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Evolving a linear programming technique for MAGDM Problems with interval valued 
intuitionistic fuzzy information 

Abstract 

It is believed that multi attribute decision making problem is an ill-defined and unstructured problem. This 
difficulty intensifies while considering the uncertainty of decision makers’ information about the problem. In 
recent years, interval valued intuitionistic fuzzy sets (hereafter IVIFs) as a generalization of ordinal fuzzy sets, 
became a well-known and widely applied framework for dealing with uncertainty of decision making 
problems. However, the mathematical programming aspects of interval valued intuitionistic fuzzy sets besides 
their applications in decision making problems are neglected. To reinforce the mathematical programming 
approach in IVIF environment, an IVIF multi attribute group decision making problem is formulated as a 
linear programming model. Using a variable transformation and the notion of aggregation operators, the 
proposed model is transformed into an equivalent linear programming model solvable by common 
approaches. Application of the proposed method is represented in a group decision making problem and the 
results are compared with similar methods, proving the compatibility of the proposed method with previous 
ones. The solid and understandable logic with computational easiness are the main advantages of the proposed 
method. Solving interval valued intuitionistic fuzzy linear programming problems can be applied lucratively 
in other problems being formulated in this context. 
Keywords: Multi attribute group decision making; Interval valued intuitionistic fuzzy sets; Variable 
transformation; Aggregation operators. 

1. Introduction 

Multi criteria decision making is one of the most implicational fields of operations research. 
From a managerial perspective, decision making problems can be classified into two classes of 
planning and selection problems (Simon, 1977). Multi criteria decision making (henceforth MCDM) 
considers those problems where several criteria must be satisfied to make a desirable decision. 
MCDM is further divided to multi objective decision making (henceforward MODM) and multi 
attribute decision making (hereafter MADM) (Climaco, 1997). Usually, MODM considers the 
planning type problems, while MADM deals with selection problems. 
An MADM problem can be defined formally as follow: Let 𝐴 = {𝐴ଵ, 𝐴ଶ, … , 𝐴} be a nonempty 

and finite set of decision alternatives and 𝐶 = {𝐶ଵ, 𝐶ଶ, … , 𝐶} is a finite set of goals, attributes or 
criteria, according to which desirability of an alternative is to be judged. The aim of MADM is to 
determine the optimal alternative with the highest degree of desirability respect to all relevant goals 
(Zimmerman, 1987). 
Usually, MADM problems are characterized in the form of a decision matrix 𝐷 = ൣ𝑥൧, where 

𝑥 is the performance of alternative 𝐴 regard to criterion 𝐶, and a weight vector 𝑊 = 
[𝑤ଵ, 𝑤ଶ, … , 𝑤], where 𝑤 represents the importance of criterion 𝐶 in decision making. In classic 
MADM problems, it is supposed that 𝑥 and 𝑤 values are determined as crisp numbers. However, 
there are some reasons that human information is often incomplete and inexact. Yovits (1984) 
believed that uncertainty may occur due to partial or approximate information. In fact, most of our 
information about our surrounding phenomena is determined partially or approximately. Therefore, it 
seems necessary to follow some frameworks to cope with this uncertainty. Liu and Lin (2006) 
classified different frameworks of uncertainty in three categories of probability and statistics, grey 
system theory, and fuzzy set theory. 
Fuzzy set theory (Zadeh, 1965) is one of the widely accepted frameworks regarding the 

uncertainty. Fuzzy sets are generalized forms of classic sets in which a membership degree 
(function) is assigned to each element of a universal set, opposed with classic sets where a sharp 
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distinction is assumed between membership and non-membership of elements. Fuzzy set theory is 
widely applied in decision making problems. 
Grattan-Guinness (1976) and later Gau and Buehrer (1993) pointed that the presentation of a 

linguistic expression in the form of fuzzy set is not enough. Actually, it is so hard to determine an 
exact membership degree of elements and there is not any hesitation in determining. Considering the 
hesitancy, Atanassov (1986) introduced the notion of intuitionistic fuzzy set (IFS) as a generalization 
of the Zadeh’s fuzzy sets. In addition to membership degree of each element in ordinal fuzzy sets, 
IFS assigns a degree of non-membership to each element. Subsequently, Atanassov and Gargov 
(1989) extended the interval valued intuitionistic fuzzy sets (IVIFS), where membership and non-
membership degrees are defined as closed intervals. 
One of the prominent applications of IVIFS is in the area of MADM or MAGDM problems. In 

