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Abstract. We present a self-consistent theory of turbulent transport in the solar tachocline by taking into account the effect
of the radial differential rotation on turbulent transport. We show that the shearing by the radial differential rotation leads
to reduction in turbulent transport of particles and momentum and the amplitude of turbulent flow via shear stabilization.
The degree of reduction depends on the direction as well as the quantity that is transported. Specifically, particle transport in
the vertical (radial) direction, orthogonal to the shear flow, is reduced with the scaling ∝A−2 while it is less reduced in the
horizonal plane with the scaling ∝A−4/3. Here, A is shearing rate, representing the radial differential rotation. A similar, but
weaker, anisotropy also develops in the amplitude of turbulent flow. The results suggest that the radial differential rotation in the
tachocline can cause anisotropy in turbulence intensity and particle transport with weaker turbulence in the radial direction even
in the absence of density stratification and even when the turbulence is mainly driven radially by plumes from the convection
zone. We also assess the efficiency of the transport by a meridional circulation by taking into account the interaction with the
radial differential rotation. Implications for mixing and angular momentum transport in the solar interior is discussed.
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1. Introduction

One of the outstanding problems in solar physics is to un-
derstand the processes by which the transport of the angular
momentum and mixing of chemical species take place. To be
consistent with observations, these processes should occur on
time scales much shorter than those determined by molecu-
lar values (i.e., viscous or diffusive time scales) and also in
regions where no fast transport is expected according to the
standard solar model (e.g. Stix 1989). According to the latter,
fast, turbulent transport is possible only in the convection zone
(R >∼ 0.713 R�), where a vigorous convection takes place due
to a unstable background stratification. Below the convection
zone, a stable stratification is considered to lead to a quiet ra-
diative interior without turbulent motion. Between these two
regions lies a thin boundary layer – the so–called tachocline –
of thickness<∼0.05 R�, through which the latitudinal differential
rotation in the convection zone smoothly matches onto the uni-
form rotation in the radiative interior (e.g., Charbonneau et al.
1999). As a shear boundary layer, the tachocline contains both
latitudinal and (strong) radial differential rotation. The density

� Appendices A and B are only available in electronic form at
http://www.edpsciences.org

stratification in this region is stable in the lower portion while
possibly almost adiabatic in the upper part due to plumes pene-
trating from the convection zone (e.g. Gilman 2000; Rogers &
Glazmaier 2005)

In the case of the angular momentum transport, one of
the greatest challenges is to explain how the radiative inte-
rior maintains the uniform rotation despite constant losses of
the angular momentum via solar wind, etc from the surface
over the course of solar evolution. This would require an ef-
ficient transport outside the convection zone on a time scale
much shorter than solar age. On the other hand, the depletion
of light element lithium on the solar surface, which is about a
factor of 100 smaller than on Earth (Greenstein & Richardson
1951), demands the existence of some kind of mixing outside
the convection zone, which carries lithium down to 0.65 R�,
little below the bottom of the tachocline, where lithium can be
destroyed (e.g. Barnes et al. 1999; Pinsonneault 1997). Note
that these light elements burn at high temperature, surviving
only in the vicinity of the convection zone where the tempera-
ture is below the critical value for its destruction.

To understand these problems, it is necessary to identify
physical processes, which lead to transport outside the convec-
tion zone, especially in the tachocline near the convection zone.
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In particular, how the transport in the convection zone is linked
to that in the interior through the tachocline is crucial to un-
derstanding not only the present Sun but also the entire solar
evolution. This is true even for the case of solar dynamos since
the tachocline is considered to be the very site where toroidal
fields are generated from poloidal magnetic fields via shear-
ing (Ω effect) (Moffatt 1978). Therefore, the dynamics of the
tachocline, such as the presence and/or the origin of possible
turbulence seems to play an unique role in the overall solar
evolution.

