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ABSTRACT

The effects of gravity waves on the mean radial differential rotation profile in the solar tachocline are
studied, including the effect of a uniform, toroidal magnetic field. Vertical transport of horizontal momentum
arises from the radiative damping of inwardly traveling waves that are generated by low-frequency, convec-
tive fluid motions. By considering two-wave and one-wave interactions, the radiatively damped gravity waves
are shown to accentuate the shear in the mean radial differential rotation. In the presence of a strong horizon-
tal magnetic field, internal gravity waves become nearly Alfvénic and cannot propagate downward through
the tachocline. For a magnetic field that is weak enough to permit wave propagation, the mean shear profile
is shown to be smoother than that obtained in the case of purely hydrodynamic waves. The implications of
our results for gravity-wave forcing of the internal solar rotation are discussed.

Subject headings: hydrodynamics — MHD — Sun: interior — Sun: magnetic fields — Sun: rotation —
waves

1. INTRODUCTION

Recent analyses of measured p-mode oscillation frequen-
cies have revealed that the radiative interior of the Sun
rotates as a solid body while the convection zone rotates dif-
ferentially in the latitudinal direction, with the equator
rotating faster than the pole by about 30% (see, e.g., Char-
bonneau et al. 1998 and references therein). The transition
from the latitudinal differential rotation to uniform rotation
occurs in a thin (i.e., thickness of d0.05 R�) layer beneath
the convection zone called the tachocline, wherein the radial
shear is significant. The stable stratification of this region—
with a Richardson number of the order of 107 applicable to
the bulk of the layer—inhibits magnetic buoyancy, so that a
rather strong toroidal field can be confined within it for an
extended period of time. Thus, the tachocline is believed to
be the site for at least the � part of a (mean field) dynamo,
the generation of a toroidal magnetic field by shearing a po-
loidal field. The upper (�105 G) and lower (�104 G) bounds
on the strength of a toroidal magnetic field in the tachocline
are established by numerical simulations of the buoyant rise
of magnetic flux from the bottom of the convection zone to
the surface of the Sun (for details, see, e.g., Fan, Fisher, &
DeLuca 1993; Caligari, Moreno-Insertis, & Schüssler 1995).

The near-uniform rotation of the solar radiative interior
poses a problem, since the timescale for internal angular
momentum transport by molecular viscosity (102 cm2 s�1) is
of the order of 1012 yr, 3 orders of magnitude larger than the
age of the Sun (�4:5� 109 yr). The present-day solar wind
removes angular momentum from the surface layers of the
Sun at a rate of �1031 dyne centimeters, implying a spin-
down time that is currently �109 yr, which may have been
much shorter early in the Sun’s main-sequence lifetime. In
order to maintain the apparent uniform rotation of the solar
radiative core, there must be a mechanism (besides molecu-
lar viscosity) by which angular momentum is transferred

radially on a timescale that is at least shorter than evolution-
ary timescales. One possibility is that the transport takes
place via magnetic fields, as discussed by MacGregor &
Charbonneau (1999 and references therein). Another pro-
posed mechanism that we consider in this paper is that
angular momentum is redistributed inside the Sun through
the action of gravity waves (Kumar & Quataert 1997; Zahn,
Talon, &Matias 1997).

Gravity waves are thought to be generated at the bottom
of the convection zone by turbulent Reynolds stresses or
plume penetration (Press 1981; Fritts, Vadas, & Andreassen
1998). Since internal waves of this kind are evanescent in the
adiabatically stratified convective envelope (see, e.g., Light-
hill 1978, p. 284), they propagate downward, through the
tachocline and into the radiative interior of the Sun. Associ-
ated with these waves is a time-averaged Reynolds stress,
representing a vertical (i.e., radial) transport of horizontal
(i.e., angular) momentum at the wave group velocity (Breth-
erton 1966, 1969). This momentum can be deposited in the
mean background flow if the waves encounter critical layers
(e.g., Booker & Bretherton 1967) or if dissipative processes
such as viscous, thermal (either conductive or radiative), or
ohmic diffusion are operative in the fluid. As a result, inter-
nal gravity waves can exert a force on the material through
which they propagate and thereby modify the dynamics of
an ambient shear flow.

The dynamical consequences of wave–mean flow interac-
tions have long been studied by atmospheric fluid dynamic-
ists, for example, in the context of gravity-wave forcing of
zonal winds in the equatorial stratosphere (e.g., Lindzen &
Holton 1968; Jones & Houghton 1971; Holton & Lindzen
1972; Grimshaw 1975; Plumb 1977; Savaranan 1990). The
results of numerous such investigations contradict the previ-
ously noted expectation that angular momentum transport
by internal waves can eradicate nonuniform rotation in the
radiative interior of the Sun. Indeed, if the terrestrial atmo-
sphere can serve as a guide, gravity waves inside the
Sun should strengthen any extant radial shear rather than
eliminate it. That this is in fact the case has recently been
recognized by several authors (Ringot 1998; Gough &
McIntyre 1998; Kumar, Talon, & Zahn 1999; Talon,
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Kumar, & Zahn 2002), who have confirmed that the force
exerted by gravity waves on the solar internal rotation will
drive that flow away from uniformity by enhancing the
radial gradient of the angular velocity. This dynamical
behavior is characteristic of the gravity wave–mean flow
interaction, regardless of the mechanism (i.e., critical layer
absorption or dissipative damping) by which the wave
momentum is transferred to the flow.