such problems, the elements of matrix D and/ or vector W are illustrated as IVIFNs. Some 
researchers developed well-known MADM methods in IVIF form. Verma, Verma, and Mahanti 
(2001), Ye (2010), Tan (2011), and Park, Park, Kwun, and Tan (2011) extended TOPSIS method 
under IVIF framework with different distance measures between IVIFNs and ideal and anti- ideal 
definitions. An IVIF extension of VIKOR method is presented by Park, Cho, and Kwun (2011). 
Razavi Hajiagha, Hashemi, and Zavadskas (2013) proposed an IVIF version of Complex 
Proportional Assessment (COPRAS) method. Zavadskas, Antucheviciene, Razavi Hajiagha, and 
Hashemi (2014) extended the weighted aggregated sum product assessment (WASPAS) method 
under IVIF environment. Zavadskas, Antucheviciene, Razavi Hajiagha, and Hashemi (2015) also 
extended the Multi-objective Optimization by Ratio Analysis plus Full Multiplicative Form 
(MULIMOORA) for MAGDM with IVIF information. Chen (2015) proposed an IVIF version of 
preference ranking organization method for enrichment evaluations (IVIF-PROMETHEE) and 
elaborated on its applications for MAGDM. 
Beyond the extension of previous models, some recent developed methods are proposed for IVIF 

MADM problems. Li (2010) developed a nonlinear programming methodology based on TOPSIS to 
solve MADM problems using ratings of alternatives on attributes and weights of attributes expressed 
with IVIFSs. Li (2010) used the concept of relative closeness coefficients and constructed a pair of 
nonlinear fractional programming models being transformed into two simpler auxiliary linear 
programming models in order to calculate the relative closeness coefficient of alternatives to the 
IVIF positive ideal solution, being employed to generate ranking order of alternatives. Li (2011) 
proposed a closeness coefficient based nonlinear programming method for solving IVIF MADM 
problems. Lakshmana Gomathi Nayagam, Muralikrishnan, and Sivaraman (2011) introduced a new 
method of IVIFNs ranking and a method of MADM upon IVIF information. Yue (2011) developed a 
new approach for measuring decision makers’ weights in IVIF group decision making problems on 
the concept of ideal decision of a group and the similarity measure between each individual decision 
and ideal decision. Chen, Lee, Liu, and Yang, (2012) solved MADM problems on the basis of 
interval-valued intuitionistic fuzzy weighted average operator and a new defined fuzzy ranking 
method for intuitionistic fuzzy values. Chen, Yang, Yang, Sheu, and Liau (2012) presented a method 
for multi criteria fuzzy decision making under IVIFS, where a new method was proposed for ranking 
IVIF values; afterwards, the results were used for multi criteria decision making problems. Wang and 
Li (2012) introduced group consistency and inconsistency indices and determined unified attribute 
weights and an interval-valued intuitionistic fuzzy positive ideal solution using an auxiliary linear 
programming model. The obtained weights were then used to calculate distances of alternatives from 
positive ideal solution. Ye (2013) used Entropy weight models to determine the weights of both 
experts and attributes from IVIF decision matrices, following that the evaluation formulas of 
weighted correlation coefficients between alternatives and the ideal alternative was denoted. The 
alternatives were ranked regard to the values of the weighted correlation coefficients for IFSs or 
IVIFSs. Wang and Liu (2013) introduced some Einstein geometric operators on IVIFS and applied 
an IVIF Einstein hybrid weighted geometric based approach to solve MADM problems. Wan and 
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Dong (2014) used the notion of 2-dimensional random vector to rank IVIFNs. Following Karnik-
Mendel algorithm, they defined ordered weighted average operator and hybrid weighted average 
operator for IVIFNs and applied these operators for MAGDM. Jin, Pei, Chen, and Zhou (2014) 
proposed the IVIF continuous weighted entropy and developed an approach for MAGDM problems 
conditional upon the weighted relative closeness and IVIF attitudinal expected score function. Wan, 
Xu, Wang, and Dong (2015) developed a method of solving MAGDM problems with IVIF 
information. In their method, they determined the weight of each decision maker with respect to 
every attribute; subsequently, the collective decision matrix is transformed into an interval matrix 
using the risk coefficient of DMs. A multi-objective interval-programming model is then solved to 
derive the attribute weights. Ultimately, the comprehensive interval values of alternatives are used to 
rank the alternatives. 
The aim of this paper is to propose a formulation of multi attribute group decision making 

(MAGDM) problems. In this paper, the MAGDM problem is formulated in the form of a linear 
programming problem and then, a novel approach is proposed to solve this problem. Applicability of 
the proposed method is presented in a numerical example and the results are compared with some 
previously presented methods. This paper is organized as follows. A brief overview of interval 
valued intuitionistic fuzzy sets and required concepts are given in section 2. The considered problem 
and its formulation are expressed in section 3. Section 4 explains the proposed approach for solving 
the problem. In section 5, application of the proposed approach in multi attribute group decision 
making is explained and the results of proposed method are compared with some previous extended 
methods. Finally, section 6 makes some conclusions. 