A popular view is that turbulence in the tachocline, if any,
should be strongly anisotropic with much less transport in the
radial direction than in the horizontal plane due to the stable
density stratification. While this anisotropic turbulence, inter-
estingly, was invoked as a very mechanism for maintaining
the identity of the tachocline itself against radiative broadening
over the age of the Sun (Spiegel & Zahn 1992), various (hydro-
dynamic and magnetohydrodynamic) instabilities of the latitu-
dinal differential rotation (e.g. Gilman & Fox 1997; Dikpati &
Gilman 1999; Gilman & Dikpati 2000; Cally et al. 2003) have
been proposed as a source of anisotropic turbulence.

In the absence of turbulence, transport can still be me-
diated by meridional circulation. In particular, the latter may
carry light elements from the convection zone down to radia-
tive interior on time scale which is sufficiently short. While a
recent work by Gilman & Miesch (2004) suggested that the
meridional circulation, which is observed near the solar sur-
face (Haber et al. 2000), is unlikely to persist deep below the
convection zone in the present Sun, it is important to under-
stand, in general, how the transport by meridional circulation
is affected by turbulence and vice versus. The particle trans-
port by meridional circulation can be particularly important for
the depletion of light elements in massive stars such as lithium
dip in F stars (e.g., Zahn 1992; Schatzman 1993; Pinsonneault
1997) or in the early evolution of the Sun (Pinsonneault et al.
1989) where the transport by a meridional circulation – the
so-called Eddington-Sweet circulation (Eddington 1925; Vogt
1925; Sweet 1950) – is likely to be efficient in the interiors
due to fast rotation. Interestingly, to obtain agreement with ob-
served surface depletion of lithium, and at the same time to
explain the angular momentum transport which seems to take
place on a shorter time scale as compared to the mixing of
lithium (e.g., Pinsonneault et al. 1989), anisotropic turbulence
with a stronger horizontal turbulence was invoked to reduce the
mixing by a meridional flow (Chaboyer & Zahn 1992; Zahn
1992).

There is one key missing physics in studying these prob-
lems, which has been overlooked by virtually all the previ-
ous authors and in the traditional solar modelling. This is the
remarkable effect of a stable shear flow on turbulent trans-
port, namely turbulence regulation (or shear stabilization) (e.g.
Burrell 1997; Hahm 2002; Kim 2004). When a shear flow acts
on a (turbulent) eddy, it advects its different parts at different
rates, distorting its shape and generating small scales in the
direction orthogonal to the flow. This process continues until
the eddy becomes disrupted by dissipation (see Fig. 1). As a
result of this shearing process, the transport orthogonal to the
shear flow, as well as the intensity of turbulence, is reduced

U (x)
0

A yx (r)

y

x x

(φ)

k  (t) = k  (0) +    k  t

Fig. 1. Tilting and break-up of (isotropic) turbulent eddy due to the
shearing by shear flow u = U0(x)ŷ = −xAŷ. The wavenumber in the
x direction increases as kyAt, linearly proportional to time t.

(Kim & Dubrulle 2001; Kim & Diamond 2003; Kim et al.
2004; Kim & Diamond 2004). This shear stabilization has
been recognized to be critical to regulating turbulence in many
physical systems, including laboratory plasmas (Burrell 1997;
Hahm 2002; Kim 2004), geophysial systems (Busse 1983),
earth atmosphere (McIntyre 1989), etc. In particular, it is now
thought to be the most promising mechanism to achieve an eco-
nomic future reactor with a good confinement. Similar effect of
a shear flow is likely to play a crucial role in the transport in the
tachocline, especially by the radial shear which is thought to be
stable due to stable stratification. Furthermore, as shearing is
most effective in reducing the transport in the direction orthog-
onal to the shear flow (i.e., in the x direction in Fig. 1), it can
cause the anisotropy in turbulent transport as well as turbulence
intensity in the tachocline.