In this paper, we focus on momentum transport and dep-
osition by propagating gravity waves in the radiative inte-
rior of the Sun. Given their conjectured origin, these waves
are expected to have frequencies ! � 10�6 s�1, comparable
to the eddy turnover frequency in the lower portion of the
solar convection zone (Press 1981). As is discussed in subse-
quent sections, waves of this kind are subject to vigorous
radiative damping, leading to significant diminution of the
wave amplitude over a distance that is much smaller than
the pressure scale height in the outer layers of the Sun’s core.
Hence, the waves are most likely to affect the dynamical
state of material just below the base of the convection zone,
not in the innermost regions of the radiative interior.

With these points in mind, the investigation described
herein is aimed at understanding the ways in which gravity-
wave forcing might contribute to the formation and struc-
ture of the solar tachocline. Toward this end, we utilize a
simplified physical and computational model that explicitly
treats the interaction between a thin shear layer and two
waves. The waves are identical in all respects except for their
propagation directions and initial wave velocity amplitudes:
one (the ‘‘ prograde ’’ wave) has the horizontal component
of its propagation vector parallel to the direction of the
background shear flow, while the other (the ‘‘ retrograde ’’
wave) travels in the opposite sense. Since the force exerted
on the flow by one gravity wave depends on the wave fre-
quency, the horizontal wavenumber, and the initial wave
velocity, the properties of the flow vary with the values
assumed for these parameters as well as the viscosity of the
medium. In particular, it turns out that the flow exhibits
rather different behavior depending on the relative ampli-
tude of the initial velocity of these two waves. To illustrate
this dependence, we consider two extreme cases: one with
two waves of equal amplitude (hereafter, the two-wave case)
and the other with one wave only (hereafter, the one-wave
case). In the two-wave case, the flow becomes stationary if
the viscosity of the medium is sufficiently large that the net
gravity-wave force is balanced by the viscous force. The crit-
ical value of the viscosity for a stationary equilibrium flow
depends on the parameter values of the wave (e.g., the wave
frequency, horizontal wavenumber, and initial velocity
amplitude). As the viscosity is continuously decreased from
this critical value, with all other parameter values fixed, the
flow undergoes a series of bifurcations toward chaos. In par-
ticular, after the first bifurcation, the flow becomes oscilla-
tory with a period that depends on these parameter values.
This time-dependent flow solution is studied in detail by
Kim & MacGregor (2001), which we hereafter refer to as
Paper I. In sharp contrast, in the one-wave case, the mean
flow is always stationary.

The purpose of this paper is twofold. First, we provide a
theoretical derivation of the model that is utilized in Paper
I. Second, we perform a detailed study of the dependence of
the flow profile on the parameter values of a wave when the
mean flow is stationary. Specifically, we calculate the equili-
brium profile of radial differential rotation that obtains

within the shear layer when the net gravity-wave force is bal-
anced by the force arising from a prescribed (turbulent) vis-
cosity. To this end, we vary the horizontal wavenumbers
and initial wave amplitude for a fixed wave frequency, in
both two- and one-wave cases. Furthermore, because the
tachocline region probably contains a substantial, toroidal
magnetic field, we also study how gravity-wave forcing of
the rotational shear is modified when a uniform, flow-
aligned field is present in the layer. Our results indicate that
in both hydrodynamic and hydromagnetic cases, radiatively
damped gravity waves tend to create and accentuate flow
structures with strong radial gradients.

The paper is organized in the following way: We briefly
describe the wave action formulation and derive the coupled
equations for the mean shear flow and wave action fluxes in
x 2. Note that the main equations that we arrive at are simi-
lar to the ones that were derived by Grimshaw (1972) via a
rigorous two-timescale analysis. However, the derivation of
our governing equations is more transparent and thus is
included in the paper. Section 3 contains numerical results
for an equilibrium shear flow profile with and without a uni-
form horizontal magnetic field. First, in the absence of a
magnetic field, it is demonstrated (1) that the gravity-wave
force tends to enhance the shear rather than eliminate it and
(2) that the equilibrium stationary profile of the flow
depends sensitively on the values of the horizontal wave-
number and initial velocity amplitude, in particular devel-
oping sharp structures in the one-wave case compared to
the two-wave case. Second, a uniform toroidal field in the
tachocline is shown to have a significant effect: a strong
magnetic field prohibits the propagation of the gravity
waves into the solar tachocline, while a rather weak mag-
netic field, which permits gravity-wave propagation, leads
to a smooth profile of the resulting equilibrium flow,
compared to the case without the magnetic field. Our
conclusions and a brief discussion of possible implications
are provided in x 4.

We remark that one of the main differences between the
present paper (and also Paper I) and most of the earlier
works in atmospheric sciences (e.g., Lindzen & Holton
1968; Jones & Houghton 1971; Holton & Lindzen 1972;
Plumb 1977; Savaranan 1990) is that the momentum trans-
port arises from the radiative damping in the diffusive limit.
For instance, Lindzen & Holton (1968) invoked critical
layers for wave absorption, and Plumb (1977) used New-
tonian radiative cooling (which is valid in an optically thin
medium). Diffusive radiative damping has been used by
Fritts et al. (1998) and Kumar et al. (1999) in their study of
the effect of the internal gravity waves on mean differential
rotation. However, Fritts et al. (1998) provide only a quali-
tative discussion, while the numerical calculation in Kumar
et al. (1999) lacks a systematic study of the time dependence
of the mean flow on viscosity. That is, they fail to recognize
a series of bifurcations of the mean flow toward chaos as the
viscosity is decreased. In particular, their numerical calcula-
tion in the absence of the viscosity might have led to a cha-
otic mean flow if the time integration had been run for a
long enough time.