2. Interval valued intuitionistic fuzzy Sets 

Atanassov and Gargov (1989) generalized the IFS concept to interval valued intuitionistic fuzzy 
sets (IVIFSs). Let 𝐷[0, 1] be the set of all closed subintervals of the interval [0, 1]. Let X be a given 
non-empty set. An IVIFS in X is an expression given by 𝐴ሚ = {⟨𝑥, 𝜇෨(𝑥), 𝑣෨(𝑥)|𝑥 ∈ 𝑋⟩} , where 
𝜇෨: 𝑋 → 𝐷[0, 1], 𝑣෨: 𝑋 → 𝐷[0, 1] under the condition 0 < 𝑠𝑢𝑝௫𝜇෨(𝑥) + 𝑠𝑢𝑝௫𝑣෨(𝑥) ≤ 1. 
The intervals 𝜇෨(𝑥) and 𝑣෨(𝑥) denote the membership and non-membership degrees of the 

element x to the set A. Thus, for each 𝑥 ∈ 𝑋, 𝜇෨(𝑥) and 𝑣෨(𝑥) are closed intervals whose lower and 
upper end points are denoted by 𝜇(𝑥), 𝜇(𝑥), 𝑣(𝑥), and 𝑣(𝑥). 
The IVIFS A is denoted by 

A   x, AL x,  AU x,vAL x,vAU x x  X  (1) 

Where 0 < 𝜇(𝑥) + 𝑣(𝑥) ≤ 1 , 𝜇(𝑥), 𝑣(𝑥) ≥ 0 . For convenience, an IVIFS value is 
denoted by 𝐴ሚ = ([𝑎, 𝑏], [𝑐, 𝑑]) and called as an interval valued intuitionistic fuzzy number (IVIFN). 
If 𝐴ሚଵ = ([𝑎ଵ, 𝑏ଵ], [𝑐ଵ, 𝑑ଵ]) and 𝐴ሚଶ = ([𝑎ଶ, 𝑏ଶ], [𝑐ଶ, 𝑑ଶ]) be any two IVIFNs, their operational laws 

are defined as follows (Xu, 2007): 
~ ~ 
A1  A2  a1  a2  a1a2 ,b1  b2  b1b2 ,c1c2 ,d1d2  (2) 

~ ~ 
A  A  a a ,b b ,c  c  c c ,d  d  d d  (3) 
1 2 1 2 1 2 1 2 1 2 1 2 1 2 

~    A  1  1  a  ,1  1  b  ,c ,d ,  0 (4) 
1 1 1 1 1 

Xu (2007) defined score function of an IVIFN 𝐴ሚ = ([𝑎, 𝑏], [𝑐, 𝑑]) as 

~ 1 
sA a  c  b  d  (5) 
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And its accuracy function as 

~	 1
hA  a  c  b  d 	 (6)

2 

Then, for two IVIFNs 𝐴ሚଵ and 𝐴ሚଶ, 

1.		 If ൫𝐴ሚଵ൯ < 𝑠൫𝐴ሚଶ൯, then 𝐴ሚଵ is smaller than 𝐴ሚଶ, 𝐴ሚଵ < 𝐴ሚଶ. 
2.		 If 𝑠൫𝐴ሚଵ൯ = 𝑠൫𝐴ሚଶ൯, then
	

2-1) If ℎ൫𝐴ሚଵ൯ = ℎ൫𝐴ሚଶ൯, then 𝐴ሚଵ = 𝐴ሚଶ.
	
2-2) If ℎ൫𝐴ሚଵ൯ < ℎ൫𝐴ሚଶ൯, then 𝐴ሚଵ is smaller than 𝐴ሚଶ, 𝐴ሚଵ < 𝐴ሚଶ (Xu, 2007).
	

Let 𝐴ሚ = ൫ൣ𝑎, 𝑏൧, ൣ𝑐, 𝑑൧൯, 𝑗 = 1,2, … , 𝑛 be a collection of IVIFNs. Then, the generalized interval 
~ ~ ~ ሚ ሚ ሚintuitionistic fuzzy weighted average 𝐺𝐼𝐹𝑊𝐴௪൫𝐴ଵ, 𝐴ଶ, … , 𝐴൯ GIIFWAw A1 ,A2 , ,An  is defined as 

follows: 

1~  ~  ~   GIIFWA A ,A , ,A   w A  w A   w A		 (7)
w 1 2 n 1 1 2 2 n n 

Where 𝜆 > 0 , and 𝑊 = [𝑤ଵ, 𝑤ଶ, … , 𝑤]
் is the weight vector with 𝑤 ≥ 0, 𝑗 = 1,2, … , 𝑛 , and 

∑		 𝑤 = 1. It can be shown that GIIFWA is also an IVIFN and can be calculated as follow (Zhao,ୀଵ 

Xu, Ni, & Liu, 2010): 

1 	 1   n n~ ~ ~   wj    j	 w  
GIIFWAw A1, A2,, An  


11 a j   ,11 bj   ,

 j1   j1  
 	  

(8) 
1 	 1  n n  wj  	  wj  1	 1 1 1 c   ,1 1 1 1 d   


 

   j    j   	 j1   j1 	   

If 𝜆 = 0, then GIIFWA is turned into interval intuitionistic fuzzy weighted average (IIFWA). 