In addition to the shearing by the radial differential rotation,
Coriolis forces due to the average rotation may also quench the
transport and lead to anisotropic turbulence in the tachocline.
This effect of Coriolis forces has been studied in the context
of the transport of angular momentum (e.g. Rüdiger 1983;
Kichatinov 1987; Rüdiger 1989; Kichatinov & Rüdiger 1993)
and heat (Rüdiger 1989; Kichatinov et al. 1994; Kichatinov &
Rüdiger 1995) in the convection zone to understand the promi-
nent latitudinal differential rotation in that region. In particular,
in the limit of strong rotation such that the rotation rate exceeds
the background turbulence decorrelation rate, which is the case
for the Sun and most single main-sequence stars (Basri 1985),
the turbulent viscosity (eddy viscosity) and heat diffusivity are
shown to be reduced inversely proportional to the average ro-
tation rate Ω while their values parallel to the rotation axis are
a factor of 2 and 4 larger than those in the perpendicular direc-
tions, respectively (e.g. Kichatinov et al. 1994). Furthermore,
Coriolis forces can give rise to the so-called Λ effect (simi-
lar to the α effect in dynamos) from the non-diffusive part of
Reynolds stress which is proportional to the rotation itself if
the background turbulence in the absence of Coriolis forces is
anisotropic (e.g. Rüdiger 1983) or inhomogeneous (Kichatinov
1987). In the case of strong rotation, the Λ effect due to the
anisotropy in the background turbulence also decreases as Ω−2

(Rüdiger 1983). Note that in these previous works, the effect of
rotation shear was treated perturbatively.

The aim of this paper is to develop a self-consistent the-
ory of turbulent transport incorporating the effect of shearing
on transport, for the first time in the solar context. We focus on
the shearing due to the radial different rotation in the tachocline
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and study how it affects the turbulent transport. In contrast to
most of previous works which often crudely parameterized tur-
bulent coefficients and then adjusted them to obtain agreement
between prediction and observations, we shall self-consistently
compute them under the physically plausible assumption that
turbulence arises either from plumes penetrating from convec-
tion zone or from the instabilities of the latitudinal differential
rotation. We will demonstrate that in both cases the transport
can significantly be reduced by shear stabilization, with the
different reduction in the horizontal plane and vertical direc-
tion. Specifically, we show that the shearing by the radial dif-
ferential rotation leads to much stronger reduction in the par-
ticle transport in the radial direction, orthogonal to the shear
flow (with the scaling ∝A−2 with the shearing rate A) than in
the horizonal plane (with the scaling ∝A−4/3). A similar, but
weaker, anisotropy also develops in the amplitude of turbulent
flow. In the case where the turbulence is driven by the insta-
bility of the latitudinal differential rotation, the overall ampli-
tude of vertical particle transport as well as vertical turbulent
flow becomes negligible. Special attention will be paid to the
distinction between turbulence intensity and turbulent trans-
port which have different physical origins and thus different
scalings with A, as shall be shown. These results suggest that
even without density stratification, the radial differential rota-
tion alone can give rise to anisotropic turbulent transport in the
tachocline. We will also provide a self-consistent theory of the
transport by a meridional flow by incorporating the effect of
shear flow on turbulence, and assess its efficiency by compar-
ing it with turbulent transport. To understand the effect of shear
flows on the transport in the simplest way, the analysis in the
present paper shall be limited to the case of non-magnetized
tachocline with incompressible fluid, with no background den-
sity stratification, and with only radial differential shear. To
keep the analysis tractable, the effect of Coriolis forces will
also be ignored. While the average rotation rate is comparable
to radial shear in the tachocline (i.e., Ω ∼ A), the incorpora-
tion of Coriolis forces is unlikely to fundamentally change the
results obtained in the paper for the following reason. Since
the turbulent heat conductivity tensor considered by the previ-
ous authors (e.g. see Eq. (7) in Kichatinov et al. 1994) takes
the same form as turbulent particle diffusivity tensor (in the ab-
sence of shearing), a similar quenching and anisotropy found
in heat diffusivity is expected for turbulent diffusivity of par-
ticles due to Coriolis forces. Thus, the quenching in turbulent
(eddy) viscosity and particle diffusivity due to Coriolis forces
would become proportional toΩ−1, which is much weaker than
the reduction ∝A−2 caused by radial shear, found in this pa-
per. Furthermore, while Coriolis forces alone favor the trans-
port in the direction parallel to the rotation axis, the resulting
anisotropy in eddy viscosity and turbulent diffusivity will be
very weak, being only a factor of 2 and 4. In comparison, the
anisotropy due to the radial shear depends on a small parameter
inversely proportional to A, and can thus become very large
for strong shear A. The effects of the magnetic fields, density
stratification, and latitudinal differential rotation as well as
Coriolis forces will be considered in the subsequent papers.