2. GOVERNING EQUATIONS

To simplify the problem, we treat the solar tachocline as a
two-dimensional Cartesian domain (x, z), with x and z in
the azimuthal and (local) radial directions, respectively. To
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mimic the radial differential rotation and toroidal magnetic
field, the mean shear flow u0 and uniform magnetic field
b0 are assumed to be aligned in the x-direction; i.e.,
u0 ¼ u0ðzÞx̂x and b0 ¼ b0x̂x. Since the thickness of the solar
tachocline is less than the pressure scale height (1/10 of
solar radius), we adopt the Boussinesq approximation by
incorporating the background density variation only in the
buoyancy term in equations for fluctuations (see Spiegel &
Veronis 1960). Under these assumptions, the linearized
equations for fluctuations (magnetogravity waves) are

� ð@t þ u0@xÞu1 þ u1z@zu0x̂x½ � ¼ �

D

�1 � g�1ẑzþ
1

4�
b0@xb1 ;

ð1Þ
ð@t þ u0@xÞb1 ¼ b1z@zu0x̂xþ b0@xu1 ; ð2Þ

ð@t þ u0@xÞ�1 ¼
�N2

g
u1z þ lr2�1 ; ð3Þ

D

x u1 ¼

D

x b1 ¼ 0 ; ð4Þ

where the suffixes ‘‘ 0 ’’ and ‘‘ 1 ’’ denote the background and
fluctuating quantities, respectively. In equations (1)–(4),
�1 � p1 þ b0b1x=4� is the total pressure, � is the mean con-
stant background density, and N � �gð@z�0 þ �g=c2s Þ=� is
the Brunt-Väisälä frequency, where cs is the sound speed
and �0 ¼ �0ðzÞ is the background density. The last term on
the right-hand side of equation (3) describes the radiative
interaction between the wave and the background medium;
the quantity l is the thermal diffusivity, given by

l ¼
16ð� � 1Þ�T4

0

3��p0
; ð5Þ

where �, �, and � are, respectively, the ratio of specific heats,
the Stefan-Boltzmann constant, and the Rosseland mean
opacity and T0 and p0 are the background temperature and
pressure. The molecular viscosity (�102 cm2 s�1) and ohmic
diffusivity (�104 cm2 s�1) are ignored in comparison to the
thermal diffusivity (i.e., the radiative damping coefficient) l
(�107 cm2 s�1) in the above equations.

The evolution equation for the mean background flow is
obtained by averaging the full, nonlinear momentum equa-
tion, including terms to second order in the amplitudes of
fluctuating quantities; this procedure yields

�0@tu0 ¼ @z ��0u1zu1x þ
1

4�
b1xb1z

� �
þ @zð�0�@zu0Þ ; ð6Þ

where . . .h i denotes the average value of a quantity; the
average can be taken over a time interval longer than the
wave period or over a length larger than the wavelength.
The viscosity �, appearing in the mean field equation (6), is
a turbulent viscosity, attributed to the presence of weak,
residual turbulence in the tachocline region that has a tem-
poral and/or spatial scale that is larger than the scale of the
gravity waves but smaller than the scale of the mean flow.
Since the velocity amplitude of this turbulence is likely to be
much smaller than u0, we neglect its effect on the gravity
waves. Note that it is necessary to retain this viscosity in
order to compute a stationary solution for u0. The first term
on the right-hand side of equation (6) represents the force
applied to the mean flow by gravity waves. It is expressed as
the divergence of the average total wave stress, where the
latter quantity has both a fluid component (the Reynolds
stress) and a magnetic component (the Maxwell stress). It

can easily be shown that the gravity-wave force acting on
the background flow is nonzero only if the waves are
damped (see, e.g., Bretherton 1966); in the present model,
this requires l 6¼ 0.

To complete the description of gravity waves in a shear
flow, we use the linearized relations (1)–(3) to derive the
wave energy equation. This is accomplished by taking the
scalar product of equation (1) with u1 and equation (2) with
b1, adding, and averaging the result to obtain

Dt
1

2
�u21 þ

1

8�
b21 þ

g2

2�N2
�21

� �

¼ �

D

x �1u1 �
1

4�
b0 b1 x u1ð Þ

� �

þ ��u1zu1x þ
1

4�
b1xb1z

� �
@zu0 þ

g2l

�N2
�1

D2�1
� �

; ð7Þ

where Dt � @t þ u0@x. The term on the left-hand side of
equation (7) is the time rate of change of the average total
wave energy density, E ¼ ð�u21=2Þ þ ðb21=8�Þþðg2�21=2�N2Þ,
which consists of kinetic and magnetic energy densities, in
addition to the potential energy associated with buoyancy.
The first term on the right-hand side of the equation is the
divergence of the average wave energy flux, F ¼ �1u1 � b0
�ðb1 x u1Þ=4�, while the second is the rate of energy transfer
from the large-scale mean background flow to the waves,
or vice versa, through the action of the average total
wave stress. The remaining term in equation (7) represents
the rate at which wave energy is dissipated by radiative
damping.