3. MAGDM problem formulation 

Suppose that there is a group of K decision makers who apprise the alternative set 𝐴 = 
{𝐴ଵ, 𝐴ଶ, … , 𝐴} regard to criteria set 𝐶 = {𝐶ଵ, 𝐶ଶ, … , 𝐶} . Each decision maker, makes his/ her 

evaluations individually and constructs an individual decision matrix 𝐷 = ൣ𝑥 
 ൧. The 𝑥 elements of 

  
𝐷 are expressed in form of an IVIFN 𝑥 = ቂቀ𝜇 ቁ , ቀ𝑣 ቁቃ , 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛. The , 𝜇  , 𝑣 

aim of the problem is to determine a ranking of alternatives or rating them, to enable decision makers 
for choosing their final alternative(s) or ranking them. 
At the first step, an aggregated decision matrix D is constituted using GIIFWA (when a 

predetermined weight is assigned to different experts) or IIFWA (when experts’ opinions are 
considered equally, i.e. 𝑤 = 1⁄𝐾, 𝑘 = 1,2, … , 𝐾). The aggregated decision matrix will be obtained 
as 𝐷 = ൣ𝑥൧ where, 

~ ~1 ~2 ~K x  GIIFWA x , x ,, x		 (9)ij w ij ij ij 

The extended form of aggregated matrix D can be illustrated as: 
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~ ~ ~ x11 x12  x 1n 
 ~ ~ ~  x x  x21 22 2n D  (10) 
      
 ~ ~ ~ x x  x m1 m2 mn  

If the problem seeks to rank alternatives of the set A, the MAGDM problem can be formulated as 
below: 

~ Max  
n 

wj xij
	
j1
	

S.T.
	

~
	~ 
n 

wj xij  1,i 1,2,,m   i 
j1 

0, j 1,2,,n   (11) wj  ii 

 
n 

wj  1, iii 
 
j1
	

wj  wk , j,k 1,2,,n, j  k iv  
wj    v 

Where 1෨ is an IVIFN, e.g. [(0.9,0.95), (0.01,0.05)] , and 𝑤, 𝑗 = 1,2, … , 𝑛 is the importance 
weight of criterion j. This data envelopment based model is initially proposed by Ramanathan (2006) 
as a weighted linear optimization model for multi criteria inventory classification problem. In this 
model, objective function maximizes the total score of each alternative i as a linear function of 
criteria. Constraint (i) restricts all alternatives total score to be less than 1 with similar weight of 
alternative i. Constraint (ii) means that all weights of criteria must be positive. Constraints (iii), (iv), 
and (v) are arbitrary and restrict the sum of weights to be normalized and impose a set of 
predetermined preferences over criteria weights. Constraint (v) also determines a lower bound to 
avoid none of criteria weights becoming zero. This model repeatedly is solved for each alternative 
and ranked according to the descending order of their scores. 

4. Solving approach 

The MAGDM problem formulated in Eq. (11) can be considered as a linear programming 
problem under IVIF environment. Linear programming is an accepted optimization tool for different 
problems. Resource limitation is the main stimulus of optimization (Nocedal & Wright, 1999). 
Mathematically, an optimization problem is to find the infimum or supremum of a given real-valued 
function f over a specified set G of a universal set X. i.e. 

  inf f x: x G,G  X (12) 

The optimization problem includes finding the value of α or equivalently, an 𝑥 ∈ 𝐺 that 𝑓(𝑥) = 
𝛼 (Ponstein, 2004). Dantzig (1948) introduced linear programming as an exact optimization problem 
which is defined as optimizing (i.e. minimizing or maximizing) a linear function while a set of linear 
constraints is satisfied. A matrix presentation of linear programming is revealed in Eq. (13). 
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Max CX
	

Subject to
	

 (13)   
AX b, X  0
	

 
  

Where X is the (𝑛 × 1) column vector of decision variables, C is the (1 × 𝑚) row vector of profit 
(cost) coefficients, A denotes the (𝑚 × 𝑛) technological matrix, and b represents the (𝑚 × 1) 
resources or right hand side vector. Original linear programming models are developed under four 
axioms of proportionality, additivity, divisibility, and certainty (Bazaraa, Jarvis, & Sherali, 2011). 
Regarding the certainty axiom, all the elements of matrix A and also vectors C and b are defined as 
deterministic numbers. 
Linear programming is extended under different uncertainty frameworks. For instance, see 

Charnes and Cooper (1959), Madansky (1960) and Sen and Higle (1999) for stochastic linear 
programming, Ishibuchi and Tanaka (1990), Huang and Moore (1993), Chen, Chen, Chen, and Wang 
(2004), Liu, Dang, and Forrest (2009), and Razavi Hajiagha, Akrami, and Hashemi (2012) for grey 
or interval linear programming, and Negoita (1970), Zimmermann (1983), Tanaka and Asai (1984), 
Jiménez, Arenas, Bilbao, and Rodrguez (2007), Mahdavi-Amiri and Nasseri (2007), and Kaur and 
Kumar (2013) for fuzzy linear programming; nonetheless, the number of works on linear 
programming with IVIF information is limited. In this paper, a new approach is developed to solve 
the linear programming problems which their parameters are defined as IVIF numbers. Consider a 
linear programming with IVIF information, whose parameters C, A, and b are defined as IVIFNs. 

