑𝑚𝑖𝑛(𝑧) = min {𝑑𝑖(𝑧): 𝑖 = 0,… , (𝑠 − 1)} 

                                     𝐷𝑚𝑖𝑛 = min {‖𝑧𝑖 − 𝑧𝑗‖2

2
∶ 𝑖, 𝑗 = 0, … (𝑠 − 1)∀ 𝑖 ≠ 𝑗}   

2. Normalise ŵi(z) 
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3.6 Conclusion 

 

This chapter has presented three nonlinear MOR approaches, LA, QA and TPWL. 

LA approach is a classic nonlinear MOR approach based on the idea of linearisation 

of nonlinear system around a single operating point in state space. The linearised 

model further reduced to a lower order model using a LTI approach.  

QA approach is an improved form of LA. In the QA approach the second order term 

of polynomial expansion is also included in order to improve the approximation of the 

actual nonlinear system. However LA and QA approaches are only suitable for 

weakly nonlinear systems. This is due to the use of a single operating point which 

only makes it accurate locally. 

TPWL approach was introduced in (Rewienski 2003). This approach is based on the 

idea of selecting multiple carefully chosen LPs along a state trajectory. These LPs 

are reduced to a lower order model using a LTI MOR approach. In (Rewienski 2003) 

a Krylov subspace approach is employed to reduce the order of high order linear 

system. In the last stage of TPWL approach a weighted combination of these 

reduced order linearised models is obtained. This approach is proven to be an 

effective approach for weakly as well as heavily nonlinear system due to multiple 

LPs unlike LA and QA. A comparative study and results of these nonlinear MOR 

approaches is presented in Chapter 6. TPWL approach is the main focus of this 

research and the next chapter presents the different improvements of the TPWL 

process including: modification for nonlinear state space function, modified LPs 

selection approaches and reduced order bases approaches.  
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Chap te r  4  

 

 

Improved Trajectory Piecewise Linear 
Approximation 

 

 

4.1 Introduction 

Having presented the MOR methods developed for nonlinear models in the previous 

chapter, this chapter focuses on the modifications of the original TPWL. The first 

section of this chapter presents a brief overview of the modifications of TPWL done 

in the past few years. Section 4.3 presents the contribution named as ‘TPWL 

modification with respect to nonlinearities’ where the original TPWL is modified to 

deal with nonlinear function of states and inputs. This is followed by two new 

approaches for LP selection to reduce the number of linearised models whilst 

maintaining the accuracy of the reduced model. A combination of both new LP 

selection approaches is also presented to enhance it for heavy nonlinear systems. 

The next half of the chapter focuses on the reduced order bases modifications where 

SPA and Krylov/SPA approaches are introduced to make the MOR approach 

suitable for very large scale systems yet retaining the stability in the reduced order 

models. 
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4.2 Implementations and modifications of Rewienski’s TPWL 

TPWL has been successfully implemented in a wide range of applications, including: 

micromachined switch circuits (Rewienski and White 2001), biomedical 

microelectromechanical system devices (Vasilyev, Rewieński and White 2006), 

academic diode chain model (Verhoeven et al. 2007), nonlinear academic model of 

an inverter chain (Bechtold et al. 2008), biochemical systems (Gu and 

Roychowdhury 2008), unstructured analogue, unstructured MEMS (Bond 2009), 

CFD (Cardoso and Durlofsky et al. 2010) and electromagnetics (Albunni et al. 2008). 

The TPWL approach can be dived into the following main steps; 

1. Generation of state trajectory 

2. Selection of LPs 

3. Reduced order basis/modelling 

4. Weighting combination 

The original TPWL (Rewienski 2003) has been modified in order to improve the 

approximation for some applications. In (Dong and Roychowdhury 2003) the order of 

the Taylor series expansion to second term was increased. This approach provided 

very promising results by producing a better accuracy however the resulting model 

was more complex than expected. In (Zong, Yang, and Zeng, 2010) model order 

reduction was performed in the time domain and known as ‘wavelet-collocation’. A 

method was developed for compounding nonlinear wavelet to not only improve the 

simulation accuracy but also control time-domain modelling error. A ‘fast TPWL’ was 

proposed by (Liu, Yuan and Chang 2014) specifically applied to thermoelectric 

coupled models of micro-machined thermal sensors. 
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4.3 TPWL modification with respect to nonlinearities 

In the Rewienski’s TPWL approach, nonlinearities are considered in the states of the 

system only. The proposed modified TPWL, considers the nonlinear function as a 

function of states as well as inputs given below: 

 

 �̇�(𝑡) = 𝑓(𝑥, 𝑢) + 𝐵𝑢 4.1 

 

 𝑦 = 𝐶𝑇𝑥 4.2 

 

where 𝑓(𝑥, 𝑢) = [𝑓1(𝑥, 𝑢),  𝑓2(𝑥, 𝑢),… , 𝑓𝑁(𝑥, 𝑢)]𝑇 is a nonlinear function, 𝐵 ∈ ℝ𝑁 is the 

input matrix, 𝐶 ∈ ℝ𝑁 is an output matrix and 𝑥 ∈ ℝ𝑁 is the state vector. 𝑢(𝑡) ∈ ℝ1 and 

y(𝑡) ∈ ℝ1 are system input and output, respectively.  

 

For simplicity, replacing 𝑓(𝑥, 𝑢) with 𝑓(𝜏), (4.1) can be rewritten as: 

 

 �̇�(𝑡) = 𝑓(𝜏) + 𝐵𝑢 4.3 

 

Now, consider 𝑠 linearised points around 𝜏0, . . . , 𝜏(𝑠−1) in (4.1)  

 

 �̇�𝑖 = 𝑓(𝜏𝑖) + 𝒜𝑖(𝜏 − 𝜏𝑖) + 𝐵𝑢 4.4 

 

 𝑦𝑖 = 𝐶𝑇(𝑥 − 𝑥𝑖) 4.5 

 

where 𝒜𝑖  are the Jacobians of the nonlinear function 𝑓(𝑥, 𝑢) evaluated with respect 

to 𝑥 and 𝑢 at different states 𝑥𝑖 , 𝑖 = 0, 1, … , (𝑠 − 1) and 𝑢.  

By taking the weighted combination of the linearised models in (4.4) 

 
�̇�𝑖 = ∑�̃�𝑖(𝜏)(𝑓(𝜏𝑖) + 𝒜𝑖(𝜏 − 𝜏𝑖) + 𝐵𝑢)

𝑠−1

𝑖=0

 
4.6 

 

where �̃�𝑖(𝜏) ∈ ℝ are state dependent weights. 



60 

 

By generating the 𝑞𝑡ℎ order basis 𝑉 ∈ ℝ𝑁×𝑞 of the matrix 𝒜𝑖 linearised with respect 

to 𝑥 and 𝑢, the projection of (4.6) gives: 

 

 
�̇�𝑖 = ∑�̃�𝑖(𝑉𝑧)(𝑉𝑇𝑓(𝜏𝑖) + 𝑉𝑇𝒜𝑖(𝑉𝑧 − 𝜏𝑖) + 𝑉𝑇𝐵𝑖𝑢)

𝑠−1

𝑖=0

 
 

4.7 

 

Replacing �̃�𝑖(𝑉𝑧) with 𝑤𝑖(𝑧) in (4.7):  

  

 
�̇�𝑖 = ∑𝑤𝑖(𝑧)𝑉

𝑇𝑓(𝜏𝑖) + ∑𝑤𝑖(𝑧) 𝑉
𝑇

𝑠−1

𝑖=0

𝒜𝑖𝑉𝑧 − ∑𝑤𝑖(𝑧)𝑉
𝑇

𝑠−1

𝑖=0

𝒜𝑖𝜏𝑖

𝑠−1

𝑖=0

+ ∑𝑤𝑖(𝑧) 𝑉
𝑇

𝑠−1

𝑖=0

𝐵𝑖𝑢 

 

4.8 

 

 
�̇�𝑖 = ∑𝑤𝑖(𝑧)𝑉

𝑇𝑓(𝜏𝑖) + ∑𝑤𝑖(𝑧)𝒜𝑖𝑟

𝑠−1

𝑖=0

𝑧 − ∑𝑤𝑖(𝑧)𝑉
𝑇

𝑠−1

𝑖=0

𝒜𝑖𝜏𝑖

𝑠−1

𝑖=0

+ ∑𝑤𝑖(𝑧) 

𝑠−1

𝑖=0

𝛽𝑖𝑟𝑢 

 

4.9 

 

 
�̇�𝑖 = ∑𝑤𝑖(𝑧)𝒜𝑖𝑟

𝑠−1

𝑖=0

𝑧

+ ∑𝑉𝑇(𝑓(𝜏𝑖) − 𝒜𝑖𝜏𝑖)𝑤𝑖(𝑧) + ∑𝑤𝑖(𝑧) 

𝑠−1

𝑖=0

𝛽𝑖𝑟𝑢

𝑠−1

𝑖=0

 

4.10 

 

   

 
�̇� = (∑𝑤𝑖(𝑧)𝒜𝑖𝑟

𝑠−1

𝑖=0

)𝑧 + 𝜕.𝑤(𝑧) + (∑𝑤𝑖(𝑧)𝛽𝑖𝑟

𝑠−1

𝑖=0

)𝑢 
4.11 

 

 𝑦 = 휀𝑟(𝑧) 4.12 
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where 𝒜𝑖𝑟 = 𝑉𝑖
𝑇𝒜𝑖𝑉𝑖, 𝛽𝑖𝑟 = 𝑉𝑖

𝑇𝐵𝑖, 휀𝑟 = 𝐶𝑇𝑉𝑖, 𝜕 = [𝑉𝑖
𝑇(𝑓(𝜏0) − 𝒜0𝜏0), … , 𝑉𝑖

𝑇(𝑓(𝜏𝑠−1) −

𝒜𝑠−1𝜏𝑠−1)]. The term 𝑤(𝑧) = [𝑤0(𝑧),… ,𝑤𝑠−1(𝑧)]
𝑇 is a vector of state dependent 

weights [∑ 𝑤𝑖(𝑧) = 1𝑠−1
𝑖=0 ].  

 

4.4 Selection of linearised points 

The selection of LPs is a crucial stage in TPWL as it has a significant influence on 

the accuracy of the TPWL model. It is important to choose a reasonable number of 

LP, suitably distant, for a better approximation while maintaining a relatively low 

computational cost. The next section starts with the description of the classical 

method prior to describing the proposed modification which aims to reduce the 

number of linearization points. 

 

4.4.1 Determination of exact linearisation point selection 

The algorithm by Rewienski (Rewienski 2003) selects the next LP along the fixed 

state trajectory when the spatial distance of the current state to the previous LP 

exceeds a threshold 𝛿 (as given in 3.5.1)  

 

 

 
𝑀 = 𝑚𝑖𝑛⏟

0≤𝑗≤𝑖

‖𝑥 − 𝑥𝑗‖

‖𝑥𝑗‖
> 𝛿 

4.13 
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Figure 4-1: Selection of linearised points along state trajectory 

 

Figure 4-1 shows multiple linearised points chosen at suitable distance along a fixed 

state trajectory depending on 𝛿. The accuracy regions of these points overlap each 

other resulting in an increased number of linearised points. Increase in number of 

linearised points can cause an increase in computational cost. 

 

If at current state 𝑥𝑗, 𝑀 >  𝛿 and at previous state 𝑥𝑗−1, 𝑀 <  𝛿, it means a point exist 

between the intervals 𝑗 and 𝑗 − 1 where 𝑀 =  𝛿 holds. So in this approach the point 

(where 𝑀 =  𝛿) is selected to linearise the model. This approach is graphically 

illustrated in Figure 4-2 with the state trajectory considered at the instants 0, 1 and 2 

with 𝑥𝐿𝑃1 a chosen LP at 0 instant. The original Rewienski’s algorithm (Rewienski 

2003) based on expression (4.13) checks the distance at instant 1 for the next LP 

with the previous LP. if It is less than the threshold 𝛿, it jumps to instant 2. Let us 

assume that at instant 2 the next LP is chosen where 𝑀 >  𝛿. In Figure 4-2, 1’ 

represents the exact time instant where 𝑀 =  𝛿. Using this approach we select a LP 

between two instants where 𝑀 is exactly equal to 𝛿. 
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Figure 4-2: 2D plot of states showing LP selection 

 

In Figure 4-2 𝑥𝐿𝑝1 is the initial LP whereas 𝑥𝐿𝑝2 represents the next LP which is 

chosen based on Rewienski’s algorithm where distance between both LPs exceeds 

𝛿. In the above figure 𝛿 is used to mark the distance between both LPs whereas 𝛿′ is 

used to mark the distance between the previous and new selected LP. 

  is a tuning parameter to select the distance between LPs. Smaller the value 𝛿  

means more number of LPs along the state trajectory. 

𝛿 is a tuning parameter which defines plays a vital role to select the next LP based 

on the distance. Smaller the value of 𝛿 means increase in number of LPs along the 

state trajectory. In some situations the gap between two instances can be large 

enough to accommodate more than one LP. So the exact LP technique can be 

useful to capture the nonlinear effects while keeping the total number of LPs low. 
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Figure 4-3: Selection of next linearisation point when M= δ 

 

In Figure 4-3, 𝑥1, 𝑥2, … , 𝑥𝑁 denote the states of the system. Let us assume that 𝑥𝐿 be 

the initial LP at time 𝑡𝐿 and 𝑥𝐻 is the next LP at time instant 𝑡𝐻 where 𝑀 >  𝛿. 𝑥𝑟 is 

the LP where 𝑀 =  𝛿. 

 

Given: 

 
𝑀 =

‖𝑥𝑟 − 𝑥𝐿‖

‖𝑥𝐿‖
= 𝛿 

4.14 

It follows that: 

 √(𝑥𝑟1 − 𝑥𝐿1)2 + (𝑥𝑟2 − 𝑥𝐿2)2 + ⋯+ (𝑥𝑟𝑁 − 𝑥𝐿𝑁)2

√(𝑥𝐿1
2 + 𝑥𝐿2

2 + ⋯+ 𝑥𝐿𝑁
2 )

= 𝛿 
4.15 

 

re-arranging (4.15) gives: 
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 (𝑥𝑟1 − 𝑥𝐿1)
2 + (𝑥𝑟2 − 𝑥𝐿2)

2 + ⋯+ (𝑥𝑟𝑁 − 𝑥𝐿𝑁)2

= 𝛿2(𝑥𝐿1
2 + 𝑥𝐿2

2 + ⋯+ 𝑥𝐿𝑁
2 ) 

4.16 

 

The time and points in the space where 𝑀 =  𝛿, can be determined by the straight 

line equation as  

 

𝑥𝑟1 = 𝑚1(𝑡𝑟1 − 𝑡𝐿1) + 𝑥𝐿1 

𝑥𝑟2 = 𝑚2(𝑡𝑟2 − 𝑡𝐿2) + 𝑥𝐿2 

 ⋮ 4.17 

 

𝑥𝑟𝑁 = 𝑚𝑁(𝑡𝑟𝑁 − 𝑡𝐿𝑁) + 𝑥𝐿𝑁 

 

where 𝑚1,  𝑚2, … ,𝑚𝑁 are gradients expressed by  

 

 𝑚 =
𝑥𝐻 − 𝑥𝐿

𝑡𝐻 − 𝑡𝐿
 4.18 

 

It is known that 𝑡𝑟1 = 𝑡𝑟2 = ⋯ = 𝑡𝑟𝑁 = 𝑡𝑟 and  𝑡𝐿1 = 𝑡𝐿2 = ⋯ = 𝑡𝐿𝑁 = 𝑡𝐿 

 

Substituting (4.17) into (4.16) gives that 

 

 𝑚1
2(𝑡𝑟 − 𝑡𝐿)

2 + 𝑚2
2(𝑡𝑟 − 𝑡𝐿)

2 + ⋯+ 𝑚𝑁
2 (𝑡𝑟 − 𝑡𝐿)

2

= 𝛿2(𝑥𝐿1
2 + 𝑥𝐿2

2 + ⋯+ 𝑥𝐿𝑁
2 ) 

4.19 

 

Factorising the L.H.S. of (4.19) as 

 

 (𝑡𝑟 − 𝑡𝐿)
2(𝑚1

2 + 𝑚2
2 + ⋯+ 𝑚𝑁

2 ) = 𝛿2(𝑥𝐿1
2 + 𝑥𝐿2

2 + ⋯+ 𝑥𝐿𝑁
2 ) 4.20 

 

 

and rearranging, the time instant can be obtained as  
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𝑡𝑟 = 𝑡𝐿 + 𝛿√
∑ 𝑥𝐿𝑖

2𝑁
𝑖=1

∑ 𝑚𝑖
2𝑁

𝑖=1

 

4.21 

 

and finally (4.21) can be written as: 

 
𝑡𝑟 = 𝑡𝐿 +

𝛿‖𝑥𝐿‖

‖𝑚‖
 

4.22 

 

We can obtain the exact LP 𝑥𝑟 by substituting (4.22) into (4.17). 