2.1. Dispersion Relation

By assuming that the waves have vertical wavelengths
that are small in comparison to any of the relevant scale
heights in the background medium (that is, that the waves
satisfy the criteria for applicability of the WKB approxima-
tion), we treat @zu0=u0 as a small perturbation of first order.
Thus, we seek plane-wave solutions to equations (1)–(4)
having the form q1 ¼ ~qq1 exp iðkxxþ kzz� !tÞ½ �, where q1
represents any of the fluctuating quantities �1, p1, u1,
or b1. With these substitutions, equations (1)–(4) become
(to leading order)

�!�~uu1 ¼ k~��1 � ig~��1ẑzþ
1

4�
b0kx~bb1 ; ð8Þ

!�~bb1 ¼ b0kx~uu1 ; ð9Þ

!�~��1 ¼
i�N2

g
~uu1z � ilk2~��1 ; ð10Þ

k x ~bb1 ¼ k x ~uu1 ¼ 0 ; ð11Þ

where !� � !� u0kx and k2 ¼ k2x þ k2z . We further assume
that the effect of the radiative damping term on the disper-
sion relation is of first order, the same order as the gradient
of the background flow. Then, by neglecting the damping
term, straightforward manipulation of the above equations
leads to the dispersion relation

! ¼ u0kx �
kx
k

� �2

N2 þ c2ak
2
x

" #1=2

; ð12Þ

where ca ¼ b0= 4��ð Þ1=2 is the Alfvén speed (see also Barnes,
MacGregor, & Charbonneau 1998). Note that the neglect of
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the radiative damping in the dispersion relation is justified
since the timescale associated with the radiative damping is
much larger than the wave period or since the damping
length of the wave is much larger than the vertical (z) wave-
length. In other words, waves can be treated to be non-
damped for several wave periods. Regarding the values
of !, N, and kx as given, equation (12) indicates that the
vertical wavenumber kz is expressible as

kz ¼ �kx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

!2
c
� 1

s
; ð13Þ

where !c � !2� � k2xc2að Þ1=2. It is readily seen from the above
equation that for a wave to propagate in the z-direction
(i.e., for kz to be real), the frequency !cmust be smaller than
the buoyancy frequency N. In the absence of a background
flow and magnetic field, this is a statement of the well-
known result that the maximum frequency for propagating
gravity waves is N (Lighthill 1978, p. 289). A further conse-
quence of the dispersion relation in equation (13) is that in
the presence of a strong magnetic field, internal gravity
waves become more like Alfvén waves, propagating
horizontally in the x-direction rather than vertically in the
z-direction (for details, see Barnes et al. 1998).

In this paper, we assume that gravity waves are generated
by convective motions, which naturally leads to N=!41.
Therefore, the limit N=!c41 generally holds so that the
magnitude of kz becomes very large compared to kx, since
kz � �kxN=!c. In other words, the vertical scale of the
wave is very small compared to the horizontal scale
(kz4kx), which in turn implies that u1x4u1z via the incom-
pressibility condition given in equation (11).

We obtain the group velocity vg ¼ @!=@k by direct differ-
entiation of the dispersion relation in equation (12), yielding
the components

vgx ¼ u0 þ
1

!�
kxk2z
k4

N2 þ kxc
2
a

� �
; ð14Þ

vgz ¼ � k2xkz
!�k4

N2 : ð15Þ

Note that if u0 ¼ b0 ¼ 0, the group velocity is perpendicular
to the wave propagation vector k, since

vg xk ¼ kxu0 þ
k2xc2a
!�

:

2.2. Wave Action Density

It is apparent from equation (7) that even in the absence
of damping (l ¼ 0), the energy density of small-amplitude,
short-wavelength (i.e., WKB) gravity waves that propagate
in a shear flow is not conserved. Instead, it can be shown
(e.g., Bretherton 1966) that for undamped waves, the
quantity

S � hEi
!�

;

called the wave action density, obeys a conservation law of
the form @S=@tþ

D

x ðvgSÞ ¼ 0. In this section, we relate the
wave force to the action density flux and recast the energy
equation (7) for damped waves in the form of an equation
for S.

Using equations (8)–(15), the average total wave energy
density can be written as

1

2
�u21 þ

1

2�

g�1
N

� 	2

þ 1

8�
b21

� �
¼ �u21

� �
¼ hEi ; ð16Þ

indicating that the sum of the average magnetic and poten-
tial energy densities is equal to the average kinetic energy
density of the wave. Similarly, the wave energy flux, Rey-
nolds stress, and energy dissipation rate are respectively
equal to

hFi ¼ hEi vg � u0x̂x

 �

; ð17Þ

��u1xu1z þ
1

4�
b1xb1z

� �
¼ �hEivgz

kx
!�

� �kxF ; ð18Þ

lg2

�N2
�1

D2�1
� �

¼ �lk2hEi 1� k2xc
2
a

!2�

� �
¼ �lk2hEi k

2
xN

2

k2!2�
;

ð19Þ

whereF is the flux of wave action density, defined as

F � hEivgz
!�

:

From equations (6) and (18), it is clear that �kx@zF is the
average wave force per unit volume exerted on the back-
ground flow.

Inserting equations (16)–(19) into the energy equation (7)
and using equations (12)–(15), it follows that the wave
action density S satisfies

@S

@t
þ

D
xF ¼ �lk2x

N

!�

� �2

S : ð20Þ

Equation (20) states that in the absence of dissipation, the
action density S is carried along rays that satisfy
dx=dt ¼ vg.

2.3. StationaryMean Shear Flow

For a stationary mean shear flow, equations (6) and (20)
assume the form

0 ¼ �kx@zFþ @z �0�@zu0ð Þ ; ð21Þ

@zF ¼ �F

L
; ð22Þ

where L is a damping length defined by

L � vgz!
2�

lk2xN
2
¼ sgn ðvgzÞ

1

l

!�!3
c

k3xN
3

����
����

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2

c

N2

s
: ð23Þ

As can be seen from the above equations, the sign of the
force�kx@zF due to waves depends on the sign of the verti-
cal group velocity and horizontal wavenumber. For a down-
ward propagating wave with vgz < 0 and !� > 0 (F < 0,
L < 0), the force due to a wave with kx > 0 is positive,
whereas that due to a wave with kx < 0 is negative. The
magnitude of the force exerted on the flow depends on the
damping length and wave action density flux, with the force
being large for small damping length and large wave flux.
Since the damping length is proportional to !�!3

c , a
prograde wave has a shorter damping length, exerting a
stronger force, and also damps more quickly than a retro-
grade wave does.
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3. NUMERICAL SOLUTIONS