~ 
Max CX 

Subject to 

 (14) 
~  ~ 
AX b , X  0
	

 
  

In Eq. (14), X is a (𝑛 × 1) column vector of the decision variables, 𝐶ሚ is a (1 × 𝑚) IVIF row 
vector of profit (cost) coefficients, 𝐴ሚ denotes a (𝑚 × 𝑛) IVIF technological matrix, and 𝑏෨ gives 
(𝑚 × 1) IVIF resources or right hand side vector. In an extended form, IVIF-LP in Eq. (14) can be 
written as follow: 

n ~ max c x j j 
j1 

S.T . 

n 
 (15)  ~ ~ aij x j bi , i  1,2,, m 

j1   
 
x j  0, j  1,2,, n
	

The considered parameters in Eq. (15) are a set of IVIFNs as follows:
	
~
 c  c , c , c , c , j  1,2,, n where c , c j  is membership and c , c j  is non j 1 j 2 j 3 j 4 j 1 j 2 3 j 4 

membership intervals.
	
~
 aij  a1ij , a2ij , a3ij , a4ij , i  1,2,, m; j  1,2,, n where a1ij , a2ij  is membership and 
a3ij , a4ij  is non membership intervals. 
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~ 
 b  b ,b , b ,b , i  1,2,, m where b1 ,b i  is membership and b3 ,b i  is non i 1i 2i 3i 4i i 2 i 4 

membership interval. 
Now, consider the objective function ∑ 𝑐𝑥ୀଵ 

 . Since the objective function coefficients' �̃�, 𝑗 = 
1,2, … , 𝑛 are IVIFNs; thus; the objective function can be interpreted as the linear combination of 
these IVIFNs by the non-negative coefficients 𝑥 ≥ 0, 𝑗 = 1,2, … , 𝑛 . The result of this linear 
combination can be achieved by iteratively applying the summation and multiplication operators, as
	
defined in Eq. (2) and Eq. (4), respectively. This induction process involves n scalar multiplication
	
plus (𝑛 − 1) IVIF summation operation, totally include (2𝑛 − 1) operations. To avoid the amount of
	
operations, a simple variable transformation can be used. Define the variable t as below:
	

t  
1 

(16) 
x  x  x1 2 n 

Now, the objective function n ~ is multiplied by t. Defining the variable  j1 c j x j 
tx j  y j , j  1,2,, n , the objective function is transformed into: 

n
j1 c 
~ 
j y j (17) 

nSince  j1 y j  1 and y j  0, j  1,2,, n , Eq. (17) can be interpreted as IIFWA of a set of 
~IVIFNs c j , j  1,2,, n . According to Eq. (8), Eq. (17) is transformed into the following one: 

 n n n n  y   y   y y j j j j 1 1 c  ,1 1 c   , c , c 
   1 j  2 j   3 j  4 j  (18) 
  j1   j1   j1 j1  

In fact, application of the variable transformation in Eq. (16) simplicities obtaining a closed form
	
for the objective functions. Based on score function definition, Eq. (5), an IVIFN will be maximized 
when its membership degree is increased, while its non-membership degree is decreased. Suppose 
two interval numbers A  a,a  and B  b,b  . Then, A  B if a  b and a  b (Vahdani, Haji 

n y jKarim Jabbari, Roshanaei, & Zandieh, 2010); thus, Eq. (18) will be maximized if 1   1  c  j 1 1 j 

n y n y n yj j jand 1  j 1 1  c2 j   are maximized, while  j 1 c3 j and  j 1 c4 j are minimized. These 
conditions are satisfied when: 

n y n yj j-   1 c  and   1  c  are minimized, and simultaneously; j 1 1 j j 1 2 j
	

n y n y
-  j 1 c3 j
j and  j 1 c4 j

j are minimized. 