The procedure for selecting the exact LP is given in Algorithm 4.1. 

 

Algorithm 4.1: 

 

1. For a training input 𝑢(𝑡), simulate the high fidelity nonlinear system to obtain 

the output 𝑦(𝑡) and state vectors 𝑥1, 𝑥2, … , 𝑥𝑁, where 𝑁 is the number of states 

collected by simulating for time 𝑇𝑠𝑖𝑚 seconds. 

2. Defining the factor 𝛿, set the initial LP 𝑥0 at 𝑖 = 0, where 𝑖 = 0, 1, … , (𝑠 − 1) 

3. Set time index 𝑘 = 𝑖 + 1, 𝑥𝐿𝑃 = 𝑥𝑖 

4. While 𝑘 < 𝑇 {where 𝑘 = 1, 2, … , 𝑇} 

a. If 𝑀 > 𝛿 {Recall 𝑀 =
‖𝑥(𝑡)−𝑥𝑖‖

‖𝑥𝑖‖
}, find exact LP where 𝑀 = 𝛿 

 a.1. Determine exact time 𝑡𝑟 at state 𝑥𝑟 where 𝑀 = 𝛿 

  a.1.1. Compute 𝑚, 𝑡𝑟 and 𝑥𝑟 

 a.2. Make 𝑥𝑟 the new LP        

else 

 b.1. Increment 𝑘 = 𝑘 + 1  

b. end 

5. end 

The algorithm 4.1 demonstrates the steps of exact LP approach. This algorithm is an 

extension of the Rewienski’s LP approach presented in (Rewienski 2003) where LPs 

are suitably selected along the states of the high order nonlinear system. In this 

approach high fidelity nonlinear system is simulated using a training input to have the 

set of state vectors. According to Rewienski’s approach an LP is selected along the 
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states whenever the distance between the current LP and previous LP is greater 

than a parameter 𝛿. However exact LP approach is based on the concept of finding 

the LPs where the distance between them is exactly equal to 𝛿 (i.e. 𝑀 =  𝛿). Exact 

LP approach monitors the distance between two LPs and the distance between two 

LPs exceeds the threshold 𝛿, it computes the time instant and the point where 𝑀 =

 𝛿 condition exist. The Figure 4-4 presents a graphical representation of algorithm 

4.1. 
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Given a training input, obtain state

vectors 

Define the factor   and obtain first 

LP at origin

Next LP possible?

N

Y

Y

 1 ,  2 , ,    

Check distance between two LPs at 

next instant i.e.  =
    

  
 

||  

||  ||  

||  

 >    
N

Compute          and

where   

 ,       
 >    

Define     as new LP   

Start

End
 

Figure 4-4: Determination of exact LP selection approach 
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4.4.2 Determination of tolerance based linearisation point selection 

The error tolerance based approach is another novel approach for the appropriate 

selection of the LPs. In this approach the next LP is selected based on the error 

between the actual output and the approximated TPWL output.  

In this approach the absolute error is used to decide if the next LP is required. The 

absolute error is the difference between the measured value and the actual value 

given as: 

 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑒𝑟𝑟𝑜𝑟 = |𝑦𝑘 − �̂�𝑘| 

 

The tolerance is defined as 

 

𝑇𝑜𝑙 = 𝛾 × 𝑚𝑎𝑥|𝑦𝑘 − �̂�𝑘| 

 

where 𝛾 is some percentage of the absolute error, 𝑦𝑘 and �̂�𝑘 represent actual value 

and measure value. 

The iterative procedure is started by selecting the first LP at origin 𝑥0. This linearised 

model is reduced to a low model and compared with true output to obtain the error. If 

the absolute error exceeds the set tolerance value, the next LP is selected. A 

weighted combination approach is then employed too combine the resulting several 

linearised models. The algorithm 4.2 describes the procedure of the tolerance based 

LP selection approach. A graphical representation of algorithm 4.2 is given in Figure 

4-5.  
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Algorithm 4.2: 

 

1. Given a training input 𝑢(𝑡), simulate the high fidelity nonlinear system to 

obtain the output 𝑦(𝑡) and states vectors 𝑥1, 𝑥2, … , 𝑥𝑁. 

2. Obtain the first LP 𝑥0 at the origin 

3. Reduce the order of the linearised model using a linear MOR approach and 

build a TPWL model 

4. Set the tolerance value 

a. For 𝑘 = 1: 𝑙𝑒𝑛𝑔𝑡ℎ(𝑜𝑢𝑡𝑝𝑢𝑡) 

 a.1. If |𝑦𝑡𝑟𝑢𝑒 − 𝑦𝑇𝑃𝑊𝐿| > 𝑡𝑜𝑙 

  a1.1. set 𝑥𝑘 as new LP 

  a1.2. Reduce the order of new LP 

  a.1.3.  Build TPWL (using weighted combination) with all LPs 

   collected so far  

  a.1.4. Simulate TPWL model to update 𝑦𝑇𝑃𝑊𝐿 

 a.2. end 

b. end 
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Given a training input, obtain state
vectors 

Define the factor   and obtain first 
LP at origin

 1 ,  2 , ,    

Obtain ROM of linearised model

Set tolerance value

Compare ROM with high order 

nonlinear system output

Error < Tol
Y

Obtain ROM of new linearised 

model 

Build TPWL using weighted 

combination of linearised models

Compare outputs of TPWL and high 

order nonlinear system

Error < Tol

N

N

Y

Chose next LP based on     
  

 
||  

||  ||  

||  

End

End

Start

 

Figure 4-5: Determination of tolerance based LP selection approach 
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4.4.3 Determination of tolerance based exact linearisation point 

selection 

This approach is a combination of previous two LP selection approaches, namely the 

tolerance based and the exact LP selection. In this approach the LP is selected 

based on some tolerance value as discussed in previous section. However the LP 

would be an exact point where 𝑀 =  𝛿 as explained in section 4.4.1. The procedure 

of tolerance based exact LP selection is given in Algorithm 4.3. A graphical 

representation of algorithm 4.3 is given in Figure 4-6. 

 

Algorithm 4.3: 

 

1. Given a training input 𝑢(𝑡), simulate the high fidelity nonlinear system to 

obtain the output 𝑦(𝑡) and states vectors 𝑥1, 𝑥2, … , 𝑥𝑇. 

2. Obtain the first LP 𝑥0 at origin 

3. Reduce the order of the linearised model using a linear MOR approach and 

build a TPWL model 

4. Set the tolerance value 

a. For 𝑘 = 1: 𝑙𝑒𝑛𝑔𝑡ℎ(𝑜𝑢𝑡𝑝𝑢𝑡) 

 a.1. If |𝑦𝑡𝑟𝑢𝑒 − 𝑦𝑇𝑃𝑊𝐿| > 𝑡𝑜𝑙 

  a1.1. Find an exact LP where 𝑀 =  𝛿 

  a1.2. Reduce the order of the exact LP 

  a.1.3. Build a TPWL (using weighted combination) with all LPs 

   collected so far  

  a.1.4. Simulate TPWL model to update 𝑦𝑇𝑃𝑊𝐿 

 a.2. end 

b. end 
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The previous sections dealt with the issue of LP selection approaches. Three LP 

selection approaches have been presented to enhance the LP selection process. 

After linearising the nonlinear model around these points, then the next step of 

TPWL is to reduce the order of these high order linearised models. The next section 

focuses on the MOR approaches to generate the reduced order bases of the 

linearised models. 
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Figure 4-6: Determination of tolerance based exact LP selection approach 
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4.5 Modified construction of the reduced order basis 

Reduce order modelling is one of the most important steps of TPWL approach. After 

selecting the suitable LPs, a linear MOR approach is employed to obtain a bank of 

reduced order models. A well-known linear MOR approach, the Krylov subspace 

based Arnoldi method is employed to obtain reduced order basis in (Rewienski 2003, 

Martίnz 2009, Sheldon, Tan and Lei 2007). The following sections propose 

alternative linear MOR approaches to obtain the reduced order basis. 

4.5.1 SPA based reduction 

The SPA approach extends the idea of the TBR such that instead of discarding the 

weakly controllable and weakly observable states, their derivatives are set to zero. 

This preserves the DC gain of the system and retains more information about the 

system than the TBR approach. This approach retains stability in the reduced order 

systems and also the reduced order systems are balanced and minimal with 

computable error bounds available (Samar and Postlethwaite 1994, Gajic, Lelic 

2000). Additionally SPA is well known for producing better approximation of the 

actual system at low frequencies. The SPA approach has been explained in chapter 

2, section 2.4.2.2. 

4.5.2 Krylov-SPA based reduction 

Krylov projection based approaches are suitable for very large scale systems. They 

are robust with low numerical cost as well as provide good approximation around 

specified frequency. However, their main draw backs include the lack of provable 

error bounds for the extracted reduced order models and the lack of guarantee for 

preserving stability of the original system (Arnoldi 1951, Schilders, van der Vorst, 

and Rommes 2008). 

Krylov projection based approaches are suitable for very high order systems, 

however the applicability of SPA after a certain order of high order systems (i.e. 100th 

order) makes it less efficient (Liu and Anderson 1989 and Vesilyev, Rewienski and 

White 2003). 
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In order to allow effective, efficient and stable reduction of larger systems, one may 

use the Krylov/SPA based reduction. In Krylov/SPA based reduction approach, firstly 

Krylov subspace method is utilised to obtain medium sized reduced models (<100) 

and then SPA is employed for further compression.  The Krylov/SPA two step 

approach can be described as; 

 

Step 1: 

Recalling a reduced order system (2.3) - (2.4) of the high order system (2.1) - (2.2) 

 

 �̇�𝑟_𝐾𝑟𝑦(𝑡) = 𝐴𝑟_𝑘𝑟𝑦𝑥𝑟_𝑘𝑟𝑦(𝑡) + 𝐵𝑟_𝑘𝑟𝑦𝑢(𝑡) 4.23 

 

 𝑦𝑟_𝑘𝑟𝑦(𝑡) = 𝐶𝑟_𝑘𝑟𝑦𝑥𝑟_𝑘𝑟𝑦(𝑡) + 𝐷𝑢(𝑡) 4.24 

 

where 𝑟_𝑘𝑟𝑦 is the order of model reduced to a comparatively low order model using 

Krylov subspace such that 𝑟_𝑘𝑟𝑦 < 𝑁 and 

 

 𝐴𝑟_𝑘𝑟𝑦 = 𝑊𝐴𝑉          𝐵𝑟_𝑘𝑟𝑦 = 𝑊𝐵            𝐶𝑟_𝑘𝑟𝑦 = 𝐶𝑉 4.25 

 

In order to provide projection bases 𝑉 ∈ ℝ𝑁×𝑟 and 𝑊 ∈ ℝ𝑁×𝑟 the Krylov subspace 

techniques derive the columns of 𝑉 and 𝑊 making use of the Arnoldi method which 

utilises a modified Gram-Schmidt orthogonalisation (Tan and He 2007). The Arnoldi 

algorithm is provided in chapter 2, section 2.4.1. 

 

Step 2: 

This Krylov based reduced order system (4.23) - (4.24) is used to obtain a balanced 

realised model using the balanced realisation approach explained in Chapter 2 in 

section 2.4.2. From the balanced model (4.26), the balanced matrices can be written 

as 

 

𝐺𝑏𝑎𝑙 = [

𝐴11 𝐴12 | 𝐵1

𝐴21 𝐴22 | 𝐵2

— — + —
𝐶1 𝐶2 | 𝐷

] 

 

(4.26) 
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where  

 

𝐴𝑏𝑎𝑙 = [
𝐴11 𝐴12

𝐴21 𝐴22
]   𝐵𝑏𝑎𝑙 = [

𝐵1

𝐵2
] 

 

𝐶𝑏𝑎𝑙 = [𝐶1 𝐶2]   𝐷𝑏𝑎𝑙 =  𝐷 

 

Using the previously mentioned balanced matrices, it can be achieved that 

 

 �̇�1(𝑡) = (𝐴11 − 𝐴12𝐴22
−1𝐴21)𝑥1(𝑡) + (𝐵1 − 𝐴12𝐴22

−1𝐴21)𝑢(𝑡) 4.27 

 

 𝑦(𝑡) = (𝐶1 − 𝐶2𝐴22
−1𝐴21)𝑥1(𝑡) + (𝐷 − 𝐶2𝐴22

−1𝐵2)𝑢(𝑡) 4.28 

 

where  

𝐴𝑟_𝑠𝑝𝑎 = 𝐴11 − 𝐴12𝐴22
−1𝐴21          𝐵𝑟_𝑠𝑝𝑎 = 𝐵1 − 𝐴12𝐴22

−1𝐴21 

𝐶𝑟_𝑠𝑝𝑎 = 𝐶1 − 𝐶2𝐴22
−1𝐴21          𝐷𝑟_𝑠𝑝𝑎 = 𝐷 − 𝐶2𝐴22

−1𝐵2 

 

where 𝑟_𝑠𝑝𝑎 is the order of the model reduced by SPA approach such that 𝑟_𝑠𝑝𝑎 <

𝑟_𝑘𝑟𝑦 < 𝑁. Matrices 𝐴𝑟_𝑠𝑝𝑎, 𝐵𝑟_𝑠𝑝𝑎, 𝐶𝑟_𝑠𝑝𝑎  and 𝐷𝑟_𝑠𝑝𝑎 are respectively of dimensions 

𝑟 × 𝑟, 𝑟 × 1, 1 ×  𝑟 and 1 × 1. It’s to be noted that if at the first stage of this two step 

MOR approach, Krylov subspace approximation generates unstable reduced order 

model then extended balanced realisation approach is used to deal with the unstable 

system as described in chapter 2.  
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4.5.2.1      Example 4.1 

Let us consider the system (2.3.3) to demonstrate the 2 step MOR (Moore 1989): 

 

𝐴 = [

0 0 0 −150
1 0 0 −245
0 1 0 −113
0 0 1 −19

] ;          𝐵 = [

4
1
0
0

] 

 

𝐶 = [0 0 0 1] 

 

At the first stage the 4th order model is reduced to a 3rd order model using Krylov 

subspace approach. The reduced 3rd order matrices are as follows; 

 

𝐴𝑘𝑟𝑦 = [
0.235 3.347 −76.82
−0.97 −3.563 84.92

−0.0579 −0.213 −18.15
],            𝐵𝑘𝑟𝑦 = [

4.123
3.33 × 10−16

−3.022 × 10−13
] 

 

𝐶𝑘𝑟𝑦 = [0 −0.016 0.375] 

 

Next, the 3rd order reduced model using Krylov subspace is further reduced to a 2nd 

order model using the SPA approach. The reduced 2nd order matrices are given as; 

 

𝐴𝑠𝑝𝑎 = [
−0.428 1.247
−1.247 −3.703

],              𝐵𝑠𝑝𝑎 = [
−0.117
−0.141

] 

 

𝐶𝑠𝑝𝑎 = [−0.117 0.141],            𝐷𝑠𝑝𝑎 = 1.904 × 10−4 

 

The comparison of the output responses of actual and reduced order models are 

presented in Figure 4-7. 
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Figure 4-7: Krylov-SPA based MOR 
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4.5.2.2      Case Study: 

Let us consider a SC system as discussed in chapter 2, in section 2.4.4 to 

demonstrate the use of Krylov-SPA based MOR approach. The 60th order model is 

first reduced to a 20th order model using Krylov subspace projection approach which 

is further reduced to a 4th order model using SPA method. 