We take the bottom of the convection zone to be z ¼ 0
and consider half a pressure scale height Hð0Þ � H0 down-
ward. HereH0 � Hð0Þ ¼ 5:88� 109 cm is the pressure scale
height at the bottom of the convection zone, calculated by
using the parameter values in Bahcall & Pinsonneault
(1995). That is, the vertical extent of our computational
domain is H0=2 � 0:04 R� (i.e., z 2 ½�H0=2; 0�), compara-
ble to the estimated radial thickness of the tachocline. Since
helioseismic inferences imply that the linear velocity differ-
ence across the shear layer at equatorial latitudes is�104 cm
s�1, with the bottom moving more slowly than the top, we
impose rigid boundary conditions u0 ¼ 0 cm s�1 at z ¼ 0
and u0 ¼ �104 cm s�1 at z ¼ �H0=2. In order to incorpo-
rate the stratification in the equation for the mean shear, we
use values for the mean pressure, density, temperature,
opacity, and Brunt-Väisälä frequency (accordingly, l) given
as a function of depth by Bahcall & Pinsonneault (1995)
and then fit to an exponential for each mean variable
(see the Appendix for details and eq. [A1] therein). These
fits are then used in solving the mean field equations (21)
and (22).

We consider the mean flow–wave interaction due to two
gravity waves that are propagating downward, vgz < 0, with
the same (local) vertical wavenumber kz ¼ m > 0 but with
opposite horizontal wavenumber kx ¼ �l. In the following,
waves with kx ¼ �l are called�l-waves. As noted in x 1, the
behavior of the mean shear flow, due to the gravity-wave
force, depends sensitively on the parameter values of the
wave [i.e., frequency !, l, and initial velocity amplitude
u1zð0Þ] and the (turbulent) viscosity of the medium. Given
the uncertainty in these values, in this paper, we focus on
the case in which the convective motion with a period of 1–
30 days in the convection zone is the major source for the
generation of gravity waves. Accordingly, we choose the
wave frequency to be ! ¼ 2� 10�3N0 ¼ 5:02� 10�6 s�1 (of
period �2 weeks). Here, N0 � Nð0Þ ¼ 2:5077� 10�3 s�1 is
the Brunt-Väisälä frequency at the bottom of the convection
zone (Bahcall & Pinsonneault 1995). As for the values of l
and u1zð0Þ, we consider the following two cases: (1)
l ¼ 1=H0 for u1zðz ¼ 0Þ ¼ !=mð0Þ ¼ 58:95 cm s�1 (Press
1981) and (2) l ¼ 1:6=H0 for u1zðz ¼ 0Þ ¼ 5 cm s�1. These
values are chosen in such a way that after the first bifurca-
tion to an oscillatory solution, the period lies between 1 and
50 yr. As the period becomes large for small u1zð0Þ and l, l is
taken to be larger for smaller u1zð0Þ. Note that the value of
u1zð0Þ determines the value of the initial flux at z ¼ 0
through the following relation:

Fð0Þ ¼ hEð0Þi
!�ð0Þ

vgzð0Þ ; ð24Þ

where

hEð0Þi ¼ 1

2
� u1zð0Þj j2l

2 þmð0Þ2

l2
;

mð0Þ ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nð0Þ2

!cð0Þ2
� 1

s
:

In the case Nð0Þ=!cð0Þ41, mð0Þ=l � Nð0Þ=!cð0Þ41 and
vgzð0Þ / 1=!�ð0Þm3ð0Þ (see eqs. [13] and [15]). Thus,
Fð0Þ / 1=!2�ð0Þmð0Þ / !cð0Þ=!2�ð0Þ. Because of the boun-
dary condition u0ð0Þ ¼ 0 at z ¼ 0, !��ð0Þ ¼ ! and

m�ð0Þ ¼ mð0Þ. Furthermore, if the initial velocity ampli-
tude is the same for both �l-waves [i.e., u1zþð0Þ ¼ u1z�ð0Þ],
F�ð0Þ ¼ Fð0Þ. Note that Fð0Þ becomes smaller for large
b0 for both�l-waves, since !c < !� ¼ !cðb0 ¼ 0Þ.

In the following subsections, we first present a stationary
profile of the mean shear flow in the absence of a magnetic
field (1) in the two-wave case in whichFþð0Þ ¼ F�ð0Þ and
(2) in the one-wave case with Fþð0Þ 6¼ 0 and F�ð0Þ ¼ 0.
This mean flow is obtained by numerically solving the
coupled equations (21) and (22) with the aforementioned
boundary conditions. The effect of a magnetic field is then
studied by considering the two-wave case only.

3.1. In the Absence of aMagnetic Field

In this subsection, we assume that there is no toroidal
magnetic field in the solar tachocline and consider the flow-
wave interaction due to (1) two waves withFþð0Þ ¼ F�ð0Þ
and (2) one wave with Fþð0Þ 6¼ 0 and F�ð0Þ ¼ 0. Unlike
the one-wave case, the presence of both �l-waves leads to a
time-dependent mean flow for viscosity below its critical
value. Thus, the viscosity is first adjusted to ensure a station-
ary solution for each set of parameter values, by using a full
time-dependent code. The following results are obtained for
a fixed !=Nð0Þ ¼ 2� 10�3 but for two different values of
u1zð0Þ and l: (1) u1zð0Þ ¼ !=mð0Þ ¼ 58:95 cm s�1 and
l ¼ 1=H0, and (2) u1zð0Þ ¼ !=mð0Þ ¼ 5 cm s�1 and
l ¼ 1:6=H0.