Hence, the single objective function of IVIF-LP problem is transformed into the following multi 
objective problem: 

n n n n y y y y j j j jMin 1 c1 j  ,1 c2 j  ,c3 j ,c4 j  (19) 
 j1 j1 j1 j1  

Considering logarithm népérien (Ln) as an increasing function, minimization of the elements of 
the above IVIF is equivalent to "minimizing" the Ln of its elements, as below: 
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n n		 n n 

Min 

 y j  Ln 1 c1 j ,  y j  Ln 1 c2 j ,  y j  Ln c3 j ,  y j  Ln c4 j  (20) 
 j1 j1		 j1 j1  

Since the all elements of the above elements are normalized numbers in [0, 1] interval, its 
minimization is equivalent to "minimizing" the summation of elements, 

Min  
n 

y j  Ln 1 c1 j  1 c1 j c3 j c4 j  (21) 
j1 

n ~ ~ 
Now, consider ith constraint aij x j  b , for a given value i, i 1,2,,m , in Eq. (15). To  j1 

 i 
handle this constraint, both sides of it are multiplied by t, Eq. (16). This operation will transform the 

n ~ ~ 
initial constraint into   

aij y j  tbi . Considering the left hand side of constraint, it is an IIFWA j 1 

~operator of a set of IVIFNs , j  1,2,, n . This IIFWA can be shown as follows: aij 

n		 n n n   	    y		 y y yj		 j j j	 11 a1ij  ,11 a2ij  , a3ij ,a4ij 	 (22) 	 
  j1   j1   j1 j1  

~ 
On the right hand side, the product tb can be handled based on scalar multiplication in Eq. (4). 

The result will be obtained as: 

t t t t1 1 b1  ,1 1 b2  ,b3 ,b4 	 (23) 

For  type constraints, the membership of right hand side must be lower than the left hand side 
of constraints and its non-membership must be greater than it. Mentioned interval comparison rule 
can be shown as: 

 y j t 

1	 
n 

1 a1ij  1 1 b1 
 
j1

 

 y t
j1 
n 

1 a2ij  1 1 b2 
 
 j1
	
	 (24) 
 
n		

a y j  bt 3ij 3
 
j1

 

 y j t
	

 
n

a4ij  b3
	
 j1 

The set of constraints in Eq. (24) is transformed into the linear form, applying logarithm népérien 
function: 
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n 

y j Ln 1 a1ij  tLn 1 b1  
j1
 


 
 
n

y Ln 1 a  tLn 1 b j 2ij 2

 j1
	
 (25) 
 y Ln a  tLn b j 2ij 3 
n 

j1

 
 
n

y Ln a  tLn b 
j 4ij 4
 j1 

Using a similar rule, the below linear set of constraints is constituted for each  constraint: 

n 
y Ln 1 a  tLn 1 b  j 1ij 1
	

j1

 

 
 
n 

y j Ln 1 a2ij  tLn 1 b2  
 j1 
 (26) 
 
n

y Ln a  tLn b j 2ij 3 
j1


 
 n
	 y j Ln a4ij  tLn b4 
 j1 

For equality type constraints, all the above  or  in Eqs. (25) and (26) will be transformed into 
equality. 
Finally, the IVIF-LP problem in Eq. (15) is transformed into the equivalent linear programming 

problem, as illustrated in Eq. (27). Solving this problem, the optimal values of t and y 
j , j  1,2,,n 

are determined. Applying a reverse transformation, on the basis of Eq. (16), the optimal values of 
original variables x 

j , j 1,2,,n are determined. 
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Min  
n

y  Ln 1 c		  1 c c c j 1 j 1 j 3 j 4 j
	
j1
	

Subject to 
n y Ln 1 a  tLn 1 b  j 1ij 1 
j1
 


 
 
n 

y j Ln 1 a2ij  tLn 1 b2  
 j1

For  typeconstraints
	

 

 
n 

y j Ln a2ij  tLn b3  
j1


 

 
n 

y j Ln a4ij  tLn b4 
 j1 
n 
y Ln 1 a  tLn 1 b 	 

(27) 

 j 1ij 1 
j1
 


 
 
n

y Ln 1 a  tLn 1 b j 2ij 2
 j1

For  typeconstraints	
 

 
n 

y j Ln a2ij  tLn b		
 3 
j1

 
 n  y j Ln a4ij  tLn b4 
 j1 

 
n

y 1j
	
j1
	

t, y j 0, j 1,2,,n 

The problem in Eq. (27) is a linear programming problem which can be solved by ordinal 
methods. This procedure can be applied to solve the MAGDM problem in Eq. (11) 

4.1. Algorithm of MAGDM by IVIF linear programming 

In the previous sections, a formulation of MAGDM problem in the form of an IVIF linear 
programming model is developed. Afterwards, an approach is represented to solve this problem. The 
algorithm of MAGDM based on the proposed method is shown in Fig. 1. This algorithm 
encompasses three stages. The first stage is related to the preparation of decision making team and 
the problem framework. At the second stage, the problem is analyzed. Eventually, the decision 
making problem is solved upon the results of the second stage. 