 

 

Figure 4-8: Krylov-SPA based MOR of SC system 

 

 

The Figure 4-8 shows the approximation of the high order model using Krylov-SPA 

based two-step reduction. The efficacy index IAE for this approximation is 0.16. 
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4.6 Conclusion 

 

This chapter has presented 6 different modifications of Rewienski’s TPWL approach 

with respect to nonlinear function, selection of LPs and generation of reduced order 

basis. 

In Rewienski’s TPWL approach, nonlinearities are considered in the states of the 

system only whereas in the modified TPWL the nonlinear function is a function of 

states as well as input (i.e. 𝑓(𝑥, 𝑢)). In the modified approach LPs are selected along 

the state trajectory and input. The nonlinear function is linearised using Jacobian 

with respect to states and input. 

The present study showcases the novel approaches for the LP selection; exact LP 

selection and tolerance based approach. The exact LP selection approach based on 

the idea of choosing the next LP whenever the spatial distance between two LPs 

become equal to 𝛿.  

Another novel LP selection approach is a tolerance based approach. In this 

approach, the next LP is selected based on the error between high order nonlinear 

system and its approximation. A combination of tolerance based and exact LP 

selection approaches is also presented where both approaches are employed 

together for the selected linearised models along the state trajectory. The application 

of these approaches is discussed in Chapter 6. 

Generation of reduced order basis of the linear models is a very important stage in 

TPWL approach. In this chapter two different MOR approaches are presented in 

order to obtain the low order linear models. SPA approach is a well-known balanced 

realisation approach for retaining the stability of the actual system and approximating 

the actual system better at low frequencies unlike TBR approach.  

A two-step Krylov/SPA based approach is also proposed to generate the reduced 

order basis. Krylov subspace approach is suitable for reducing the order of very high 

order models however this approach do not guarantee for preserving the stability of 

the actual system. By contrast, SPA generates reduced order models which are 

balanced, stable and minimal but only suitable for not very high order systems (≈

100 order). Another advantage of using SPA is that HSV values help to choose the 
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order of the reduced order models. In Krylov-SPA based approach, firstly the high 

order models are reduced to a medium order models using Krylov subspace 

approach which then further reduce to lower order models using SPA approach. The 

SPA balanced realisation approach is capable of handling the unstable system by 

decoupling them into stable and unstable systems (as presented in Chapter 2, 

section 2.4.2.3) if Krylov subspace generates unstable ROMs. 

An example and a SC case study is used in order to demonstrate Krylov/SPA 

approach on its own. These approaches are used in TPWL method on a 

transmission line model and results are presented and discussed in Chapter 6. 
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Chap te r  5  

 

 

State-Space Realisation for Nonlinear 

Systems 

 

5.1 Introduction 

 

The nonlinear systems can be available in different formats such as partial 

differential equations (PDE), ordinary differential equations (ODE) or nonlinear 

differential equations etc. However, TPWL approach is only suitable for nonlinear 

systems presented in their state space form and due to this issue TPWL 

approximation cannot be performed to many nonlinear systems available in other 

structures. Data based approach is one of the solutions to deal with nonlinear 

systems available in different structures where these systems can be treated as 

black box models to formulate the nonlinear state space structure from input-out 

data. This chapter presents formulation of nonlinear state space form using input-out 

data of a black box model. After obtaining a nonlinear state space, TPWL approach 

can be employed to obtain the bank of linearised models or a reduced order linear 

model. A graphical diagram of data based TPWL approach is given in Figure 5-1. 

The state space realisation formulation will extend the implementations of TPWL to 

other nonlinear systems represented in different forms. At the end of this chapter a 
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black box system example is considered to demonstrate the formulation of a 

nonlinear states space model from its input-output data. 
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Figure 5-1: Data based trajectory piecewise linear approximation 
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5.2 State-Space realisation for nonlinear systems 

First order ordinary differential equations are used to describe the dynamic 

behaviour of the state variables involved in continuous state-space models. 

Difference equations are used for discrete time systems. The output equations of 

state-space models describe how the output(s) relate to the state variables. 

A discrete time nonlinear state space model can be written in the following form 

 

 𝘹[𝑘 + 1] = 𝑓(𝘹[𝑘], 𝑢[𝑘]) 5.1 

 

 𝑦[𝑘] = ℎ(𝘹[𝑘]) 5.2 

   

where 𝘹[𝑘] ∈ ℝ𝑁, 𝑢[𝑘] ∈ ℝ and 𝑦[𝑘] ∈ ℝ are state vector, input and output of the 

system, respectively. 𝑓(. , . ) and ℎ(. ) are some nonlinear functions. [𝑘] and [𝑘 + 1] 

represents some time steps at which the variables are being considered. 

A state space structure can handle nonlinearities in a system and provides a clear 

description of how each of the state variable changes. Usually first principles are 

used to derive state space models. This implies the complete knowledge of the 

variables in the system. In some cases, it is very difficult to construct a state space 

model of some complex systems where nonlinearity heavily influences the system. 

5.2.1 Introduction of input-output models 

An Input-output model describes a relationship between the current output and 

previous input and outputs (Shoukry 2008). Input-output relationship can handle 

complex systems where dynamic equations are hard to construct.  

System identification is an experimental approach for the determination of a dynamic 

system bases on measured input-output data and priori knowledge. System 

identification can be divided into three main steps; first selecting the structure, 

secondly the order of the system and thirdly applying parameter estimation 

approaches for system identification. There is a variety of model structures available 

which are capable of modelling different systems. Example of common types of 

nonlinear structures are Nonlinear Auto-Regressive with Auxiliary Input (NARX), 
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Nonlinear Auto-Regressive Moving Average with Auxiliary input (NARMAX), 

Hammerstein, Wiener and bilinear. Different parameter estimation algorithms can be 

used depending on the type of estimation (Larkowski and Burnham 2011).  

5.2.2 State-space realisation 

In the past three decades much research has been done for transforming input-

output models into state-space models. It is a well-established field of study for LTI 

systems, however for nonlinear systems it is still an open challenge. 

 

Let’s consider a single input–single output discrete input-output map given by 

 

 𝑦[𝑘] = 𝑠(𝑦[𝑘 − 𝑚],… , 𝑦[𝑘 − 1], 𝑢[𝑘 − 𝑚],… , 𝑢[𝑘 − 1]) 5.3 

 

where 𝑠 is a nonlinear function and 𝑚 is the order of the system. 𝑢[𝑘] ∈ ℝ and 𝑦[𝑘] ∈

ℝ are system input and output respectively. A sufficient condition in order to obtain a 

state space realisation is that the state-space realisation must be observable 

(Shoukry 2008). 

Now we will be discussing the controllability and observability for being the central 

issue of state space realisation. Here two assumptions are introduced. First, the 

system (5.1) - (5.2) is invertible such that the Jacobian of 𝑓 is nonsingular. Another 

assumption is that there is a constant equilibrium input �̅� and state �̅� such that �̅� =

𝑓(�̅�, �̅�). Without loss of generality, we assume that �̅� = �̅� = 0.       

Let’s define the block of 𝑚 inputs and outputs as follows; 

 

 𝘶[𝑘] = (𝑢1[𝑘], … , 𝑢𝑚[𝑘]), 𝑢𝑖[𝑘] ≔ 𝑢[𝑘 + 𝑖 − 1] 5.4 

 

 𝘺[𝑘] = (𝑦1[𝑘], … , 𝑦𝑚[𝑘]), 𝑦𝑖[𝑘] ≔ 𝑦[𝑘 + 𝑖 − 1] 5.5 

 

The state transition map which is the value of the states after applying the inputs 

𝑢1, 𝑢2, … , 𝑢𝑖 at a time step 𝑖 + 1, can be defined as 
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 𝑓𝑖(𝘹, 𝘶) ≔ 𝑓𝑢𝑖 𝚘 𝑓𝑢𝑖−1  𝚘…  𝚘 𝑓𝑢2 𝚘 𝑓𝑢1(𝘹) 5.6 

 

To evaluate 𝑥[𝑘 + 1], … , 𝑥[𝑘 + 𝑚],  (5.1) - (5.2) can be written as 

 

 𝘹[𝑘 + 𝑚] = 𝑓𝑚(𝘹[𝑘], 𝘶[𝑘]) 5.7 

 

 𝘺[𝑘] = ℎ𝑚(𝘹[𝑘], 𝘶[𝑘]) 5.8 

 

where ℎ𝑖(𝘹, 𝘶) = (ℎ(𝘹), ℎ 𝚘 𝑓𝑢
1(𝘹),… , ℎ 𝚘 𝑓𝑢

𝑖−1(𝘹)). Let us introduce some geometry 

tools to define controllability and observability. Let’s define 𝜕𝑑𝜔 𝑎𝑛𝑑 𝜕𝑑𝜔
∗  operators as 

follows 

 

 𝜕𝑑𝜔𝘷(𝘹) ≔ [𝐷𝜔(𝘹)]−1𝘷 𝚘 𝜔(𝘹) 5.9 

 

  𝜕𝑑𝜔
∗ 𝘸(𝘹) ≔ [𝑤 𝚘 𝜔(𝘹)]𝐷𝜔(𝘹) 5.10 

 

Using the chain rule definition, it can be written as 

 

 𝜕𝑑𝜔𝑖𝚘…𝚘𝜔1
𝘷 = 𝜕𝑑𝜔1

…  𝜕𝑑𝜔𝑖
𝘷 5.11 

 

 𝜕𝑑𝜔𝑖𝚘…𝚘𝜔1
∗ 𝘸 = 𝜕𝑑𝜔1

…  𝜕𝑑𝜔𝑖
𝘸 5.12 

 

By extending the definitions of 𝜕𝑑𝜔 𝑎𝑛𝑑 𝜕𝑑𝜔
∗  to include the matrices of vectors and 

co-vectors; 

 

 𝜕𝑑𝜔[𝘷1, … , 𝘷𝑛] = [𝜕𝑑𝜔𝘷1, … , 𝜕𝑑𝜔𝘷𝑛] and 5.13 

 

 𝜕𝑑𝜔
∗ [𝘸1, … ,𝘸𝑛] = [𝜕𝑑𝜔

∗ 𝘸1, … , 𝜕𝑑𝜔
∗ 𝘸𝑛]  5.14 

 

The vector and co-vector fields can be defined as 
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 𝐵𝑢(𝘹) ≔ [𝐷𝘹𝑓(𝘹, 𝘶)]−1𝐷𝑢𝑓(𝘹, 𝘶) 5.15 

 

 𝐶(𝘹) ≔ 𝐷𝘹ℎ(𝘹) 5.16 

 

The partial derivatives of 𝑓𝑚 and ℎ𝑚 are given as 

 

 𝐷𝘹𝑓
𝑚(𝘹, 𝘶) = 𝜕𝑑𝑓𝑢1

∗ …𝜕𝑑𝑓𝑢𝑚

∗ 𝐼𝑛×𝑛(𝘹) 5.17 

 

 𝐷𝑢𝑓𝑚 = 𝐷𝘹𝑓
𝑚[𝐵1, … , 𝐵𝑚] 5.18 

 

 

𝐷𝑥ℎ
𝑚 = [

𝐶0

𝐶1

⋮
𝐶𝑚−1

] 

 

5.19 

 

 

𝐷𝑢ℎ𝑚 = [

0 0 ⋯ 0
𝐶𝑚𝐵1 0 … 0

⋮ ⋱ ⋱ ⋮
𝐶𝑚−1𝐵1 ⋯ 𝐶𝑚−1𝐵𝑚−1 0

] 

 

5.20 

where 

𝐵𝑖(𝘹, 𝘶) = 𝜕𝑑𝑓𝑢1
…𝜕𝑑𝑓𝑢𝑖−1

𝐵𝑢𝑖
(𝘹) 

 

𝐶𝑖(𝘹, 𝘶) = 𝜕𝑑𝑓𝑢1

∗ …𝜕𝑑𝑓𝑢𝑖

∗ 𝐶(𝘹) 

 

The controllability and observability are defined as in (Shoukry 2008); 

 

Definitions: 

• If rank [𝐷𝘶𝑓
𝑛(0,0)] = 𝑛, the state-space representation is controllable (at the 

first order). 

• If rank [𝐷𝘹ℎ
𝑛(0,0)] = 𝑛, the state-space representation is observable (at the 

first order). 

• If the state-space is both controllable and observable, It is said to be minimal 

(at the first order). 
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5.2.3 Dynamical Input-output maps 

An input-output map can be generated from an observable state-space model for a 

system. Let us consider {. }𝑡 shows increment by t times, such as; 

{𝑦1}1 = 𝑦2 

{𝑢2}2 = 𝑢4 

{𝑦𝑚}1 = 𝑦𝑚+1 

{𝑦𝑚}1 = 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … 𝑢𝑚) 

{𝑦𝑚}2 = 𝑠(𝑦2, … , 𝑦𝑚, 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … 𝑢𝑚), 𝑢2, … 𝑢𝑚+1) 

 

It should be noted that any 𝑢𝑖 with 𝑖 > 𝑛 will be special, so 𝑣𝑗 would be used for any 

𝑢𝑚+𝑗 such as 

{𝑢𝑚}1 = 𝑣1 

{𝑢𝑚−1}4 = 𝑣3 

{𝑣3}2 = 𝑣5 

{𝑦𝑚}2 = 𝑠(𝑦2, … , 𝑦𝑚, 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … 𝑢𝑚), 𝑢2, … 𝑢𝑚, 𝑣1) 

 

Using (5.4) and evaluating 𝑦[𝑘], 𝑦[𝑘 + 1], … , 𝑦[𝑘 + 𝑚 − 1] in terms of 𝑦[𝑘 −

𝑚],… , 𝑦[𝑘 − 1] and 𝑢[𝑘 − 𝑚],… , 𝑢[𝑘 + 𝑚 − 2], we obtain 

 

 𝘺[𝑘] = 𝑆(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚], 𝘶[𝑘]) 5.21 

 

The 𝑖𝑡ℎ row of 𝑆 denoted by 𝑠𝑖 (for 𝑠𝑖, 𝑖 = 1,… ,𝑚) is given by 

 

 𝑠𝑖(𝘺, 𝘶, 𝘷) = 𝑠(𝑦𝑖, … , 𝑦𝑚, 𝑠1(𝘺, 𝘶, 𝘷), … , 𝑠𝑖−1(𝘺, 𝘶, 𝘷), 𝑢𝑖 , … , 𝑢𝑚, 𝑣1, … , 𝑣𝑖−1) 5.22 

 

for 𝑖 ≥ 2 and 𝑠1(𝘺, 𝘶, 𝘷) = 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚). 