3.1.1. Two-Wave Case

In the two-wave case, the stable stationary equilibrium
solution is obtained for a sufficiently large viscosity. As the
viscosity is decreased from the critical value, which depends
on the values of the wave parameters, the solution becomes
oscillatory with a well-defined period (see Paper I). For the
first set of parameter values, !=Nð0Þ ¼ 2� 10�3, l ¼ 1=H0,
and u1zð0Þ ¼ 58:95 cm s�1, the bifurcation occurs at viscos-
ity � ’ 3� 109 cm2 s�1, with the solution acquiring a period
of 1.6 yr. For the second set of parameter values,
!=Nð0Þ ¼ 2� 10�3, l ¼ 1:6=H0, and u1zð0Þ ¼ 5 cm s�1, a
stationary solution becomes oscillatory with a period of 36
yr at � ’ 1� 107 cm2 s�1. Therefore, in the following, we
present the results for a stationary mean flow with
� ¼ 4� 109 cm2 s�1 in the first case and with � ¼ 2� 107

cm2 s�1 in the second case.
Figure 1 shows the profile of the mean shear flow (Fig.

1a), the damping length of the �l-waves, L� (Fig. 1b), the
flux of the �l-waves, F� (Fig. 1c), and the force due to the
�l-waves (Fig. 1d) in the case of l ¼ 1=H0, u1zð0Þ ¼ 58:95
cm s�1, and � ¼ 4� 109 cm2 s�1. Here the +l-wave is
denoted by a thin solid line, and the �l-wave by a dotted
line. Note that since !� > 0 (as indicated from Fig. 1a),
F < 0 for both �l-waves (vgz < 0). Accordingly, the force
due to the +l- and �l-waves, kxF=L / kx=!�, is always
positive and negative, respectively (see eqs. [21]–[23]).
Therefore, a +l-wave exerts a force in the +x-direction, and
the�l-wave in the�x-direction.

Let us examine in detail how�l-waves evolve and interact
with the mean flow as they propagate downward from
z ¼ 0. At z ¼ 0, the forces due to the �l-waves are exactly
the same, since !�� ¼ ! (u0 ¼ 0). However, since u0 < 0
immediately below z ¼ 0, the �l-wave, being a prograde
wave, exerts more force than the +l-wave (see Fig. 1d). Since
the force due to the �l-wave acts in the �x-direction, the
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flow becomes more negative. While the�l-wave exerts more
force on the mean shear flow, it uses up its wave flux, thus
damping faster than the +l-wave over a shorter (damping)
vertical extent of �0.05H0 (see Fig. 1b). When the �l-wave
is sufficiently damped compared to the +l-wave, the force
due to the +l-wave begins to dominate over that due to the
�l-wave around z � �0:04H0. This can clearly be seen from
Figure 1d. Since the dominant force due to the +l-wave now
acts in the positive x-direction, the mean shear flow becomes
less negative, changing the slope of u0. In principle, this
whole process (the alternation of the dominant force
between the �l-waves, acting in the �x-direction) will
repeat over and over again until both �l-waves are com-
pletely damped out, eventually reaching a point at which
the wave forces in the two waves become negligible (see Fig.
1a). For the chosen values of the wave parameter, the damp-
ing lengths of the two waves are short (of the order of
0.05H0). Thus, this alternation occurs in a localized region,
�0:05H0dz 	 0, which contains a rather stronger shear.
For zd� 0:1H0, the mean flow slowly approaches a linear
profile as both viscous and gravity-wave forces diminish
gradually.

Figure 2 shows a similar behavior for the same frequency
!=Nð0Þ ¼ 2� 10�3 but with l ¼ 1:6=H0, u1zð0Þ ¼ 5 cm s�1,
and � ¼ 2� 107 cm2 s�1. One can immediately see that as
the initial velocity amplitude is decreased, the gravity-wave
force reduces significantly, resulting in a much smoother
profile of the mean shear flow (see Fig. 2a). Furthermore,
since the damping length is shorter for larger l, the gravity
waves damp very quickly over a short distance of the order
of 0.01H0 (see Figs. 2b–2d). Thus, the mean flow contains a

rather weak shear in a very localized region, immediately
below z ¼ 0. For zd� 0:05H0, the mean flow quickly
approaches a linear profile in which both viscous and
gravity-wave forces are negligible.

3.1.2. One-Wave Case

The results obtained in the two-wave case clearly demon-
strate that the gravity waves act in such a way as to enhance
the existing shear rather than to eliminate it. A similar result
can be shown in the one-wave case. In contrast to the two-
wave case, the wave exerts the force in only one direction
and thus damps more quickly compared to the two-wave
case for the same parameter values. That is, the gravity force
from the +l-wave acts only in the +x-direction, resulting in
a stronger shear in the mean flow. To illustrate this, in Fig-
ure 3 we superpose the results obtained by using the one
(+l) wave in Figure 1. Here, the results for the one-wave
case are denoted by thick dashed lines. Figure 3a clearly
shows that the mean flow in the one-wave case develops
much sharper structure, because of a shorter damping
length (see Figs. 3b and 3c) and a larger force (see Fig. 3d).