The remainder of the paper is organized as follows. We
shall first consider the case where transport takes place due

to turbulence with the negligible effect from meridional cir-
culation and formulate the problem in Sect. 2. In Sect. 3, the
effect of radial shear on turbulence intensity and momentum
and particle transport will be discussed. We then include the
meridional flow and investigate its effect on particle transport
in Sect. 4. Section 5 contains discussions and conclusions.

2. Formulation of the problem

We consider incompressible fluid with no average rotation and
local cartesian coordinates x, y, and z for radial, azimuthal, and
latitudinal directions, respectively. Then, main governing equa-
tions for the total velocity u and density n of chemical elements
are as follows:

∂tu + u · ∇u = −∇p + ν∇2u + f , (1)

∇ · u = 0, (2)

(∂t + u · ∇)n = D∇2n. (3)

Here, ν and D are molecular viscosity and diffusivity, respec-
tively; f in Eq. (1) is the small-scale forcing which includes the
buoyancy force; the total velocity u = U0 + u includes large-
scale radial differential rotation U0 = U0(x)ŷ and small-scale
fluctuations u; the total density n = n0(x) + n′ contains mean
component n0(x) and fluctuating component n′. Thus, the aver-
age over fluctuations of total density and velocity becomes

〈n〉 = n0, 〈u〉 = U0,

where single angular brackets 〈〉 denote the average over fluc-
tuations (or the statistics of the forcing).

To simplify the analysis, we shall limit ourselves to the case
of unit Prandtl number (ν = D) and to the quasi-linear evolu-
tion (see, e.g. Moffatt 1978) of mean fields and fluctuations. By
taking average of Eq. (3), we obtain the following equations for
the mean fields n0 and U0:

∂tn0 = ∂x[(Dxx
T + D)∂xn0], (4)

∂tU0 = −∂y〈p〉 + ∂x[(νxx
T + D)∂xU0], (5)

where Dxx
T and νxx

T are the vertical turbulent diffusivity and vis-
cosity, defined by 〈vxn′〉 = −Dxx

T ∂xn0, and 〈vxvy〉 = −νxx
T ∂xU0.

For the evolution of fluctuations, we approximate the ra-
dial differential rotation by a linear shear flow with U0 = −xA
(here,A is shearing rate which is assumed to be positive with-
out loss of generality) and obtain the following equations for u
and n′ from Eqs. (1)−(3):

∂tu − xA∂yu − Avxŷ = −∇p + D∇2u + f , (6)

∇ · u = 0, (7)

(∂t − xA∂y)n′ = −vx∂xn0 + D∇2n′. (8)

In the tachocline, the typical values of D and ν are D ∼
27 cm2 s−1 and ν ∼ 102 cm2 s−1. Thus, the assumption of
the unit Prandtl number (D = ν) is reasonable for the solar
tachocline. Furthermore, the radial differential rotation across
the tachocline is A ∼ 3 × 10−6 s−1. Therefore, the effect of ra-
dial shear can dominate over that of dissipation with A > Dk2

for k < 10−4 cm−1 ∼ 106/H0, where H0 ∼ 6 × 109 is the pres-
sure scale height. In order to capture this strong shearing effect,
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we need a method that can incorporate the effect of shearing
non-perturbatively in solving Eqs. (6)−(8). To this end, we in-
troduce the following Fourier transform for n′:

n′(x, t) =
1

(2π)3

∫
d3kñ(k, t) exp

{
i(kx(t)x + kyy + kzz)

}
, (9)

and similarly for vi (i = 1, 2, 3), p, and f , where kx satisfies an
eikonal equation

∂tkx(t) = kyA. (10)

Equation (10) implies that kx linearly increases in time as
kx(t) = kx(0) + kyAt, explicitly reflecting the main effect of
shearing by a shear flow U0(x)ŷ, i.e., generation of fine scales x
due to tilting and distortion of fluid eddies (see Fig. 1).