As we assumed that system is observable, 𝑥[𝑘] can be solved in terms of 𝘺[𝑘] and 

𝘶[𝑘]. It implies that 𝑥[𝑘] = 𝜓(𝘺[𝑘], 𝘶[𝑘]) for some local function 𝜓(. , . ). Using this and 

substituting for 𝑥[𝑘] in (5.7) - (5.8) gives that 
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 𝘹[𝑘 + 𝑚] = 𝛩(𝘺[𝑘], 𝘶[𝑘]) ≔ 𝑓𝑚(𝜓(𝘺[𝑘], 𝘶[𝑘]), 𝘶[𝑘]) 5.23 

 

 

or 𝘹[𝑘] = 𝛩(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚]). The input-output map can be defined as 

 

 𝑦[𝑘] = ℎ(𝘹[𝑘]) = ℎ(𝛩(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚])) 5.24 

 

and the corresponding input-output equation is as follows; 

 

 𝘺[𝑘] = 𝑆(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚], 𝘶[𝑘]) ≔ ℎ𝑚(𝛩(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚], 𝘶[𝑘]) 5.25 

 

5.2.4 State-space realisation of dynamic input-output map (DIOM) 

An input-output (I/O) map (5.3) is called a dynamic input-output map if it is a unique 

input-output map (5.24) corresponding to an m-dimensional observable state-space 

realisation (Shoukry 2008). 

Let us consider the state vector based on a given I/O map (5.3) with the block I/O 

map defined by (5.21) 

 

 𝘹[𝑘] = 𝑆(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚], 0) 5.26 

 

It is required to show that 𝘹[𝑘 + 1] is a function of 𝘹[𝑘] and 𝑢[𝑘] only and its 

independent of 𝑢[𝑗], ⩝ 𝑗 < 𝑘, in order for 𝘹[𝑘] to qualify as a state vector (Shoukry 

2008). 

Incrementing 𝑘 by 1 gives 

 

 𝘹[𝑘 + 1] = 𝑆(𝘺[𝑘 − 𝑚 + 1], 𝘶[𝑘 − 𝑚 + 1], 0) =: 𝑆1(𝘺[𝑘 − 𝑚], 𝘶[𝑘 − 𝑚], 𝘷[𝑘]) 5.27 

 

where 

 𝘷[𝑘] = (𝑢[𝑘], 0, … ,0) 𝑎𝑛𝑑 𝑆1 = (𝑠2, 𝑠3, … , 𝑠3, 𝑠𝑚+1)  5.28 
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𝘺[𝑘 − 𝑚] can be solved in terms of 𝘹[𝑘], 𝘶[𝑘 − 𝑚] and 𝘷[𝑘] using implicit function 

theorem. A smooth function 𝑆𝑦
−1 can be written such that 

 

 𝑆(𝑆𝑦
−1(𝘹, 𝘶, 𝘷), 𝘶, 𝘷) = 𝘹 5.29 

 

 𝘹[𝑘 + 1] = 𝑆1(𝑆𝑦
−1(𝘹[𝑘], 𝘶[𝑘 − 𝑚], 0), 𝘶[𝑘 − 𝑚], 𝘷[𝑘]) 5.30 

5.2.4.1 Lemma 5.1: 

 

Let us assume that the I/O map (5.21) is such that 𝐷𝑦𝑆(𝘺, 𝘶, 𝘷) is nonsingular and 

[𝐷𝘺𝑆(𝘺, 𝘶, 𝘷)]−1[𝐷𝘶𝑆(𝘺, 𝘶, 𝘷)] is not depending on 𝘷 around origin (Shoukry 2008). 

Defining the state vector 𝘹[𝑘] = 𝑆(𝘺[𝑘], 𝘶[𝑘], 0) ∈ ℝ𝑚 

It can be written as 

 

 𝘹[𝑘 + 1] = 𝑓(𝘹[𝑘], 𝑢[𝑘]) ≔ 𝑆1(𝑆𝑦
−1(𝘹[𝑘], 0,0), 0, 𝘷[𝑘]) 5.31 

 

 𝑦[𝑘] = ℎ(𝘹[𝑘]) ≔ 𝘹1[𝑘] 5.32 

 

to give a state-space realisation of m-dimension for the I/O map. 

 

 

Proof: 

It is required to show that the right hand side of (5.30) is independent of 𝘶[𝑘] in order 

to validate the state space realisation (Shoukry 2008). Using chain rule and taking 

the derivative of (5.31), it is required to show that  

 

 𝐷𝘶𝑆1(𝑆𝑦
−1(𝘹, 𝘶, 0), 𝘶, 𝘷) = (𝐷𝘺𝑆1(𝘺, 𝘶, 𝘷)𝐷𝘶𝑆𝘺

−1(𝘹, 𝘶, 0) + 𝐷𝘶𝑆1(𝘺, 𝘶, 𝘷)) = 0 5.33 

 

Using the definition of 𝑆1 

 

𝑆1(𝑆𝑦
−1(𝘹, 𝘶, 𝘷), 𝘶, 𝘷) = (𝑥2, 𝑥3, … , 𝑥𝑚, 𝑠𝑚+1(𝘹, 𝘷)) 
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As 𝑆1(𝑆𝑦
−1(𝘹, 𝘶, 𝘷), 𝘶, 𝘷) is independent of 𝘶, it follows  

 

 𝐷𝘶𝑆1(𝑆𝑦
−1(𝘹, 𝘶, 𝘷), 𝘶, 𝘷) = (𝐷𝑦𝑆1(𝘺, 𝘶, 𝘷)𝐷𝑢𝑆𝑦

−1(𝘹, 𝘶, 𝘷) + 𝐷𝘶𝑆1(𝘺, 𝘶, 𝘷)) 5.34 

  

By taking the partial derivative of (5.29) with respect to 𝘶 

 

 𝐷𝑦𝑆1(𝘺, 𝘶, 𝘷)𝐷𝑢𝑆𝑦
−1(𝘹, 𝘶, 𝘷) + 𝐷𝑢𝑆(𝘺, 𝘶, 𝘷) = 0 5.35 

 

And then rearranging (5.35) gives: 

 
𝐷𝘶𝑆𝑦

−1(𝘹, 𝘶, 𝘷) = −(𝐷𝑦𝑆(𝘺, 𝘶, 𝘷))
−1

𝐷𝘶𝑆(𝘺, 𝘶, 𝘷) 
5.36 

Considering that −(𝐷𝑦𝑆(𝘺, 𝘶, 𝘷))
−1

𝐷𝑢𝑆(𝘺, 𝘶, 𝘷) does not depend on the third variable, 

it can also be assumed that 𝐷𝘶𝑆𝑦
−1(𝘹, 𝘶, 𝘷) is not depending on 𝘷 and thereore 

𝐷𝘶𝑆𝑦
−1(𝘹, 𝘶, 𝘷) = 𝐷𝘶𝑆𝑦

−1(𝘹, 𝘶, 0). Substituting this in (5.34) proves (5.33).  

As 𝑦[𝑘] = 𝑠1(𝘺[𝑘], 𝘶[𝑘]) = 𝑥1[𝑘] then (5.31) is a state-space realisation of I/O map 

(5.21). In order to show that (5.31) is observable, notice that ℎ𝑚(𝘹, 𝘷) = 𝑆(𝘺, 𝘶, 𝘷) with 

𝘹 = 𝑆(𝘺, 𝘶, 0) and 𝐷𝘹ℎ
𝑚(0,0) is equal to an identity matrix which is full rank, so 

proving the lemma (Shoukry 2008). 

Therefore the necessary and sufficient conditions have been proven for I/O map in 

order to have a state-space realisation. Due to the fact that these conditions are 

difficult to verify, (5.30) formulated similar set of conditions which can be verified in 

an easier way. 

Let us introduce 𝛿𝑗 and 𝛿𝑚+𝑗  

 

 𝛿𝑗(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) ≔ 𝐷𝑦𝑗
𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) 5.37 

 

 𝛿𝑚+𝑗(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) ≔ 𝐷𝑢𝑗
𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) 5.38 

For 𝑗 = 1,… ,𝑚 
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 𝛼𝑖,𝑗(𝘺, 𝘶, 𝘷) ≔ 𝛿𝑗(𝑦𝑖, … , 𝑦𝑚, 𝑠1(𝘺, 𝘶, 𝘷), … , 𝑠𝑖−1(𝘺, 𝘶, 𝘷), 𝑢𝑖, … , 𝑢𝑚, 𝑣1, … , 𝑣𝑖−1) 

 

5.39 

 𝛽𝑖,𝑗(𝘺, 𝘶, 𝘷) ≔ 𝛿𝑚+𝑗(𝑦𝑖, … , 𝑦𝑚, 𝑠1(𝘺, 𝘶, 𝘷),… , 𝑠𝑖−1(𝘺, 𝘶, 𝘷), 𝑢𝑖 , … , 𝑢𝑚, 𝑣1, … , 𝑣𝑖−1) 5.40 

 

By taking the partial derivative of the 𝑖𝑡ℎ row of 𝑆(𝘺, 𝘶, 𝘷) with respect to 𝘺 and 𝘶 

 

 

𝐷𝑦𝑠𝑖 = ∑𝛼𝑖,𝑚−𝑖+𝑗+1

𝑖−1

𝑗=1

𝐷𝑦𝑠𝑗 + [0…0  𝛼𝑖,1 …𝛼𝑖,𝑚−𝑖+1] 
 

5.41 

 

 

𝐷𝑢𝑠𝑖 = ∑𝛼𝑖,𝑚−𝑖+𝑗+1

𝑖−1

𝑗=1

𝐷𝑢𝑠𝑗 + [0…0  𝛽𝑖,1 …𝛽𝑖,𝑚−𝑖+1] 
 

5.42 

 

It can be seen that 

 

𝐷𝑦𝑆 = 𝑈−1𝑃𝛼 and 𝐷𝘶𝑆 = 𝑈−1𝑃𝛽 

where 

 

 

𝑈 = [

1 0 0 ⋯ 0
−𝛼2,𝑚 1 0 ⋯ 0

⋮ ⋱ ⋱ ⋱ ⋱
−𝛼𝑚,2 −𝛼𝑚,3 ⋯ −𝛼𝑚,𝑚 1

] 

5.43 

 

 

𝑃𝛼 = [

𝛼1,1 𝛼1,2 ⋯ 𝛼1,𝑚

0 𝛼2,1 ⋯ 𝛼2,𝑚−1

⋮ ⋱ ⋱ ⋮
0 0 ⋯ 𝛼𝑚,1

] 

5.44 

 

 

𝑃𝛽 =

[
 
 
 
𝛽1,1 𝛽1,2 ⋯ 𝛽1,𝑚

0 𝛽2,1 ⋯ 𝛽2,𝑚−1

⋮ ⋱ ⋱ ⋮
0 0 ⋯ 𝛽𝑚,1 ]

 
 
 
 

5.45 

So the condition for existence of state-space realisation is equivalent to 𝑃𝛼(𝘺, 𝘶, 𝘷) 

being nonsingular and 𝑄(𝘺, 𝘶, 𝘷), defined in 5.46, independent of 𝘷. 
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 𝑄(𝘺, 𝘶, 𝘷) ≔ [𝐷𝑦𝑆(𝘺, 𝘶, 𝘷)]
−1

𝐷𝘶𝑆(𝘺, 𝘶, 𝘷) = [𝑃𝛼(𝘺, 𝘶, 𝘷)]−1[𝑃𝛽(𝘺, 𝘶, 𝘷)] 5.46 

 

It is noticed that not every I/O map can be realisable so the main point of (5.30) is to 

find a general form for I/O equation in order to satisfy the sufficient conditions for 

state-space realisbility (Shoukry 2008). This form is used to find a more general form 

in the next section. 

5.2.5 Simplification of state space realisation conditions 

To have a state space realisation from an I/O map, there exist two necessary and 

sufficient conditions: 

𝐶1: 𝑃𝛼(𝘺, 𝘶, 𝘷) is invertible 

𝐶2: 𝑄(𝘺, 𝘶, 𝘷) is independent of 𝑣 

where 𝑃𝛼(𝘺, 𝘶, 𝘷) , 𝑃𝛽(𝘺, 𝘶, 𝘷)  and 𝑄(𝘺, 𝘶, 𝘷) are given in (5.44) - (5.46). 

 

In this section simplification of 𝐶1 and 𝐶2 will be shown. In order to simplify 𝐶2, it is 

believed that in (5.46) certain elements of 𝑄(𝘺, 𝘶, 𝘷) are identical to some other 

elements of the same matrix at the same time step apart from if they are advancing 

different number of times. Therefore at a certain time checking one element 

advanced differently for 𝘷 independence is unnecessary. 𝐶1 will be simplified using 

the same concept (Shoukry 2008). 
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5.2.5.1 Lemma 5.2 

Let us consider that 

 

𝑄(𝘺, 𝘶, 𝘷) =

[
 
 
 
𝑄1,1 ⋯ ⋯ 𝑄1,𝑚

0 ⋯ ⋯ 𝑄2,𝑚−1

⋮ ⋱ ⋱ ⋮
0 0 ⋯ 𝑄𝑚,1 ]

 
 
 
 

 

 and let �̂�(𝘺, 𝘶, 𝘷) = 𝑄(𝘺, 𝘶, 𝘷)𝐵 where 𝐵 is a 𝑚 × 1 matrix given as 

𝐵 = [

0
⋮
0
1

] 

 

It is understood that 𝑄(𝘺, 𝘶, 𝘷) is independent of 𝑣 if and only if �̂�(𝘺, 𝘶, 𝘷) is 

independent of 𝘷. 

 

Proof: 

Necessity: It is to be noted that �̂� will be independent of 𝘷 if 𝑄 is independent of 𝘷 as 

all the elements of �̂� are the elements of 𝑄. 

As we know that  

𝐶2: 𝑄(𝘺, 𝘶, 𝘷) is independent of 𝘷 and satisfy 

 

 𝑃𝛼(𝘺, 𝘶, 𝘷)𝑄(𝘺, 𝘶, 𝘷) = 𝑃𝛽(𝘺, 𝘶, 𝘷) 5.47 

 

As (5.47) is a system of 𝑚(𝑚 + 1)/2 equations, which can be represented as 

 

 

 

[
 
 
 
 
 
𝛼1,1𝑄1,1 𝛼1,1𝑄1,2 + 𝛼2,1𝑄2,1 ⋯ ∑ 𝛼1,1+𝑖𝑄1+𝑖,𝑚−𝑖

𝑚−1

𝑖=0

0 ⋯ ⋯ ⋮
⋮ ⋱ 𝛼𝑚−1,1𝑄𝑚−1,1 𝛼𝑚−1,1𝑄𝑚−1,2 + 𝛼𝑚−1,1𝑄𝑚,1

0 0 0 𝛼𝑚,1𝑄𝑚,1 ]
 
 
 
 
 

 

 

 

 

 

5.48 
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=

[
 
 
 
𝛽1,1 𝛽1,2 ⋯ 𝛽1,𝑚

0 ⋯ ⋯ ⋮
⋮ ⋱ 𝛽𝑚−1,1 𝛽𝑚−1,2

0 ⋯ 0 𝛽𝑚,1 ]
 
 
 

     

 

As the above system has upper triangular nature so by solving for the elements of 

each column starting from the last nonzero element, the elements of the matrix 𝑄 

can be found (Shoukry 2008). In the last two columns we have:  

𝑄𝑚,1 =
𝛽𝑚,1

𝛼𝑚,1
 

𝑄𝑚−1,2 =
𝛽𝑚−1,2 −

𝛼𝑚−1,1𝛽𝑚,1

𝛼𝑚,1

𝛼𝑚−1,2
 

⋮ 

A general formula for the elements of 𝑄 can be written as 

 

 
𝑄𝑖,𝑗 =

𝛽𝑖,𝑗 − ∑ 𝛼𝑖,𝑝𝑄𝑖+𝑝−1,𝑗−𝑝+1
𝑗
𝑝=2

𝛼𝑖,1
 

5.49 

 

for any 𝑖 = 1,… ,𝑚 and 𝑗 = 1, … ,𝑚. 

Let us set up an induction argument to prove that 𝑄𝑖+1,𝑗 = {𝑄𝑖,𝑗}1for any 𝑖, 𝑗 < 𝑚. 