<<please insert Fig. 1. Multi attribute group decision making by IVIF linear programming based 
model>> 

5. Application in multi attribute group decision making 

This section presents an MAGDM problem about recommending under graduate students for 
graduate admission to demonstrate how to apply the proposed approach. This problem is proposed 
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initially in Wang and Li (2012). Without loss of generality, assume that there are three committee 
members (i.e., DMs) d1 , d2 and d3 , and four students x1 , x2 , x3 , and x4 as the finalists after 
preliminary screening. All DMs agree to evaluate these candidates against four attributes, academic 
records(𝑎ଵ), college English test Band score (𝑎ଶ), teamwork skills (𝑎ଷ), and research potentials 
(𝑎ସ).This example assumes that the group has agreed to assess qualitative attributes on five linguistic 
terms as given in Table 1, also providing a conversion scale between linguistic terms and IVIFNs. 

<<Please insert Table1. IVIF scale used to assess alternatives>> 

It is worth noting here that the proposed method isn’t sensitive to the IVIF scale used for 
expressing decision makers' judgments; therefore, any arbitrary scales are performable. For instance, 
Razavi Hajiagha et al. (2013) extended a different IVIF scale applying the theorem proposed by 
Bustince and Burillo’s (1995) on the intuitionistic fuzzy scale proposed by Boran, Genc, Kurt, and 
Akay (2009). However, in this example, the proposed scale of Wang and Li (2009) is used. The 
proposed scale in table 1 can be used by decision makers to state their individual opinions and then, 
their lingual judgments are transformed into the corresponding IVIFN. 
The above or any other scale can be used for subjective attributes. In the case of objective 

(quantitative) attributes, a method will be required to transform the exact quantitative values into 
IVIFNs. Suppose that an objective attribute is evaluated as (100, 150, 120, 90) for a set consist of 
four alternatives. This attribute vector is normalized by dividing its values to the maximum value of 
150. The normalized vector is obtained as (0.7, 1, 0.8, 0.6). Later, the DM can determine the 
desirability of these values according to the linguistic scale. E.g. suppose that in this case; DM 
expresses its opinion about aforementioned normalized vector as being (F, VG, G, F), thereupon, the 
IVIF scale can be used to transform these linguistic values into the corresponding IVIF values. 
The IVIF assessments of DMs on alternative performances regard to different criteria are shown 

in table 2. 
<<Please insert Table 2. IVIF decision matrices>> 

Wang and Li (2012) also approximated the weight vector of criteria as [0.2686, 0.3944, 
0.1512, 0.1858], respectively. Considering decision matrices in table 2, the aggregated decision 
matrix is constructed as illustrated in table 3. 

<<Please insert Table 3. Aggregated decision matrix>> 

Considering the alternative x1 , based on Eq. (11), its MAGDM model is formulated as below: 
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Max 0,0, 0.5,0.749 w1  0.548,0.571 , 0.177,0.296 w2  ([0.578, 0.630],[0.317, 0.370])w 3 

([0.856, 0.915],[0.043, 0.085])w 4 
S.T. 

0,0  , 0.5,0.749 w1  0.548,0.571   , 0.177,0.296 w2  ([0.578, 0.630],[0.317, 0.370])w 3 

 ([0.856, 0.915],[0.043, 0.085])w 4  0.9,0.95   , 0.01,0.05  
([0.872, 0.926],[0.037, 0.055]) w1  ([0.219, 0.228],[0.319, 0.532]) w2  ([0.200, 0.250],[0.700, 0.750])w 3 

 ([0.500, 0.550],[0.400, 0.450])w 4  0.9,0.95   , 0.01,0.05  
([0.435, 0.462],[0.269, 0.403]) w1  ([0.878, 0.914],[0.036, 0.059]) w2  ([0.578, 0.630],[0.317, 0.370])w 3 
 ([0.753, 0.822],[0.117, 0.178])w 4  0.9,0.95   , 0.01,0.05  
([0.218, 0.231],[0.385, 0.577]) w  ([0, 0],[0.413, 0.690]) w  ([0.578, 0.630],[0.317, 0.370])w 1 2 3 

 ([0.500, 0.550],[0.400, 0.450])w 4  0.9,0.95   , 0.01,0.05  
4 

 wj  1 
j 1 

wj  0, j 1,2,3,4 

The above problem is an IVIF linear programming problem solvable easily by transforming it 
into equivalent model of Eq. (27). 

Min  0.98 y1  4.59 y2  4y 3  10.01y4 
S.T. 

0y  0.79 y  0.86y  1.94 y  2.30 t1 2 3 4 

0y1  0.85 y2  0.99y 3  2.47 y4  3t 

 0.69 y  1.73 y 1.15y  3.15 y  4.61 t1 2 3 4 

0.29 y  1.22 y2  0.99y 3  2.47 y4  3t 1 

 2.06 y  0.25 y  0.22y  0.69 y  2.30 t1 2 3 4 

 2.60 y  0.26 y  0.29y  0.80 y  3t1 2 3 4 

3.30 y 1.14 y2  0.36y 3  0.92 y4  4.61 t 1 

 2.90 y  0.63 y  0.29y  0.80 y  3t1 2 3 4 

0.57 y  2.10 y2  0.86y 3  1.40 y4  2.30 t 1 

 0.62 y  2.45 y  0.99y  1.73 y  3t1 2 3 4 

 1.31 y  3.32 y 1.15y  2.15 y  4.61 t1 2 3 4 

0.91 y  2.83 y2  0.99y 3  1.73 y4  3t 1
	

 0.25 y  0y  0.86y  0.69 y  2.30 t
1 2 3 4 

0.26 y  0 y2  0.99y 3  0.80 y4  3t 1 

 0.95 y  0.88 y  1.15y  0.92 y  4.61 t1 2 3 4 

 0.55 y  0.37 y  0.99y  0.80 y  3t1 2 3 4 

y j  0, j  1,2,3,4 

t  0 
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Solving Eq. (27) for each of the alternatives, their ranking is determined as x  x  x  x .2 4 3 1 