With the help of Eq. (9), the solutions to Eqs. (6)−(8) can be
obtained after a long, but straightforward algebra. Referring the
readers to Appendix A for intermediate steps, in this section,
we simply provide the solutions, which are

ṽx(k(t), t) =
∫

dt1d3k1

k2
y

k2
ĝ(k, t; k1, t1)e−DQ(t,t1)h̃1(k1, t1), (11)

ṽz(k(t), t) =
∫

dt1d3k1ĝ(k, t; k1, t1)e−DQ(t,t1)

×


k2
y

k2
H

h̃2(k1, t1) −


kxkzk2
y

k2
Hk2

+
kzk2

y

|k3
H|

[
tan−1

(
kx

|kH|
)

− tan−1

(
k1x

|k1H |
)]}

h̃1(k1, t1)

]
, (12)

ṽy(k(t), t) = −kx

ky
ṽx(k(t), t) − kz

ky
ṽz(k(t), t), (13)

ñ(k(t), t) = −∂xn0

∫
dt1d3k1ĝ(k, t; k1, t1)e−DQ(t,t1)ṽx(k1, t1).(14)

Here, Q(t, t1) =
∫ t

t1
dt′[k2

x(t′)+k2
H] = [k3

x−k3
1x]/3kyA+k2

H(t− t1);

k2
H = k2

y + k2
z is the amplitude of wave number in the horizontal

plane; k2 = k2
H + k2

x; ĝ is the Green’s function given by

ĝ(k, t; k1, t1) = δ(ky − k1y)δ(kz − k1z)

×δ
[
kx − k1x − k1y(t − t1)A

]
; (15)

h̃1 and h̃2 are the forcing terms which are related to f̃i as

h̃1 =
(
1 + k2

z /k
2
y

)
f̃x − kx f̃y/ky − kxkz f̃z/k

2
y, (16)

h̃2 = −kz f̃y/ky + f̃z. (17)

In the following sections, turbulence amplitude 〈v2
x〉 and 〈v2

z 〉,
particle flux 〈n′vx〉 = −DT∂xn0, and momentum flux 〈vxvy〉 =
−νxx

T ∂xU0, will be computed. For simplicity, we assume spa-
tially homogeneous and temporally short correlated forcing f ,
which is incompressible (∇ · f = 0) and reflectionally symmet-
ric. Specifically, the forcing correlation functions are taken to
be of the following form:

〈 f̃i(k1, t1) f̃ j(k2, t2)〉 = τ f (2π)3δ(k1 + k2)ψi j(k2), (18)

where τ f is the (short) correlation time of the forcing.

3. Turbulence amplitude and transport

In this section, we shall demonstrate that the radial shear
reduces turbulence amplitude 〈v2

x〉 in the vertical direction
and 〈v2

z 〉 in the horizontal plane, and vertical transport of mo-
mentum and particles by shear stabilization. The degree of re-
duction by shearing can be different in each case; in particu-
lar, turbulence amplitude depends on the direction, suggesting
anisotropic turbulence.

3.1. Turbulence amplitude

From Eqs. (9)–(12) and (15)–(18), we obtain the following:

〈v2
x〉 =

τ f

(2π)3

∫
d3kdt1d3k1

k4
y

k4
e−2DQ(t,t1)

×ĝ(k, t; k1, t1)φ11(k1), (19)

〈v2
z 〉 =

τ f

(2π)3

∫
d3kdt1d3k1e−2DQ(t,t1)ĝ(k, t; k1, t1)


k4
y

k4
H

φ22(k1)

−2
k2
y

k2
H


k2
ykz

k3
H

(
tan−1

(
kx

|kH|
)

− tan−1

(
k1x

|k1H |
))
+

k2
ykzkx

k2
Hk2

 φ12(k1)

+


k2
ykz

k3
H

(
tan−1

(
kx

|kH|
)