For 𝑗 = 1 

𝑄𝑖,1 =
𝛽𝑖,1

𝛼𝑖,1
 

𝑄𝑖+1,1 =
𝛽𝑖+1,1

𝛼𝑖+1,1
 

𝑄𝑖,1 = {
𝛽𝑖,1

𝛼𝑖,1
}
1

 

𝑄𝑖,1 = {𝑄𝑖,1}1 
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We assume that for 1 ≤ 𝑗 ≤ 𝑚 It is true that 𝑄𝑖+1,𝑗−𝑘 = {𝑄𝑖,𝑗−𝑘}1 for 0≤ 𝑘 < 𝑗 − 1 and 

for 1 ≤ 𝑖 < 𝑚, we then show that for 𝑗 + 1 the relation 𝑄𝑖+1,𝑗+1 = {𝑄𝑖,𝑗+1}1holds for 

any 1 ≤ 𝑖 < 𝑚. 

From (5.49) it can be seen that 

 

 
𝑄𝑖,𝑗+1 =

𝛽𝑖,𝑗+1 − ∑ 𝛼𝑖,𝑝𝑄𝑖+𝑝−1,𝑗−𝑝+2
𝑗+1
𝑝=2

𝛼𝑖,1
 

5.50 

For 𝑘 = 𝑝 − 2 we have 

 
𝑄𝑖,𝑗+1 =

𝛽𝑖,𝑗+1 − ∑ 𝛼𝑖,𝑝𝑄𝑖+𝑝−1,𝑗−𝑘
𝑗+1
𝑝=2

𝛼𝑖,1
 

5.51 

and 

 
𝑄𝑖+1,𝑗+1 =

𝛽𝑖+1,𝑗+1 − ∑ 𝛼𝑖+1,𝑝𝑄𝑖+𝑝,𝑗−𝑘
𝑗+1
𝑝=2

𝛼𝑖+1,1
 

5.52 

 

We can write 𝑄𝑖+𝑝,𝑗−𝑘 as {𝑄𝑖+𝑝−1,𝑗−𝑘 }1 with the assumption we made above in the 

induction argument. We can write  

 

 
𝑄𝑖+1,𝑗+1 =

{𝛽𝑖,𝑗+1 }1  − ∑ {𝛼𝑖,𝑝 }
1
{𝑄𝑖+𝑝−1,𝑗−𝑘 }1

𝑗+1
𝑝=2

{𝛼𝑖,1 }1
 

5.53 

 

 
𝑄𝑖+1,𝑗+1 = {

𝛽𝑖,𝑗+1 − ∑ 𝛼𝑖,𝑝𝑄𝑖+𝑝−1,𝑗−𝑘
𝑗+1
𝑝=2

𝛼𝑖,1
}

1

 
5.54 

 

 𝑄𝑖+1,𝑗+1 = {𝑄𝑖,𝑗+1 }1 5.55 

 

The next stage is to prove that if 𝑄𝑖,𝑗 is independent of 𝑣 for 1 ≤ 𝑖 < 𝑚 and 1 ≤ 𝑗 < 𝑚, 

then 𝑄𝑖+1,𝑗 is also independent of 𝘷. 

In order to prove that let 𝑘 denote the highest subscript of 𝘷 in 𝑄𝑖,𝑗 and 𝑄𝑖,𝑗 is 

dependent of 𝘷, then we have 
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 𝑄𝑖,𝑗 = 𝑄𝑖,𝑗(𝑢1, … , 𝑢𝑚, 𝑦1, … , 𝑦𝑚, 𝑣1, … , 𝑣𝑘) and 
𝜕𝑄𝑖,𝑗

𝜕𝑣𝑘
≠ 0. 

 As it has been proven earlier 𝑄𝑖+1,𝑗 = {𝑄𝑖,𝑗}1, therefore 

 

 𝑄𝑖+1,𝑗 = 𝑄𝑖,𝑗(𝑢2, … , 𝑢𝑚, 𝑣1, 𝑦2, … , 𝑦𝑚, 𝑔(𝑢1, … , 𝑢𝑚, 𝑦1, … , 𝑦𝑚), 𝑣2, … , 𝑣𝑘+1) 

 

5.56 

and 
𝜕𝑄𝑖+1,𝑗

𝜕𝑣𝑘+1
≠ 0 implying that 𝑄𝑖+1,𝑗 is dependent on 𝘷. 

 

So It is true that 𝑄𝑖−𝑘,𝑗 is independent of 𝘷 for 1 < 𝑖 ≤ 𝑚, 1 < 𝑗 ≤ 𝑚 and 1 ≤ 𝑘 < 𝑖, if 

𝑄𝑖,𝑗 is independent of 𝘷. The elements in the last column of 𝑄 advanced most, so if 

these elements are independent of 𝑣 then 𝑄 is independent of 𝘷. 

As 𝑃𝛼(𝘺, 𝘶, 𝘷) is an upper triangular matrix, it is invertible only if all the diagonal 

elements are nonzero. In the next lemma it is shown that if the first element along 

the diagonal of 𝑃𝛼(𝘺, 𝘶, 𝘷) is nonzero then the rest of the diagonal elements are also 

nonzero. 

 

5.2.5.2 Lemma 5.3 

 

𝑃𝛼(𝘺, 𝘶, 𝘷) is invertible only and only if 𝛼1,1(𝘺, 𝘶, 𝘷) =
𝜕𝑠(𝑦1,…,𝑦𝑚,𝑢1,…,𝑢𝑚)

𝜕𝑦1
≠ 0. 

Proof: 

Necessity: If 𝛼1,1(𝘺, 𝘶, 𝘷) = 0 then the determinant of 𝑃𝛼(𝘺, 𝘶, 𝘷)  = 0 due to the fact 

that 𝑃𝛼(𝘺, 𝘶, 𝘷) is upper triangular, therefore 𝑃𝛼(𝘺, 𝘶, 𝘷) is not invertible. 

Sufficiency: using same indicative argument as was used in the last proof; let us 

assume that 𝛼1,1 =
𝜕𝑠(𝑦1,…,𝑦𝑚,𝑢1,…,𝑢𝑚)

𝜕𝑦1
≠ 0 and note that 𝛼𝑖,1 = {𝛼𝑖−1,1}1 for 𝑖 = 2,… ,𝑚. 

For some 𝑖 = 1,… ,𝑚 − 1 assume that 𝛼𝑖,1 ≠ 0 and it is shown that 𝛼𝑖+1,1 is also 

nonzero. 

𝛼𝑖,1 can be written as 

 𝛼𝑖,1 = 𝛼𝑖,1(𝑦1, 𝑦2, … , 𝑦𝑚−1, 𝑦𝑚, 𝘶, 𝘷) 5.57 
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and then rewritten as: 

 

 𝛼𝑖+1,1 = {𝛼𝑖,1(𝑦1, 𝑦2, … , 𝑦𝑚−1, 𝑦𝑚, 𝘶, 𝘷)}1 

 

5.58 

 𝛼𝑖+1,1 = 𝛼𝑖,1(𝑦2, 𝑦3, … , 𝑦𝑚, 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚), 𝘶, 𝘷) 

 

5.59 

If 𝛼𝑖,1 is not depending on the 𝑚𝑡ℎ variable then 𝛼𝑖,1 ≠ 0 implies that 𝛼𝑖+1,1 ≠ 0.  

Now let us consider a case to determine where 𝛼𝑖,1 is depending on the 𝑚𝑡ℎ variable. 

As it has been assumed that 
𝜕𝑠(𝑦1,…,𝑦𝑚,𝑢1,…,𝑢𝑚)

𝜕𝑦1
≠ 0, so let’s introduce 𝑦1 in 𝛼𝑖+1,1 and 

advancing 𝛼𝑖,1 replace any 𝑦1 in 𝛼𝑖,1 with a 𝑦2. 

To check whether an I/O map has a state space realisation, the following algorithm 

can be used by using Lemma 5.2 and 5.3. This is a simplified algorithm as it uses 

two Lemmas to simplify the realisability conditions (Shoukry 2008).   

 

Algorithm 5.1: 

 

Data: The I/O map 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) 

 

Step 1: Firstly, compute 𝛼𝑖,𝑗 and 𝛽𝑖,𝑗 given by (5.39) and (5.40). If 𝛼1,1(𝘺, 𝘶, 𝘷) ≠ 0 on 

a neighbourhood of the origin, proceed to the next step. Otherwise the state space 

realization is not possible. 

 

Step 2: Compute the element of 𝑁 vector of Lemma 5.2 by ignoring the first element 

and starting from the last element, such that: 

 

 

𝑄(𝑚 − 𝑖) = [𝛽𝑚−𝑖+1,𝑖 − ∑𝛼𝑚−𝑖+1,𝑗�̂�(𝑚 − 𝑖 + 𝑗 − 1)

𝑖

𝑗=2

] /𝛼𝑚−𝑖+1,1 

5.60 
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Step 3: If 𝐷𝑣�̂�(𝘺, 𝘶, 𝘷) = 0, 𝘷 = (𝑣1, … , 𝑣𝑚) then the I/O map is realisable in state 

space form. Using the above two Lemmas, the next theorem would represent the 

conditions for the I/O map to be realisable in state space form. 

 

Theorem 5.1: 

The input-output map 𝑠(𝑦1, … , 𝑦𝑚, 𝑢1, … , 𝑢𝑚) has an observable state space 

representation of order 𝑚, if and only if 

1- 𝛼1,1(𝘺, 𝘶, 𝘷) is nonzero on a neighbourhood of the origin. 

2-   �̂�(𝘺, 𝘶, 𝘷) in algorithm 5.1 is not depending on 𝘷. 

5.2.6 General class of realisable input-output maps 

 

In this section a more general form of input-output maps is presented which can 

guarantee to have a state space representation.  

 

Theorem 5.2: 

An input-output map for any system of order 𝑚 can be written as 

 

 𝑠 = 𝑓𝑚(𝑢𝑚, 𝑦𝑚, 𝑓𝑚−1, {𝑓𝑚−2}1, {𝑓𝑚−3}2, … , {𝑓1}𝑚−2) 

 

5.61 

where,  

𝑓1 = 𝑓1(𝑢1, 𝑦1, 𝑦2) 

𝑓𝑘 = 𝑓𝑘(𝑢𝑘, 𝑦𝑘, 𝑦𝑘+1, 𝑓𝑘−1, {𝑓𝑘−2}1, … , {𝑓1}𝑘−2), for 𝑘 = 2, … ,𝑚 − 1  

 

Proof: 

1- The first condition of theorem (5.1) is satisfied as 𝛼1,1 = 𝜕𝑠/𝜕𝑦1 and 𝛼1,1 ≠ 0. 

2- An inductive argument of (5.61) would be introduced in order to satisfy the 

second condition. The inductive argument increments would be represented 

by superscripts such as for the first step 𝑔1 = 𝑓1(𝑢1, 𝑦1, 𝑦2) and the elements 

of the matrices 𝑃𝛼, 𝑃𝛽 and 𝑄 are independent of 𝘷 (Shoukry 2008). 

Let us generalise s to 𝑠2 such that 
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𝑠2 = 𝑓2(𝑢2, 𝑦2, 𝑦3, 𝑓1(𝑢1, 𝑦1, 𝑦2)) 

 

As 𝑚 − 1 rows of equation (5.47) are independent of 𝘷 so we only need to verify if 

𝑄𝑚,1
2  is independent of 𝘷. 𝑄𝑚,1

2  can be calculated as 

 

𝑄𝑚,1
2 =

{
𝜕𝑠2

𝜕𝑢1
}𝑚−1

{
𝜕𝑠2

𝜕𝑦1
}𝑚−1

 

𝑄𝑚,1
2 =

{
𝜕𝑓2
𝜕𝑓1

𝜕𝑓1
𝜕𝑢1

}𝑚−1

{
𝜕𝑓2
𝜕𝑓1

𝜕𝑓1
𝜕𝑦1

}𝑚−1

 

𝑄𝑚,1
2 =

{
𝜕𝑓1
𝜕𝑢1

}𝑚−1

{
𝜕𝑓1
𝜕𝑦1

}𝑚−1

 

𝑄𝑚,1
2 = 𝑄𝑚,1

1  

It is found that 𝑠2 is realisable and 𝑄𝑚,1
2 = 𝑄𝑚,1

1  as 𝑄𝑚,1
1  is independent of 𝘷. 

Let us assume that for 2 ≤ 𝑘 ≤ 𝑚 − 21, it is true that 

 

𝑠𝑘 = 𝑓𝑘(𝑢𝑘, 𝑦𝑘, 𝑦𝑘+1, 𝑓𝑘−1, {𝑓𝑘−2}1, … , {𝑓1}𝑘−2) 

is realisable and 

𝑄𝑚,1
𝑘 = 𝑄𝑚,1

𝑘−1 = ⋯ = 𝑄𝑚,1
1  

𝑄𝑚−1,2
𝑘 = 𝑄𝑚−1,2

𝑘−1 = ⋯ = 𝑄𝑚−1,2
2  

⋮ 

𝑄𝑚−𝑘+2,𝑘−1
𝑘 = 𝑄𝑚−𝑘+2,𝑘−1

𝑘−1  

It can be shown that 𝑠𝑘+1 = 𝑓𝑘+1(𝑢𝑘+1, 𝑦𝑘+1, 𝑦𝑘+2, 𝑓𝑘, {𝑓𝑘−1}1, … , {𝑓1}𝑘−1) is realisable 

and 𝑄𝑚−𝑗+1,𝑗
𝑘+1 = 𝑄𝑚−𝑗+1,𝑗

𝑘  for 𝑗 = 1,… , 𝑘. Using the assumption that 𝑠𝑘 is realisable 

and 𝑄𝑚,1
𝑘 , … , 𝑄𝑚−𝑘+1𝑘1

𝑘  are independent of 𝘷; 
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[
 
 
 
 
 {

𝜕𝑓𝑘

𝜕𝑦1
}𝑚−𝑘 ⋯ ⋯ {

𝜕𝑓𝑘

𝜕𝑦𝑘
}𝑚−𝑘

0 {
𝜕𝑓𝑘

𝜕𝑦1
}𝑚−𝑘+1 ⋯ {

𝜕𝑓𝑘

𝜕𝑦𝑘−1
}𝑚−𝑘+1

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 {
𝜕𝑓𝑘

𝜕𝑦1
}𝑚−1 ]

 
 
 
 
 

[
 
 
 
𝑄𝑚−𝑘+1,𝑘

𝑘

⋮
⋮

𝑄𝑚,1
𝑘 ]

 
 
 

=

[
 
 
 
 {

𝜕𝑓𝑘

𝜕𝑢𝑘
}𝑚−𝑘

⋮
⋮

{
𝜕𝑓𝑘

𝜕𝑢1
}𝑚−1]

 
 
 
 

   

 

5.62 

Equation (5.62) can be written as 

 

 

[
 
 
 
 
 {

𝜕𝑓𝑘

𝜕𝑦1
}𝑚−𝑘 ⋯ ⋯ {

𝜕𝑓𝑘

𝜕𝑦𝑘
}𝑚−𝑘

0 {
𝜕𝑓𝑘−1

𝜕𝑦1
}𝑚−𝑘+1 ⋯ {

𝜕𝑓𝑘−1

𝜕𝑦𝑘−1
}𝑚−𝑘+1

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 {
𝜕𝑓1

𝜕𝑦1
}𝑚−1 ]

 
 
 
 
 

[
 
 
 
𝑄𝑚−𝑘+1,𝑘

𝑘

⋮
⋮

𝑄𝑚,1
𝑘 ]

 
 
 

=

[
 
 
 
 {

𝜕𝑓𝑘

𝜕𝑢𝑘
}𝑚−𝑘

⋮
⋮

{
𝜕𝑓1

𝜕𝑢1
}𝑚−1]

 
 
 
 

      

 

5.63 

 

For  𝑠𝑘+1 equation (5.47) can be written as 

 

 

[
 
 
 
 
 
 
𝛼1,1

𝑘+1 ⋯ 𝛼1,𝑘+2
𝑘+1 0 ⋯ 0

0 ⋱ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋱ 0
⋮ ⋱ ⋱ ⋱ ⋱ 𝛼𝑚−𝑘−1,𝑘+2

𝑘+1

⋮ ⋱ ⋱ ⋱ ⋱ ⋮
0 ⋯ ⋯ ⋯ 0 𝛼𝑚,1

𝑘+1 ]
 
 
 
 
 
 

[
 
 
 
 
 
𝑄1,𝑚

𝑘+1

⋮
⋮
⋮
⋮

𝑄𝑚,1
𝑘+1]

 
 
 
 
 

=

[
 
 
 
 
 
 
 

0
⋮
0
0
⋮

𝛽𝑚−𝑘,𝑘+1
𝑘+1

𝛽𝑚,1
𝑘+1 ]

 
 
 
 
 
 
 

          

 

 

5.64 

 

In equation5.64 (5.64) rows advanced 𝑚 − 𝑘 − 1 times or less are independent of 𝘷. 