3.2. In the Presence of aMagnetic Field

As noted previously, the gravity waves can propagate
downward (m real) only when the Alfvén frequency
!B ¼ lca ¼ b0l= 4��ð Þ1=2 is less than !* (see eq. [12]). For the
adopted parameter values, the minimum frequency of the
gravity waves that can propagate is !=Nð0Þ ’ 4:3� 10�3 (a
period of 6.4 days) for b0 ¼ 105 G, for instance. Alterna-
tively, gravity waves with frequencies ’9:2� 10�4Nð0Þ and

Fig. 1.—(a) Stationary mean shear profiles, (b) damping length of�l-waves, (c) flux of�l-waves, and (d ) the�force exerted on the mean flow by�l-waves
in the two-wave case. The values for the wave parameters are !=Nð0Þ ¼ 2� 10�3, l ¼ 1=H0, u1zð0Þ ¼ 58:95 cm s�1, � ¼ 4� 109 cm2 s�1, and b0 ¼ 0. The solid
and dotted lines are for +l- and�l-waves, respectively.
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Fig. 2.—Same as Fig. 1, but for l ¼ 1:6=H0, u1zð0Þ ¼ 5 cm s�1, and � ¼ 2� 107 cm2 s�1

Fig. 3.—Results for the one-wave (+l ) case, denoted by thick dashed lines, superposed on Fig. 1. All parameter values are the same as for Fig. 1.



’2:8� 10�2Nð0Þ (corresponding to periods of 30 days and
1 day, respectively) will propagate downward for b0 < 2:1�
104 G and b0 < 6:5� 105 G, respectively. The upper bound
on the magnetic field strength that allows the propagation
of gravity waves becomes small for large horizontal wave-
number l. In other words, for a fixed magnetic field, it is
more difficult for waves with larger l to propagate. The fore-
going analysis implies a significant role that a strong mag-
netic field may play in angular momentum transport by
gravity waves. In the following, we assume that the mag-
netic field is weak enough to permit wave propagation and
study the effect of the magnetic field on the mean shear flow
in the two-wave case considered in x 3.1.1. Specifically, we
choose b0 ¼ 2:5� 104 G for the same values of the wave
parameters used in Figure 1 [i.e., !=Nð0Þ ¼ 2� 10�3, l ¼ 1=
H0, u1zð0Þ ¼ 58:95 cm s�1, and � ¼ 4� 109 cm2 s�1].

Figure 4 contrasts the cases with and without the mag-
netic field. Figure 4a plots the mean shear profile for b0 ¼ 0
with the thin solid line and that for b0 ¼ 2:5� 104 G with
the thick solid line. It clearly reveals a smoother vertical
structure in the presence of a magnetic field. In Figures 4b–
4d, the thin solid and dotted lines are for �l-waves with
b0 ¼ 0, while the thick solid and dashed lines are for �l-
waves with b0 ¼ 2:5� 104 G: Figures 4b–4d show the damp-
ing length, flux F�, and force due to the �l-waves. Figure
4b indicates that the damping length becomes shorter
because of a magnetic field, as expected (see the discussion
following eq. [24]). On the other hand, the wave flux F at
z ¼ 0 becomes smaller as well with the magnetic field (see
the discussion following eq. [24]), as depicted in Figure 4c.
As a result of these two effects, the wave force with a mag-

netic field becomes weak quickly over a short distance,
leading to a smoother profile of the mean shear flow.

Note that the force in the presence of a magnetic field,
which is stronger at the start z � 0, compared to that in a
hydrodynamic case (Fig. 4d), becomes weaker than the lat-
ter over a short distance of �0.03H0. Note also that even if
the individual force due to a�l-wave with a magnetic field is
larger than that without the field, the difference in the force
due to �l-waves with a magnetic field seems to be small
compared to that in a hydrodynamic case. This is consistent
with the result shown in Figure 4a, demonstrating a
smoother mean shear profile in the presence of a magnetic
field.

The stabilizing effect of a magnetic field is also manifested
in the bifurcation to and the behavior of a time-dependent
solution. First, the bifurcation to an oscillatory solution
occurs for a smaller viscosity for b0 ¼ 0. For instance, for
the values of the wave parameters adopted in this subsec-
tion, the bifurcation to an oscillatory solution occurs at
� < 3� 109 cm2 s�1, with the mean shear flow being station-
ary at � ¼ 3� 109 cm2 s�1. Second, the amplitude of the
oscillation for a periodic solution is reduced in the presence
of magnetic fields, even if its period becomes shorter.

4. CONCLUSION AND DISCUSSIONS

We have studied the effect of gravity waves on the mean
radial differential rotation in the solar tachocline. The
gravity waves are generated in the convection zone and
propagate downward through the solar tachocline into the
radiative interior. As they propagate, they deposit (angular)

Fig. 4.—Same as Fig. 1, but with the results shown for both b0 ¼ 0 and b0 ¼ 2:5� 104 G. In (a), the thin solid line is for b0 ¼ 0, while the thick solid line is
for b0 ¼ 2:5� 104 G. In (b)–(d ), the thin solid and dotted lines are for �l-waves when b0 ¼ 0; thick solid and dashed lines are for �l-waves when
b0 ¼ 2:5� 104 G.
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momentum onto the ambient shear flow by radiative damp-
ing, altering the profile of the radial differential rotation.
For instance, the waves with a period larger than 5–6 days
[!=Nð0Þ < 5� 10�3] are likely to be all damped out for
l ¼ 1=H0 before entering the radiative interior of the Sun,
thereby affecting the mean radial differential rotation in the
solar tachocline only.

By considering two gravity waves that are propagating in
opposite directions with respect to the radial differential
rotation, we have demonstrated that the wave-flow interac-
tion occurs in such a way as to enhance a shear in a station-
ary mean flow rather than eliminate it. Furthermore, the
accentuation of a shear by gravity waves is shown to be
more pronounced in the case with one gravity wave.