− tan−1

(
k1x

|k1H |
))
+

k2
ykzkx

k2
Hk2


2

φ11(k1)

. (20)

Here, φi j(k) (i = 1, 2) are the power spectra of the forcing
defined by:

〈h̃i(k1, t1)h̃ j(k2, t2)〉 = τ f (2π)3δ(k1 + k2)φi j(k2), (21)

with the (short) forcing correlation time τ f . Recall that
Q(t, t1) = [k3

x − k3
1x]/3kyA + k2

H(t − t1), k2
H = k2

y + k2
z , and

k2 = k2
H + k2

x and that h̃i(k1, t1) (for i = 1, 2) is given by
Eqs. (16)–(17). For an incompressible forcing, one can easily
show that φi j in Eq. (21) is related to ψi j, defined in Eq. (18), as

φ11 =
k4

k4
y

ψ11, φ12 =
1
k4
y

(
k2kxkzψ11 + k2k2

Hψ13

)
,

φ22 =
1
k4
y

(
k2

xk2
zψ11 + k4

Hψ33 + 2kxkzk
2
Hψ13

)
. (22)

As we are interested in the shearing effect, and also as it is
likely thatA 	 Dk2

y in the tachocline, we evaluate the integrals
in Eqs. (19)–(20) in the strong shear limit ξ ≡ Dk2

y/A � 1.
Note here that ky is the inverse of the characteristic scale of the
forcing in the y (azimuthal) direction. To this end, we express
the integral over t1 in terms of a new time variable τ = kx/ky =
k1x/k1y+A(t− t1). Thus, DQ(t, t1) = ξ[τ3/3+γτ− (a3/3+γa)],
where γ = k2

H/k
2
y and a = k1x/k1y. Then, by taking the limit
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ξ → 0 in the τ integral, and by assuming ψi j(ky) = ψi j(−ky), we
obtain

〈v2
x〉 ∼

τ f

2(2π)3A
∫

d3k


k2
y

k2
H


3/2

×
[
π

2
− tan−1 (a/

√
γ) +

√
γa

γ + a2

]
φ11(k), (23)

〈v2
z 〉 ∼

τ f

(2π)3A
∫

d3k
1
3
Γ

(
1
3

)  3A
2Dk2

y


1/3 k4

y

k4
H

×
φ22(k) +

(
π

2
− tan−1 (a/

√
γ)

)2 k2
z

k2
H

φ11(k)

 , (24)

to leading order in ξ � 1. Here, γ = k2
H/k

2
y, a = kx/ky, and Γ(x)

is Gamma function. Equations (23) and (24) reveal that turbu-
lence amplitude in both horizontal and vertical directions is re-
duced as shearing rateA increases, with the scaling 〈v2

x〉 ∝ A−1

and 〈v2
z 〉 ∝ A−1(A/Dk2

y)
1/3. Recall that ky is the inverse of the

characteristic scale of the forcing in the y (azimuthal) direc-
tion. Since these results were obtained in the strong shear limit
where A/Dk2

y 	 1, 〈v2
z 〉 	 〈v2

x〉. For instance, for the typ-
ical values of parameters in the tachocline, D ∼ 30 cm2 s−1

and A ∼ 3 × 10−6 s−1, A/Dk2
y ∼ 106 with 〈v2

z 〉 ∼ 102〈v2
x〉

if ky ∼ 10−7 cm−1 ∼ 103/H0 while A/Dk2
y ∼ 1011 with

〈v2
z 〉 ∼ 104〈v2

x〉 if ky ∼ 10−9 cm−1 ∼ 10/H0.
Therefore, the reduction in turbulence amplitude by the ra-

dial shear is more severe in the radial direction than in the hori-
zontal plane, with the anisotropy in turbulence amplitude. This
is because a shear flow in the y direction, varying in x, shears
the radial turbulent flow vx directly while its shearing only indi-
rectly influences the horizontal flow vz through the incompress-
ible condition (∇ · u = 0) and enhanced dissipation for finite D.
Thus, shearing regularizes the horizontal turbulence amplitude
〈v2

x〉, with its value remaining finite even in the absence of dis-
sipation (D = 0). In contrast, it is a finite dissipation (D � 0)
that keeps 〈v2

z 〉 finite. The anisotropy in turbulence amplitude
should, however, be distinguished from that in turbulent trans-
port, as will be discussed in Sect. 4. Equations (23)−(24) also
indicate that the precise value of 〈v2

x〉/〈v2
z 〉 depends on the char-

acteristics of the forcing, such as power spectrum φi j(k) and
typical wavenumber k. We briefly discuss this dependence in
the following.