Without these rows equation (5.645.64) can be written as 

 

 

[
 
 
 
 
 {

𝜕𝑓𝑘+1

𝜕𝑦1
}𝑚−𝑘 ⋯ ⋯ {

𝜕𝑓𝑘+1

𝜕𝑦𝑘
}𝑚−𝑘

0 {
𝜕𝑓𝑘+1

𝜕𝑦1
}𝑚−𝑘+1 ⋯ {

𝜕𝑓𝑘+1

𝜕𝑦𝑘−1
}𝑚−𝑘+1

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 {
𝜕𝑓𝑘+1

𝜕𝑦1
}𝑚−1 ]

 
 
 
 
 

[
 
 
 
𝑄𝑚−𝑘+1,𝑘

𝑘+1

⋮
⋮

𝑄𝑚,1
𝑘+1 ]

 
 
 

=

[
 
 
 
 {

𝜕𝑓𝑘+1

𝜕𝑢𝑘
}𝑚−𝑘

⋮
⋮

{
𝜕𝑓𝑘+1

𝜕𝑢1
}𝑚−1]

 
 
 
 

     

        

 

5.65 

such that 𝑠𝑘+1 is realisable if 𝑄𝑚,1
𝑘+1, … , 𝑄𝑚−𝑘+1,𝑘

𝑘+1  is independent of 𝘷, which satisfies 

(5.655.65). On the left hand side the partials of 𝑓𝑘+1 can be written as 
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𝜕𝑓𝑘+1

𝜕𝑦1
=

𝜕𝑓𝑘+1

𝜕𝑓𝑘

𝜕𝑓𝑘
𝜕𝑦1

 

𝜕𝑓𝑘+1

𝜕𝑦2
=

𝜕𝑓𝑘+1

𝜕𝑓𝑘

𝜕𝑓𝑘
𝜕𝑦2

+
𝜕𝑓𝑘+1

𝜕{𝑓𝑘−1}1
{
𝜕𝑓𝑘−1

𝜕𝑦1
}1 

⋮ 

𝜕𝑓𝑘+1

𝜕𝑦𝑘
=

𝜕𝑓𝑘+1

𝜕𝑓𝑘

𝜕𝑓𝑘
𝜕𝑦𝑘

+
𝜕𝑓𝑘+1

𝜕{𝑓𝑘−1}1
{
𝜕𝑓𝑘−1

𝜕𝑦𝑘−1
}1 + ⋯+

𝜕𝑓𝑘+1

𝜕{𝑓1}𝑘−1
{
𝜕𝑓1
𝜕𝑦1

}𝑘−1 

 

We can also write the partials of 𝑓𝑘+1 with respect to 𝘶. Each row of (5.63) shows a 

linear combination of rows in (5.65) implying that 𝑄𝑚−𝑗+1,𝑗
𝑘+1 = 𝑄𝑚−𝑗+1,𝑗

𝑘  for 𝑗 = 1,… , 𝑘 

and 𝑄𝑚,1
𝑘+1, … , 𝑄𝑚−𝑘+1,𝑘

𝑘+1  is independent of 𝙫 which satisfy (5.65). 

It is proven that 𝑠𝑘+1 is realisable and (5.61) satisfies the second condition of 

theorem (5.1). Using the input-output map (5.61), the state variables can be defined 

as  

𝑥1[𝑘] = 𝑓𝑚 

 

𝑥2[𝑘] = {𝑓𝑚−1}1 

 

 𝑥3[𝑘] = {𝑓𝑚−2}2 5.66 

 

⋮ 

𝑥𝑚[𝑘] = {𝑓1}𝑚−1 

From the state variables, a state space model can be obtained as 

 

𝑥1[𝑘 + 1] = 𝑓𝑚(𝑢, 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑚) 

 

𝑥2[𝑘 + 1] = 𝑓𝑚−1(𝑢, 𝑥1, 𝑓𝑚(𝑢, 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑚), 𝑥3, 𝑥4, … , 𝑥𝑚) 

 

 𝑥3[𝑘 + 1] = 𝑓𝑚−2(𝑢, 𝑥1, 𝑓𝑚(𝑢, 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑚), 𝑥4, 𝑥5, … , 𝑥𝑚) 

 

5.67 

⋮ 

𝑥𝑚[𝑘 + 1] = 𝑓1(𝑢, 𝑥1, 𝑓𝑚(𝑢, 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑚)) 
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5.3 Example 5.1 

 

This section considers a single input – single output black box system to create a 

nonlinear state space model. This can be achieved using the following steps; 

1- Obtain the input-output data from the black box model. 

2- Develop an input-output map of the form (5.61). 

3- Estimate the parameter using a parameter estimation approach (such as 

nonlinear least squares) 

4- Create a state-space model corresponding to the input-output map 

5- Compare the output of the state space model with actual output. 

The black box model considered is a water tank with a pressure accumulator and 

water flowing through the system. The volumetric flow rate of the hot water going into 

the system is the input and the  temperature of the water in the tank is the output 

(Shoukry 2008). 

5.3.1 Identification: 

 

In order to obtain the state space model, an input-output map of the form (5.61) is 

required to be developed. For a 3rd order system, equation (5.61) can be written as  

  

 𝑦4 = 𝑓3 (𝑢3, 𝑦3, 𝑓2(𝑢2, 𝑦2, 𝑦3, 𝑓1(𝑢1, 𝑦1, 𝑦2)), 𝑓1(𝑢2, 𝑦2, 𝑦3)) 5.68 

  

Firstly the functions of 𝑓1, 𝑓2 and 𝑓3 need to be identified, then a state-space can be 

found using equation (5.67). 

A 3rd order state space model corresponding to I/O map (5.68) can then be given by:  

 

 𝑥1[𝑘 + 1] = 𝑓3(𝑢, 𝑥1, 𝑥2, 𝑥3) 5.69 

 

 𝑥2[𝑘 + 1] = 𝑓2(𝑢, 𝑥1, 𝑓3(𝑢, 𝑥1, 𝑥2, 𝑥3), 𝑥3) 5.70 
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 𝑥3[𝑘 + 1] = 𝑓1(𝑢, 𝑥1, 𝑓3(𝑢, 𝑥1, 𝑥2, 𝑥3)) 5.71 

 

In order to identify 𝑓1, 𝑓2 and 𝑓3, let us assume that 𝑥1 is the output temperature, 𝑥2 is 

related to the pressure of the tank and 𝑥3 is related to the pressure of the 

accumulator. With the above assumptions 𝑓1, 𝑓2 and 𝑓3 can be written as 

 𝑓1(𝑥, 𝑦, 𝑧) = 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧 5.72 

  

 𝑓2(𝑥, 𝑦, 𝑧, 𝑤) = 𝑎4𝑥 + 𝑎5𝑦 + 𝑎6𝑧 + 𝑎7𝑤 5.73 

 

 𝑓3(𝑥, 𝑦, 𝑧, 𝑤) = 𝑎8𝑥 + 𝑎9𝑦 + 𝑎10/𝑧 + 𝑎11𝑥𝑦 + 𝑎12𝑥/𝑧 + 𝑎13𝑦/𝑧 5.74 

 

where 𝑎1, … , 𝑎13 are constants to be found. We can now proceed to the identification 

stage after forming the input-output map. In the identification process, the input 

output vectors are first transformed into a form suitable for the identification.  

For identification the discretised input matrix and output vector is given as; 

 

 

[

𝑢1 𝑢2 𝑢3 𝑦1 𝑦2 𝑦3

𝑢2 𝑢3 𝑢4 𝑦2 𝑦3 𝑦4

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑢𝑚−3 𝑢𝑚−2 𝑢𝑚−1 𝑦𝑚−3 𝑦𝑚−2 𝑦𝑚−1

] 

 

5.75 

 

 and 

 

[

𝑦4

𝑦5

⋮
𝑦𝑚

] 

 

5.76 

 

To identify the parameters, the MATLAB function lsqcurvefit is used which identifies 

the system parameters (𝑎1, … , 𝑎13) with an initial guess of 1. The identified system 

parameters are used to simulate the state space model given by (5.69) - (5.71). 
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The identified system parameters are as follows; 

a1 = 66.94 

a2 = 44.35 

a3 = −0.79 

a4 = 274.3 

a5 = 279.3 

a6 = −179.42 

a7 = 2.27 

a8 = 8.65 

a9 = 0.99 

a10 = −260.83 

a11 = −0.022 

a12 = −0.27 

a13 = 1.73 

 

Using the above identified parameters, the functions 𝑓1, 𝑓2 and 𝑓3 can be written as; 

 𝑓1(𝑥, 𝑦, 𝑧) = 66.94𝑥 + 44.35𝑦 − 0.79𝑧 5.77 

 

 𝑓2(𝑥, 𝑦, 𝑧, 𝑤) = 274.3𝑥 + 279.3𝑦 − 179.42𝑧 − 2.27𝑤 5.78 

 

 𝑓3(𝑥, 𝑦, 𝑧, 𝑤) = 8.65𝑥 + 0.99𝑦 − 260.83/𝑧 − 0.022𝑥𝑦 − 0.27𝑥/𝑧

+ 1.73𝑦/𝑧 

5.79 

Using the above functions, the state-space model equations can be written as 

 

 𝑥1[𝑘 + 1] = 8.65𝑢 + 0.99𝑥1 − 260.83/𝑥2 − 0.022𝑢𝑥1 − 0.27𝑢/𝑥2 + 1.73𝑥1/𝑥2 5.80 

  

𝑥2[𝑘 + 1] = 274.3𝑢 + 279.3𝑥1

− 179.42(8.65𝑢 + 0.99𝑥1 − 260.83/𝑥2 − 0.022𝑢𝑥1 − 0.27𝑢/𝑥2

+ 1.73𝑥1/𝑥2) − 2.27𝑥3 

 𝑥2[𝑘 + 1] = −1277𝑢 + 101.67𝑥1 + 46798/𝑥2 + 3.95𝑢𝑥1 − 48.44𝑢/𝑥2

− 310.4𝑥1/𝑥2 − 2.27𝑥3 

5.81 
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𝑥3[𝑘 + 1] = 66.94𝑢 + 44.35𝑥1

− 0.79(8.65𝑢 + 0.99𝑥1 − 260.83/𝑥2 − 0.022𝑢𝑥1 − 0.27𝑢/𝑥2 + 1.73𝑥1/𝑥2) 

 

 𝑥3[𝑘 + 1] = 66.11𝑢 + 43.57𝑥1 + 206.06/𝑥2 + 0.017𝑢𝑥1 + 0.21𝑢/𝑥2

− 1.37𝑥1/𝑥2 

5.82 

 

 

 

Figure 5-2: Comparison of the actual output and the state space realised model 

A comparison between the estimated nonlinear state-space model and the output of 

the actual system is shown in the Figure 5-2. To observe the comparison between 

actual output and state space realisation two efficacy indices are used; coefficient of 

determination (𝑅𝑇
2) and mean absolute error (MAE) which provided the values 97.68 

and 0.22, respectively.  
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5.4 Conclusion 

Transformation of input-out models into linear state space models is a mature and 

well understood field of study. However construction a nonlinear state space model 

from an input-output data is very challenging. In this chapter nonlinear state space 

realisation topic is discussed. This study is conducted in order to extend the 

applications of Rewienski’s TPWL which is only applicable for the systems in the 

nonlinear state space form. This study aims to obtain a nonlinear state space model 

from a nonlinear input-out data to make it suitable for TPWL approach. In this 

chapter a general class of state space realisation is presented in order to extract a 

nonlinear state space form from an input-output data of a nonlinear system.  

An example of a water tank system is considered to demonstrate a nonlinear state 

space formulation from a black box model. To obtain the state space model, a 3rd 

order input-output map is formulated using (5.61). The states of the 3rd order state 

space are obtained from (5.68). A parameter estimation approach is employed to 

estimate the unknown parameters of the states. After forming the nonlinear functions 

a state space realisation form is constructed. The results of the water tank showed a 

very promising outcome which is indicated using two different efficacy indices.  
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Chap te r  6  

 

Application of Nonlinear Model Order 
Reduction Approaches 

 

6.1 Introduction  

Chapter 6 presents the simulation results and the comparative study of different 

nonlinear MOR approaches with focus on theproposed modified methods. In this 

chapter a case study of a high order transmission line nonlinear model is used for 

MOR purposes. Initially, this chapter presents a comparative study of TPWL, LA and 

QA, MOR approaches to highlight the advantages of piecewise linearisation. This is 

followed by the MOR of the high order nonlinear system using the new modified 

TPWL approaches presented in chapter 4. This chapter presented different results 

including HSV plots to show the dominant states, selection of LPs along the state 

trajectories and comparison the original and reduced order model outputs. In order to 

validate the improvements of the new modified approaches, a set of different 

validation inputs is utilised. At the end of the chapter an efficacy table showcases the 

comparative study for all the modified TPWL approaches.  

 

6.2 Applications - Considered case study 

In this chapter the case study of a nonlinear transmission line model is considered 

(Rewienski 2003, Chen 1999, Martίnz 2009), see Figure 6-1. The input to the 

nonlinear system is the current and the terminal voltage 𝑦(𝑡) = 𝑣(𝑡) is the output. 
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There are 𝑁 + 1 resistors (𝑟), 𝑁 capacitors (𝐶) and 𝑁 + 1 diodes (𝑑). An assumption 

is made for the simplicity is that all diodes have the same resistance profile and the 

current passing through each diode, denoted 𝑖𝑑, is a function of the diode voltage 

 𝑖𝑑(𝑣𝑑) = 𝑒(40𝑣𝑑) − 1 6.1 

 

where 𝑣𝑑 is the diode voltage. A unit resistance and capacitance is considered for all 

the resistors and capacitors, respectively (𝑟 = 1𝛺, 𝐶 = 1𝐹). 

 

 

Figure 6-1: Schematic diagram of transmission line model 

 

The nonlinear circuit model in the form of (3.1) - (3.2), where 𝑓(𝑥) = 𝑓(𝑣) can be 

written as; 

 

�̇� =

[
 
 
 
 
 

−𝑔(𝑣1) − 𝑔(𝑣1 − 𝑣2)

𝑔(𝑣1 − 𝑣2) − 𝑔(𝑣2 − 𝑣3)
⋮

𝑔(𝑣) − 𝑔(𝑣𝑘−1 − 𝑣𝑘)
⋮

𝑔(𝑣) − 𝑔(𝑣𝑛−1 − 𝑣𝑛) ]
 
 
 
 
 

+

[
 
 
 
 
 
1
0
⋮
0
⋮
0]
 
 
 
 
 

𝑢 

6.2 

 

with  𝑔(𝑣) = 𝑒(40𝑣) + 𝑣 − 1. 
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6.3 Efficacy indices of reduced order models 

In this Chapter the following efficacy indices are considered in order to quantify the 

performance of the different nonlinear MOR approaches: number of floating points 

operations, coefficient of determination and mean absolute value of the error. 