The presence of a uniform toroidal field in the tachocline
can have a significant effect on this scenario. If the strength
of such a magnetic field is about 105 G or more, gravity
waves with a period larger than 6.4 days and horizontal
wavenumber le1=H0 will no longer propagate through the
tachocline, while gravity waves with a period shorter than
5–6 days and ld1=H0 can propagate through the tacho-
cline, thereby entering the radiative interior. If we take into
account a plausible power spectrum Pð!Þ of gravity waves,
which rapidly decreases for high !, since Pð!Þ � !�4:5 (see,
for instance, Kumar & Quataert 1997), there might be only
a little power of gravity waves that can actually propagate
into the solar interior for this magnetic field strength. For a
reasonably weak magnetic field with the strength 2:5� 104

G, which permits the propagation of gravity waves with
! ¼ 2� 10�3Nð0Þ and l ¼ 1=H0, we have shown that the
magnetic field stabilizes the shear flow, resulting in a
smoother radial differential rotation, compared to that
obtained in a hydrodynamic case.

The conclusion drawn in this paper by considering two-
wave (and also one-wave) interaction is not significantly
changed in a more realistic situation in which gravity waves
constitute a continuous spectrum. To get an insight into
what is likely to happen in this situation, we have also con-
sidered the case of four-wave interaction by including two
more waves with different frequency and obtained the
results that indicate that the presence of waves of many dif-
ferent frequencies does not help to smooth out gradients
of the mean shear flow. We briefly discuss this case in the
following.

As four waves propagate downward, among these four
waves, the prograde wave with the lower frequency exerts
the strongest force right after the start and uses up its wave
flux more quickly than any other waves. However, since the
force due to the prograde wave with the higher frequency is
larger than that from the retrograde wave with the lower fre-
quency, the shear keeps increasing until the prograde wave
with the higher frequency sufficiently damps out, at which
point the mean flow turns around. In this process, the turn-
ing point occurs at an amplitude of u0, which lies between

those that would be obtained by considering solely two-
wave interaction with lower and higher frequencies, respec-
tively. As a result, the lower frequency waves damp out
more quickly, with a shorter damping length, than they
would in the absence of the other higher frequency waves.
Therefore, once the waves propagate over a distance com-
parable to or more than the damping length of the lower fre-
quency waves, the dynamics of the mean flow are mainly
governed by the waves with higher frequency. Thus, in the
case of a continuous spectrum of gravity waves, waves with
the highest frequency are likely to play the most important
role in determining the shape of the mean shear flow. This
effect was indeed shown by Savaranan (1990), who con-
cluded that the two-wave model can capture the essential
dynamics that result from waves with a continuous spec-
trum. However, again, when the power spectrum is as steep
as Pð!Þ � !�4:5, the higher frequency waves may be too
weak to contribute to the dynamics of the mean flow.

We recall that the effect of gravity waves on the mean
shear flow depends sensitively on the parameter values of
the wave, such as the frequency, horizontal wavenumber,
and initial velocity amplitude, and the (turbulent) viscosity
of the medium. In the present paper, we have adopted wave
parameters that are plausible, given the hypothesized con-
vective origin of the gravity waves, and then have chosen
the value of the viscosity to obtain a stationary mean radial
differential rotation (in the two-wave case), because in the
two-wave case, the dynamics of the mean shear flow become
time dependent as the viscosity is decreased, for fixed values
of the wave parameters (see Paper I). In particular, the first
bifurcation to the time-dependent variation is oscillatory
with a well-defined period. This periodic behavior of the
mean radial differential rotation is especially interesting in
light of the recent observation of p-mode oscillations of the
deep solar interior that revealed temporal changes in the
radial differential rotation with a period of 1.3 yr at the base
of the solar convection zone near the equator (Howe et al.
2000). Note that such a time-dependent variation of the
mean shear flow is well known in atmospheric sciences as
the quasi-biennial oscillation (for instance, see Holton &
Lindzen 1972; Plumb 1977). Finally, we note that while the
values of the wave parameters were roughly estimated on
the basis of a probable convective motion, it is far less clear
what the relevant values are for gravity waves that are gen-
erated by plume penetration (Fritts et al. 1998). Thus, it
would be of interest to numerically study the generation of
gravity waves by plumes and the subsequent implications
for momentum transport.

We thank J. Werne for helpful discussions on shear insta-
bility and P. A. Gilman and P. Charbonneau for careful
reading of the manuscript and useful comments. E. K. was
supported in part by the US Department of Energy under
grant FG03-88ER 53275.

APPENDIX

ANALYTIC FITS TO THE PROFILES

In this appendix, we give approximate, analytic fits to the distributions of pressure, density, temperature, opacity, and
Brunt-Väisälä frequency (accordingly, l) within a layer extending one pressure scale height below the base of the convection
zone in the solar model of Bahcall & Pinsonneault (1995). A reasonably accurate representation of the model properties is
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obtained using

p0 ¼ pð0Þ exp �z

H0

� �
; � ¼ �ð0Þ exp �z

�1H0

� �
¼ �0ðzÞ ;

T0 ¼ Tð0Þ exp �z

�2H0

� �
; � ¼ �ð0Þ exp �z

�3H0

� �
; N ¼ Nð0Þ exp �z

�4H0

� �
; ðA1Þ

where

�1 ¼ 1:4218þ 0:047973z

H0
; �2 ¼ 2:4882� 1:0794z

H0
;

�3 ¼ 1:180� 0:75z

H0
; �4 ¼ 7:7014 :

In these fits, the adopted values of the physical quantities at the convection zone base are pð0Þ ¼ 5:574� 1013 dyne
centimeter2, �ð0Þ ¼ 0:1857 g cm�3, Tð0Þ ¼ 2:194� 106 K, �ð0Þ ¼ 17:1965 cm2 g�1, andNð0Þ ¼ 2:5077� 10�3 s�1.
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