Table 4 presents the results obtained from ranking alternatives with Wang and Li (2012), the 
proposed method, and TOPSIS-IVIF (Ye, 2010). 

<<Please insert Table 4. Ranking of alternative with different methods>> 

Considering the Wang and Li (2012) method that originally introduced the above problem, the 
percentage of matched ranks with this method is 100% for the proposed method, while it is 0 for 
other considered methods. The relative performance of these methods with respect to the ranking 
of Wang and Li (2012) can be visualized by: 

Z  rs m 1 
Where, rs is the Spearman’s rank correlation among two ranking methods. The obtained Z 

values for all of the considered ranking methods with respect to Wang and Li (2012) are plotted in 
figure 2. 

<<Please insert Figure 2. Z values for the four ranking methods>> 

6. Conclusion 

Many practical problems in different managerial, social, economic, and engineering fields can 
be formulated in the context of multi criteria decision making problems. Vincke (1992) believed 
that the main difficulty of multi criteria decision making problems arises from the facts not being 
defined specifically and there is not any certain solution for them. This difficulty is intensified 
when considering the notion of uncertainty as an inevitable characteristic of these problems. Many 
attempts are done to equip analysts by tools for dealing with multi criteria decision making 
problems in uncertain environments. By considering the abilities of interval valued intuitionistic 
fuzzy sets in describing the uncertainty and ill-defined data in decision making problems, in this 
paper we proposed a novel linear programming based model to solve MAGDM problems with 
IVIF information. Inspiring from data envelopment analysis, the proposed formulation follows a 
strong logical context. This model solved a series of models iteratively and a final score is 
computed for each alternative. These scores are used to rank and to compare the set of 
alternatives. If there are a set of m alternatives to be compared, the proposed method includes 
solving m models, one for each alternative. Nevertheless, after formulating the problem for the 
first alternative, its objective function will be changed regarding to different alternatives and the 
feasible space remains unchangeably. Accordingly, it is only required to formulate m different 
objective functions with a similar set of constraints. Since the proposed model is a linear 
programming problem with IVIF parameters, an approach is designed to solve this problem, using 
a variable transformation and applied IVIFNs aggregation operator to solve the considered 
problem. 
The main advantage of the proposed method can be summarized as follows: imprimis, there are 

increasing intends to apply mathematical optimization models in the context of MAGDM 
problems. With this fact in mind, the proposed method provides such a framework of decision 
making upon solving a series of optimization models. Second, the logic behind development of 
the proposed method is straightforward and acceptable. Maximizing the weighted average of each 
alternative while the scores restricted to be less than one is very similar to the concepts of DEA as 
a well-known method. Third, the information requirements of the model is lower than other 
methods, since there isn’t any necessity to specify attributes weights and the model itself 
determines them. Ultimately, while the applications of IVIF in MAGDM problems are wide, there 
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is a narrow attention paid to mathematical programming with IVIF information. The proposed 
method can be generalized for solving linear programming problems with IVIF parameters. 
On the other hand, a limitation of the proposed method is its requirement to solve different 

models for each alternative. By growing the number of alternatives, this can be a cumbersome 
work; however, as previously mentioned, there are different objective functions that can mitigate 
this difficulty. Alongside with, there isn’t any global IVIF scale for MAGDM problems that make 
it difficult for experts to express their judgments; nonetheless, this issue is a common problem of 
almost all the MAGDM methods that is proposed. 
Application of the proposed method is illustrated in a problem of recommending under 

graduate students for graduate admission, initially examined by Wang and Li (2012). Results 
obtained by proposed method are compared with some other MAGDM approaches in IVIF 
environment. Considering the ill-defined nature of decision making problems and non-existence 
of a unique solution, we have obtained different results with several methods that are acceptable 
and the generality of a given method as the best one remains a controversial issue; nevertheless, 
finding similar results can be interpreted as a strengthening notion about the applicability of a 
considered method. This condition is met for the proposed method of this paper. 
In the context of this paper, future research can be directed toward developing the linear 

assignment method under IVIF information that requires to extent a methodology for solving 0-1 
assignment problem with IVIF information. The application of IVIFS can be also examined to 
find the utility function of decision makers in multi attribute utility theory. 
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