6.3.1 Consideration of computational cost 

The number of floating points (flops) can be calculated to estimate the computational 

cost of simulating a model. Single addition or multiplication operation accounts for 

one flop (Golub and Van Loan 1996). A solver is required for simulating a continuous 

model however various solvers result in different computational effort (Butcher 

2008). In order to have a comparative study of different MOR approaches, it is 

assumed that the structure-preserving Euler discretisation method (Butcher 2008) is 

used to simulate reduced order models obtained using the different algorithms as 

described in Chapter 3. Table 6-1 presents the computational effort of simulating a 

discrete-time interval using each of the considered model structures, where 𝑟 is the 

order of reduced model, 𝑟𝑎 and 𝑟𝑏 are the orders of the output and input polynomials, 

respectively and 𝑝 is the number of linearised points. 

 

Model Number of flops 

Linear 2(𝑟𝑎 + 𝑟𝑏) − 1 

QA 2𝑟3 + 𝑟2 + 4𝑟 − 1 

TPWL 2𝑟2𝑝 + 𝑟 

Table 6-1: Efficacy of different TPWL approximation approaches for different input signals 

6.3.2 Coefficient of determination (𝑹𝑻
𝟐): 

The coefficient of determination provides the percentage of the accuracy of the 

model defined as (Ljung 1999) 

 

 
𝑅𝑇

2 = 100% (
‖�̂�𝑘 − 𝑦𝑘‖2

2

‖𝑦𝑘 − �̅�𝑘‖2
2) 

6.3 
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where �̂�𝑘 refers to the output simulated using a reduced order model, �̅�𝑘 is the mean 

value of the output. 

 

6.3.3 Mean absolute error (MAE) 

The mean absolute error without considering the direction, measures the average 

magnitude of the errors in a set of predictions. It is the average over the test sample 

of the absolute differences between estimated and actual observation. 

 

𝑀𝐴𝐸 = 𝑚𝑒𝑎𝑛|𝑦𝑘 − �̂�𝑘| 

 

6.4 MOR using LA, QA and TPWL methods 

In this section a comparative study of different nonlinear MOR approaches is 

presented using a nonlinear transmission line model. The results showcase the 

performance of nonlinear MOR approaches for weakly and strongly nonlinear 

effects. 

6.4.1 Applications for weakly nonlinear systems 

In this study a 100th order transmission line system is simulated using the input 

signal varying between 0 and 1 in order to observe the performance of different MOR 

reduction techniques suitable for weakly nonlinear systems. In this section, LA, QA 

and TPWL approaches are used for MOR purposes, as explained in chapter 3, 

section 3.4 – 3.5. The HSV are plotted in order to select the appropriate order of the 

reduced order model as shown in Figure 6-2. There are approximately 20 dominant 

modes so the order of the ROM is selected to be 20.  
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Figure 6-2: Hankel Singular values of 100th order transmission line model 

The top plot of Figure 6-3 shows the MOR of 100th order transmission line model to a 

20th order linear model. QA produced a better approximation as compared to LA due 

to its ability of expansion of operating point, as expected. On the other hand, it is 

observed that TPWL produces better results as compared to LA and QA due to 

piecewise linearization along the state trajectory. As shown in Table 6-2, TPWL not 

only provides a well approximated reduced order model but also generated a lower 

computational cost for weakly nonlinear system as compared to LA and QA 

approaches.  
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Figure 6-3: MOR of weakly nonlinear system on top and Input to the nonlinear system in 

bottom. 

 

6.4.2 Applications to strongly nonlinear systems 

In order to observe the performance of nonlinear MOR approaches for heavily 

nonlinear system, the input to the high order transmission line model varies between 

0 and 3, yielding a stronger nonlinearity as compared to the previous study. The 

comparison of TPWL and QR approaches is presented in Figure 6-4. In this study a 

high order transmission line nonlinear model is reduced to 20th order model.  
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Figure 6-4: MOR of strongly nonlinear system on top and Input to the nonlinear system in 

bottom. 

The second half of the Table 6-2 presents the results for heavily nonlinear system. 

One may note that TPWL provides a better approximation of the actual nonlinear 

system as compared to QA however due to 33 linearised points number of flops of 

TPWL are greater than QA. 

 

Weakly Heavily 

Method %𝑹𝑻
𝟐 Flops %𝑹𝑻

𝟐 Flops 

Linear 57 77 - - 

QA 88 16479 87.68 16479 

TPWL 93.44 5620 92.43 26420 

 

Table 6-2: Efficacy for weakly and strongly nonlinear systems 
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6.5 Applications of modified TPWL approaches 

In this section the simulation results of different modified TPWL approaches are 

presented. These approaches have already been discussed in Chapters 4 and 5.  

The modified TPWL approaches are implemented on the 100th order transmission 

line model presented in section 6.2. Three different set of validation inputs (i.e. stair 

case, sine and step inputs) are employed in order to evaluate the comparative study 

with Rewienski’s TPWL presented in (Rewienski 2003). A comparison using different 

efficacy indices of all the TPWL based approaches is presented in Table 6-3. The 

efficacy Table 6-3 provides the order of the reduced model, the number of LPs, the 

number of flops, the coefficient of determination and the MAE.  

 

6.5.1 MOR using exact LP-TPWL approach 

This approach is based on the concept where the spatial distance of the current 

state to the previous LP becomes equal to a threshold 𝛿, as discussed in chapter 4, 

section 4.4.1. The high order transmission line model (i.e. 100 order) is reduced to a 

10th order model using the exact LP selection based approach. This approach 

produced only 3 Lps resulting in a lot fewer flops as compared to Rewienski’s 7 Lps 

which are reduced to 20th order models.  
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Figure 6-5: Selection of LPs along the state trajectory of high order transmission line model. 

Figure 6-5 illustrates the selection of 3 LPs using the exact LP selection approach 

along the states of the high order nonlinear systems. The green circles indicate the 

LPs along the state trajectory of the 100th order transmission line model. It is to be 

noted that in TPWL computational cost heavily depends on the number of LPs and 

the order of the reduced model. The comparative efficacy indices are presented in 

the Table 6-3.  
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Figure 6-6: High order linearised models (Left) and Hankel singular values (Right) 

The left hand side of Figure 6-6 plots 3 high order linear models with respect to stair 

case input whereas the right hand side figure presents the HSV of one of the high 

order linear models. It is to be noted that all 3 linearised models have different HSV 

making the selection of the order of the reduced model challenging. However plotting 

and observing the HSV is still very helpful and gives a reasonable idea about 

selecting the order of the reduced models. 
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Figure 6-7: MOR results using exact LP-TPWL approach using stair case (left), sine wave 

(middle), step (right) input signals 

 

Figure 6-7 illustrates the MOR using exact LP approach. Three different inputs 

signals, staircase, sine wave and step on the left, middle and right hand side of 

figure, respectively are used to validate the performance of exact LP approach. In all 

three subplots the approximated outputs are compared with the output of the high 

order model.  One can note in Table 6-3 that exact LP approach produced 10th order 

low order models with a better approximation of the actual nonlinear system yet 

keeping the number of LPs low (i.e. 3) as compared to Rewienski’s 7 linear models 

reduced to a 20th order.  

6.5.2 MOR using tolerance based TPWL 

The tolerance based approach is discussed in Chapter 4, section 4.4.2. This study is 

conducted in order to evaluate the performance of the tolerance based LP selection 

in TPWL approach. The Figure 6-8 shows the process of tolerance based approach 
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where the approximated output is compared with the high order nonlinear model 

output. In this approach the next LP is selected if the absolute error is greater than 

the tolerance value.  

 

  

 

 

 

 

 

 

 

Figure 6-8: Approximation of the true model with 2 LPs (left) and 3 LPs (right) 

 

The left hand plot shows the comparison between the reduced order and high order 

outputs after selecting the 2 LPs which is proven to be a very poor approximation of 

the actual model. However, a significant difference can be noted in the right hand 

plot where the number of LPs increased to 3. The right plot of Figure 6-8 shows a 

good approximation of the true output and the coefficient of determination provides 

approximately 96% accuracy. 

Figure 6-9 shows a comparison between the 10th order reduced models using 

tolerance based LP selection approach and the high order model outcome. The 

performance of the proposed approach is observed using 3 validation inputs as 

illustrated in Figure 6-9. The efficacy Table 6-3 shows tolerance based LP selection 

approach selects only 3 LPs which are reduced to a 10th order model yet improving 

the approximation of the high order nonlinear model as compared to Rewienski’s 

approach. 
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Figure 6-9: MOR results using exact tolerance based LP selection approach using stair case 

(left), sine wave (middle), step (right) input signals 

6.5.3 MOR using tolerance based exact LP selection 

This section presents the results of tolerance based exact LP selection approach 

using TPWL approach. This approach is based on the idea of selecting the next 

exact LP (i.e. 𝑀 =  𝛿) if the absolute error exceeds the tolerance value as discussed 

in Chapter 4, algorithm 4.3.  

 

 

 

 

 

 

 

 

 

Figure 6-10: Approximation of the true model with 2 LPs (left) and 3 LPs (right) 
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Figure  illustrates the impact of number of LP in the tolerance based exact LP 

selection approach. It can be evident in Figure  that 3 LPs approximates the true 

behaviour of the high order nonlinear system much better than 2 LPs.  

 

 

 

Figure 6-11: Hankel singular values of one of the high order linear model 

Using this tolerance based exact approach a 100th order transmission line model is 

reduced to a 10th order model. HSV values are plotted to get an idea about the order 

of the reduced order model as shown in Figure 6-11. This approach is also tested 

using a variety of validation inputs like the previous modified TPWL approaches. A 

comparison of the reduced order and high order model is presented in Figure 6-12.  

The efficacy Table 6-3 shows that this approach produces not only a smaller number 

of flops due to the smaller number of LPs but also the order of the reduced model is 

smaller than in Rewienski’s approach. 
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Figure 6-12: MOR results using exact tolerance based LP selection approach using stair case 

(left), sine wave (middle), step (right) input signals 

 

6.5.4 MOR using SPA based TPW 

This study is conducted in order to observe the MOR using SPA in TPWL approach 

as explained in Chapter 4, section 4.5.1. The advantage of using SPA is to maintain 

the stability of the high order system into ROMs and a good approximation, 

specifically at low frequencies. 
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Figure 6-13: High order linearised models (Left) and Hankel singular values (Right) 

 

The high order transmission line model is simulated using the input signal varying 

between 0 and 1. Left figure of Figure 6-13 plots 5 high order linear models selected 

at some suitable distances whereas the right figure displays the HSV of one of the 

high order linear models.  

The ROM obtained using SPA-TPWL approach is validated using different set of 

input signals as shown in Figure 6-14. In all three subplots the ROM outputs are 

compared with the output of the high order transmission line model. 
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Figure 6-14: MOR results of extended TPWL-SPA based approach using stair case (left), sine 

wave (middle), step (right) input signals 

 

It is to be noted that in TPWL-SPA bases approach, 5 LPs are selected in order to 

obtain the ROM with a reasonable accuracy yet keeping the computational cost low. 

The number of LPs in this approach is more than for the exact LP selection and 

tolerance based approaches (i.e. 3), however this number is still less than 

Rewienski’s LPs (i.e. 7). The efficacy coefficients are presented in Table 6-3 which 

shows a very reasonable improvement in number of flops as well as accuracy of the 

reduced models compared to Rewienski’s TPWL approach.  
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6.5.5 MOR using Krylov/SPA based TPW 

Krylov/SPA is a two-step MOR approach which is described in Chapter 4, section 

4.5.2. The advantage of this hybrid approach in TPWL is that it is suitable for very 

high order system yet retaining the stability in the reduced order model.  

 

 

Figure 6-15: High order linearised models (Left) and Hankel singular values (Right) 

 

Figure 6-15 presents suitably selected 6 high order linear models with respect to a 

sine wave input. These high order linear models (100th order) are firstly reduced to 

50th order using Krylov subspace approach which are further reduced to 10th order 

models employing SPA balanced realisation approach. A weighted combination of 

the 6 ROMs which is compared with high order nonlinear model using three 

validation inputs as presented in Figure 6-16. 
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Figure 6-16: MOR results of extended TPWL-SPA based approach using stair case (left), sine 

wave (middle), step (right) input signals 
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TPWL 

Methods 

r No. 

of 

LPs 

No. of 

Flops 

%𝑹𝑻
𝟐 

(MAE) 

Stair 

%𝑹𝑻
𝟐 

(MAE) 

Sine 

%𝑹𝑻
𝟐 

(MAE) 

Step 

Rewienski’s 

TPWL 

20 7 5620 93.44 

(2.16×10-4) 

85.37 

(5.02×10-4) 

96.31 

(2.3×10-4) 

Exact LP 10 3 610 96.03 

(8.79×10-5) 

95.08 

(1.69×10-4) 

99.05 

(5.64×10-5) 

Tolerance 

based LP 

10 3 610 91.19 

(2.72×10-4) 

96.08 

(1.34×10-4) 

99.29 

(3.46×10-5) 

Tol based-

Exact LP 

10 3 610 90.92 

(2.5×10-4) 

95.24 

(1.69×10-4) 

99.31 

(3.11×10-5) 

TPWL-SPA 

 

10 5 1010 92.92 

(1.8×10-4) 

91.06 

(3.34×10-4) 

99.34 

(3.47×10-5) 

TPWL 

(Krylov/SPA) 

10 6 1210 91.92 

(2.7×10-4) 

93.63 

(2.69×10-4) 

98.52 

(6.9×10-5) 

 

Table 6-3: Efficacy of different TPWL approximation approaches for different input signals 

The Table 6-3 presents a comparative study of the results obtained using different 

TPWL based approaches. The first column of the table lists the number of TPWL 

based approaches, the 2nd column provides the order of the reduced model (r), the 

3rd and 4th columns number of LPs selected along the state trajectory and number of 

flops in order to estimate the computational cost, respectively. In this table, the 

coefficient of determination and mean absolute error (in brackets) are used in order 

to compare the low order models with the actual model. The last 3 columns present 

the aforementioned efficacy indices values for stair, sine and step validation inputs, 

respectively.  

The simulated results of different modified TPWL based approaches are compared 

with Rewienski’s original TPWL results. The second row of the table showcase MOR 

results of high order transmission line model using the original TPWL approach 

where a 100th order transmission model is reduced to a 20th order linear model while 
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generating 7 linearised models. The coefficient of determination shows a reasonable 

approximation of high order model for stair and step inputs providing over 93 and 96 

percentage of fitness. However, it produced relatively poor approximation for sine 

input, providing around 85 % accuracy. The MAE results can be observed in 

brackets.  

The improvements of the new modified TPWL based approaches as compared to 

Rewienski’s TPWL approach can be summarised as follows; 

The exact LP approach results are presented in the third row of the above table 

where it not only produced a reduced order model of 10th order but also generated 

only 3 linearised models resulting in less computational cost as compared to 

Rewinski’s TPWL. The resultant reduced order models obtained using exact LP 

approach improved the modelling accuracy by 2.59%, 9.71% and 2.74% for stair, 

sine and step inputs, respectively. 

The fourth row of the efficacy table presents results obtained using tolerance based 

LP approach. This approach also kept the number of LPs to 3 while reducing the 

order of the high fidelity model to 10th order. The tolerance based approach improved 

the accuracy of the approximation by 10.71% and 2.98% for sine and step inputs, 

respectively. However, this approach produced relatively weak approximation (by 

2.25%) for stair input. 

The combination of both previously stated LP selection approaches, tolerance based 

exact LP approach also produced 3 LPs with a 10th order reduced model. This 

approach improved the approximation of the high order nonlinear model by 9.87% 

and 3% for sine and step inputs, respectively. However, this approach also results in 

model that are 2.52% less accurate than the original TPWL. 

The fifth row of the above table presents the results of TPWL based approach where 

SPA MOR approach has been employed to reduce the order of the high order linear 

models. SPA approach is not only useful to generate low order models with a better 

accuracy at low frequencies but also retain the stability in the reduced order models. 

This approach produced 5 linearised models while reducing the order of the high 

order model to 10th order model. This approach also improved the approximation of 

the high order model by 5.69% and 3.03% for sine and step inputs, respectively. 
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The last row of the table shows the results of the modified TPWL approach where a 

combination of Kryolv subspace and SPA approaches is used to obtain the reduced 

order bases. The Kry/SPA based MOR used to make it suitable for very high order 

models, as well as retaining the stability in the reduced models.  This approach also 

generated a 10th order reduced linearised model with 6 LPs. The improvements for 

sine and step validation inputs were 8.26% and 2.1%, respectively. 

One can note that all the modified approaches reduced the high fidelity nonlinear 

model to 10th order model while producing less LPs and also improved the accuracy 

for the different validation input in most of the cases, as compared Rewiensk’s 

TPWL. 
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6.6  Conclusion 

In this chapter a comparative study of different nonlinear MOR approaches is 

presented. A 100th order transmission line nonlinear model is used as a case study 

in order to demonstrate the performance of nonlinear MOR techniques. In the first 

part of the chapter a comparative study of Rewienski’s TPWL, LA and QA is 

presented. It is demonstrated that linearising a nonlinear model at multiple points 

along a fixed state trajectory produces a better approximated reduced order linear 

model as compared to LA and QA which relies only on the single operating point. 

Then later in this chapter the simulation results of the exact LP selection approach 

are presented. The simulation results prove that exact LP generated less number of 

LPs which are reduced to a 10th order linear model while retaining the simulation 

accuracy. The tolerance based LP selection approach is also implemented using the 

same transmission line model. It is shown using simulation results that how the 

increase in number of the LPs chosen at suitable distance improves approximation 

of the high order nonlinear model. After that both above mentioned LP selection 

exact and tolerance based approaches are used together in order to select the LPs 

along the state trajectory of the nonlinear model.  

In the later sections of this chapter different LTI MOR approaches are used in order 

to obtain the reduced order basis. Firstly the simulation results of SPA based TPWL 

are presented. SPA is a well-known approach for retaining the stability of the high 

order model for the resultant lower order models. Then later in the chapter a 

Krylov/SPA based TPWL approach is implemented on the high fidelity nonlinear 

model. The advantage of using the two-step linear MOR is that It is not only suitable 

for very high order system but also generates stable low order models. It is to be 

noted that if during the first step, Krylov subspace approach produces unstable 

medium order models, then the extended balanced realisation approach is employed 

which decuples the stable and unstable systems. For the validation purposes a set of 

three different inputs, stair case, sine wave and step input is used.  

Table 6-4 presents a comparative study of all the above mentioned TPWL based 

MOR approaches. The results are compared with Rewienski’s TPWL using the order 

of the reduced model, number of LPs selected along the state trajectory, number of 



132 

 

flops in order to observe the computational cost, coefficient of determination and 

mean absolute error.  
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Chap te r  7  

 

 

Conclusions and Further Work 

 

 

The findings and contributions of this thesis will be summarised in this chapter 

together with opportunities for further work. 

7.1 Conclusions 

This thesis has presented novel approaches for nonlinear model order reduction. It 

starts with a description of linear model order reduction (MOR) techniques. It then 

describes the nonlinear MOR that include linear MOR within their procedure prior to 

identifying the relative advantages of TPWL over alternatives and then determining 

the areas of improvements for TPWL. Improves methods for TPWL stage 1 to 

determine suitable linearization points and TPWL stage 2 to create a hybrid method 

combining the advantages of Krylov subspace and singular perturbation 

approximation. Chapter 5 then presents the extension of the proposed TPWL 

improvements to other nonlinear model structures using a combination of data based 

approach and TPWL. Finally a simulation studies is performed where all the 

proposed improvements are compared and evaluated against current benchmark 

solutions. The following paragraph review the contributions made by each chapter of 

this thesis in greater details. 
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 In chapter 2, linear model order reduction techniques were discussed. The main 

focus was on Krylov subspace based Arnoldi approach and balanced realisation 

based approached including truncation balanced realisation and singular 

perturbation approximation. It was shown that Krylov subspace based approaches 

are well suited to reduce the order of very high order linear models. Their drawback 

was that the resultant reduced order models may be unstable. By contrast balanced 

realisation approaches generates stable reduced order models but are not suitable 

for very large scale systems (i.e. > 100th order). Further it is shown that Hankel 

singular values can be used to determine the order of the reduced order model. This 

discussion is followed by a case study of high fidelity super capacitor model. 

Different linear model order reduction techniques have been implemented to 

highlight their performance using predefined performance criteria. The outcome of 

this Chapter was the selection of methods suitable to be applied in Chapter 5 within 

the MOR stage within the proposed improved TPWL. 

Chapter 3 contains the description of different nonlinear model order reduction 

approaches. The impact of linearisation around a single operating point and multiple 

operating points is highlighted. Firstly a classic linear approximation approach is 

discussed which is further modified to overcome the drawbacks of linear 

approximation. The modified form of linear approximation, where a second term of 

Taylor series expansion is also considered, is known as quadratic approximation. 

Both linear approximation and quadratic approximation are known to be only suitable 

for weak nonlinear systems.  

The TPWL approximation presented in (Rewienski 2003) is the main motivation for 

this research. The main concept of TPWL approach is to select multiple LPs along 

the state trajectory of the nonlinear system generated by a training input. The high 

order LPs are reduced to low order models using linear model order reduction 

approaches. Eventually these reduced order linear models are combined together 

using a weighted combination approach. TPWL approach achieved significant 

results in the field of model order reduction for nonlinear systems, however this 

approach has its own drawback. The issues addressed in this thesis are: 

linearization point selection, generation of reduced order basis and extension to 

other nonlinear structure.   
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Chapter 4 presents the main contributions of this thesis. Rewienski’s TPWL 

approach is suitable for the system in nonlinear state space structure where the 

nonlinearities are considered in the states of the system only. In chapter 4, a 

modified TPWL approach is presented where nonlinear function is a function of 

states as well as inputs. Further, this chapter formalised alternative LP selection 

approaches to reduce the number of LPs to keep the computational cost and order 

of the reduced model as low as possible. The first LP selection approach, named 

exact LP approach, a point is selected when the distance between the current and 

previous LPs becomes equal to a predefined parameter 𝛿. The second method, 

named tolerance based linearization point selection approach, is based on the idea 

of selecting the next point when the absolute error between the actual and reduced 

model outputs exceeds a certain threshold. Both LP selection approaches were then 

combined and named as exact tolerance based LP selection approach.  

The next part of chapter 4, focuses attention on the reduced order model generation.  

It is suggested to use singular perturbation approximation in order to achieve stable 

reduced order models and good approximation at low frequencies. A hybrid model 

order reduction approach based on Krylov subspace and singular perturbation 

approximation was developed to make it suitable for very large scale systems yet 

maintaining the stability in the low order models. In model order reduction process, 

the extended balanced realisation approach is used which is capable to deal with 

unstable systems by decoupling them into stable and unstable parts. 

 

The TPWL approach is applicable only to nonlinear systems in their state space 

form. Chapter 5 deals with the extension of TPWL implementations to other 

structures.  In this chapter an input-output data of black box model is converted into 

a nonlinear state space form using a system identification approach. An example 

from the literature was employed to demonstrate all the necessary steps required in 

order to formulate a nonlinear state space structure. The combination of data based 

and TPWL creates a hybrid approach which is suitable for nonlinear systems 

presented in any structure.  

The application of TPWL approximation based model order reduction techniques 

developed in this thesis were then applied to a high order transmission line model. 



136 

 

Firstly Rewienski’s TPWL approach is compared with linear approximation and 

quadratic approximation for reduce order modelling. A very reasonable improvement 

was noted in simplifying a high order model to a lower order. The next subsection of 

this chapter presents the implementations of novel techniques where TPWL is 

modified for LP selection as well as reduced order modelling. To validate the 

improvements three different validation inputs were used for all approaches. 

The modified TPWL approaches were benchmarked against Rewienski’s TPWL 

approach based on the following criteria: order of the reduced model, number of LPs 

and number of flops with the accuracy of the approximation indicated by the 

coefficient of determination and the mean of absolute error for three different model 

validation inputs. The overall results were presented in Table 6-3 of chapter 6. A 

remarkable improvement was noted for all the modified TPWL based approaches. 

The modified TPWL approaches not only generated the lower order model but also 

reduced the number of LPs and improved the accuracy of the simulation 

approximation.   
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7.2 Further Work 

The research done in this thesis has identified many interesting ideas for further 

work. 

1- Extension to multi input – multi output systems (MIMO): The focus of this 

thesis has been on single input – single output (SISO) systems. The scope of 

this research can be extended to MIMO systems.    

2- Generation of multiple trajectories: It will be interesting to generate multiple 

training trajectories in order to make TPWL more effective for heavy nonlinear 

systems. 

3- Selection of quadratic approximation points: The idea of LP selection can be 

extended to quadratic approximation to include the second term of the Taylor 

series expansion.  

4- Optimising the choice of linearisation points: The LP selection stage can be 

optimised by considering alternative approaches such as exact LP selection, 

tolerance based approach, exact tolerance based approach and Rewienski’s 

LP selection approach. Optimisation can be helpful in order to choose the 

most appropriate number of LPs on a suitable distance, depending on the 

type of the system. 

5- Optimising the generation of reduced order basis: There are different MOR 

approaches available to generate the reduced order basis of the high order 

linear models. This step of TPWL can be optimised to reduce the order of the 

high fidelity models depending on the purpose of reduced order modelling.        
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Appendix  

9.1 Definition of terms 

 

Definition 9.1.1 (Linearity) A system that obeys the principle of superposition is 

known as linear system. If 𝑓(𝑢1) is the output of a system to the input 𝑢1 and 𝑓(𝑢2) is 

the output of a system to the input 𝑢2 then the system is said to be linear if  

 

 𝑓(𝑢1 + 𝑢1) = 𝑓(𝑢1) + 𝑓(𝑢2) 9.1 

 

where 𝑓(. ) is a continuous function. 

 

Definition 9.1.2 (Time-invariant and time-varying systems) If the response of a 

system to a given input does not explicitly depend on the time, it is known as time-

invariant system. Conversely systems that have at least on parameter varying with 

time are time variant. For example, consider the following systems where 𝑢 and 𝑦 

are system input and output respectively, 𝑘 is the time index and 𝛼𝑘 denotes that the 

parameter 𝛼 varies over time i.e.  

• 𝑦𝑘 = 𝛼𝑢𝑘 – linear time-invariant (LTI) system 

• 𝑦𝑘 = 𝛼𝑘𝑢𝑘 with 𝛼𝑘 = sin (𝑘) - linear time-varying (LTV) system 

 

Definition 9.1.3 (Continuous-time and discrete-time systems) Systems can be 

continuous or discrete in time. Continuous systems usually expressed as ordinary or 

partial differential equations and can be obtained by writing down balance equations 

of a given process.  

Discrete time systems are described by input-output relationships at certain time 

instances. Discrete systems are useful to handle the process data as it is normally 

available only at discrete-time instances at which it is sampled. The control and 

identification algorithms are implemented on digital platforms, so they are inherently 

discrete-time. As an example consider the following unforced first order systems, 
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• 
𝑑𝑦(𝑡)

𝑑𝑡
= −𝛼𝑦(𝑡) – continuous-time system 

• 𝑦𝑘 = 𝑒−𝛼𝑇𝑠𝑦𝑘−1 – discrete-time system 

where 𝑡 is the time index and 𝑇𝑠 is the sampling time.  

 

Definition 9.1.4 (High order/fidelity systems) A system comprises of 𝑛 number of 

parameters, variable or states can be called a high order/fidelity system where 𝑛 

(𝑛 ≫ 1) denotes the order of the system. Analysis of such systems becomes difficult 

as 𝑛 increases. 

 

Definition 9.1.5 (Schur decomposition) Schur decomposition allows to write an 

arbitrary matrix as unitarily equivalent to an upper triangular matrix whose diagonal 

elements are identical to the eigen values of the actual matrix. For example, if 𝐴 is an 

𝑛 × 𝑛 square matrix, then it can be written as; 

 

 𝐴 = 𝑈𝑇𝑈−1 9.2 

 

where 𝑈 is a unitary matrix and 𝑇 is an upper triangular matrix which is known as 

Schur form of 𝐴. 

 

Definition 9.1.6 (Singular value of decomposition) Singular value decomposition 

is a method of decomposing a matrix into three other matrices. This method 

generalises the eigen-decomposition of a square matrix to any 𝑚 × 𝑛 matrix via an 

extension of the polar decomposition. For example consider the SVD of an 𝑚 × 𝑛 

matrix 𝐴 as; 

 

 𝐴 = 𝑈𝛴𝑉𝑇 9.3 

 

where 𝑈 is an 𝑚 × 𝑚 unitary matrix, 𝛴 is an 𝑚 × 𝑛 diagonal matrix and 𝑉 is an 𝑛 × 𝑛 

unitary matrix. 
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Definition 9.1.7 (Controllability) Controllability of a system represents the capability 

of an external input to transfer the internal state of a system in a finite time interval 

from any initial state to any other final state.  

Controllability matrix 

An LTI system is reachable if its controllability matrix (𝒞) has a full rank of 𝑛, where 𝑛 

is the dimension of matrix 𝐴 and 𝑛 ×  𝑝 is the dimension of matrix 𝐵. 

 

 𝒞 = [𝐵 𝐴𝐵 𝐴2𝐵 ⋯ 𝐴𝑛−1𝐵] 9.4 

 

 

Definition 9.1.8 (Observability) A system is said to be observable if it is possible to 

determine the value of the initial state 𝑥(𝑡0) from the system output 𝑦(𝑡) that has 

been observed for the time interval 𝑡0 < 𝑡 < 𝑡𝑓. A system whose all the possible 

initial states can be observed is said to be completely observable. 

 

Observability matrix 

The system observability depends on the system states and the system output. The 

system is said to be observable if observability matrix (𝒪) has a rank of 𝑛. 

 

𝒪 =

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

 

 

9.5 

 

Definition 9.1.9 (Hankel singular value) Hankel singular values give the measure 

of the energy of each state of the system. Hankel singular values are calculated as 

the square roots of the eigenvalues for the product of the controllability and 

observability Gramians, as given; 

 𝐻𝑆𝑉 = √𝜆𝑖(𝑃𝑄) 9.6 

 

where HSV denotes Hankel singular values and 𝜆, 𝑃 and 𝑄 are respectively 

eigenvalues, controllability and observability Grammians. 
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Definition 9.1.10 (Weak and strong linear systems) Hankel singular value is the 

key of balanced MOR process where high energy states are retained and low energy 

states are discarded. A system containing high energy states is known as a strong 

linear system whereas a system consists of low energy states is called a weak linear 

system. 

 

Definition 9.1.11 (Span) If every vector in 𝕊 is a linear combination of the vectors in 

𝕍 then 𝕊 is said to be spanned by 𝕍. 

 

 𝕊 = 𝑠𝑝𝑎𝑛{𝕍} 9.7 

 

This makes 𝕍 a unique subset of 𝕊. The vectors of 𝕍 are called the basis of 𝕊. 

 

Definition 9.1.12 (Weak nonlinear system) In this thesis a system is referred to a 

weakly nonlinear system whose dynamics are excited with small perturbation or 

narrow frequency band of the input. In case of weakly nonlinear system only one or 

few number of linearisation points may be sufficient to approximate the actual 

behaviour of the system. 

 

Definition 9.1.13 (Strong nonlinear system) In this thesis a system is referred to a 

strong nonlinear system whose dynamics are excited with higher perturbation or 

large frequency band of the input. In such cases one may have to consider many 

linearisation points to approximate the actual behaviour of the system. 
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