If the turbulence is mainly driven from plumes penetrating
from the convection zone (see Fig. 2), the power spectrum is
likely to be anisotropic with |kx| � |ky| ∼ |kz|. Thus, φ11 ∼ ψ11

and φ22 ∼ 0 with 〈v2
x〉/〈v2

z 〉 ∼ (A/Dk2
y)
−1/3 � 1. For example,

for the parameter values of D ∼ 30 cm2 s−1,A ∼ 3 × 10−6 s−1,
and ky ∼ 10−7 cm−1 ∼ 103/H0, 〈v2

x〉/〈v2
z 〉 ∼ 10−2. In contrast,

if turbulence is due to the instability of latitudinal differential
rotation, the forcing is likely act only on the horizontal plane
with fx ∼ 0. Thus, ψ11 ∼ 0, rendering φ11 ∼ 0 and φ22 ∼ ψ33

in Eq. (22). Thus, in this case, there is no turbulence in the
radial direction with 〈v2

x〉 ∼ 0 while the horizontal turbulent
flow is reduced for largeA as 〈v2

z 〉 ∝ A−1(A/Dk2
y)

1/3. This re-
sult of the reduction in the horizontal turbulence (parallel to the
shear flow) in the absence of vertical flows, which may seem
surprising to some readers, is basically due to the enhanced

U (x)
0

A yx (r)

y

x x

(φ)

k  (t) = k  (0) +     k  t

Fig. 2. Tilting and break-up of turbulent eddy driven by plumes due
to the shearing by radial differential rotation u = U0(x)ŷ = −Axŷ.
The wavenumber in the x direction again increases as kyAt, linearly
proportional to time t. The turbulent eddy is almost uniform in x
with kx/ky � 1 initially at t = 0, but gradually develops radial de-
pendences as the shearing continues.

dissipation by shearing for D � 0, as noted previously. That
is, even if the forcing drives only horizontal turbulent flows,
the shear flow creates fine scales in the vertical direction in
these flows, enhancing their dissipation rate. Therefore, in both
cases, the turbulence amplitude in the radial direction is always
much weaker than that in the horizontal plane (see Fig. 2). It
is also interesting to consider the special case of an isotropic
forcing where ψi j(k) = [δi j − kik j/k2]F(k), with

φ11 = k2k2
HF(k)/k4

y, φ12 = 0, φ22 = k2
HF(k)/k2

y. (25)

Even in this case, the anisotropy again appears in the turbu-
lence amplitude as 〈v2

x〉/〈v2
z 〉 ∼ (A/Dk2

y)
−1/3 � 1 (see Fig. 1).

Therefore, in all possible cases, shearing by radial differential
rotation is very likely to lead to turbulence which is stronger in
the horizontal plane than in the vertical direction (see Figs. 1
and 2).

3.2. Turbulent transport

The amplitudes of turbulent flow 〈v2
x〉 and 〈v2

z 〉 are often used
to characterize turbulent transport in the x and z direction.
However, turbulence amplitude and turbulent transport are not
simply related to each other since they have different physical
origins. In particular, the irreversibility is necessary for turbu-
lent transport, but not for turbulence amplitude (see, e.g., Kim
& Diamond 2003). Furthermore, the transport of momentum in
general differs from the transport of particles. In the following,
we will demonstrate that this is indeed the case.

In order to compute momentum and particle fluxes (thereby
turbulent viscosity νxx

T and diffusivity Dxx
T ), we go through a

similar procedure by using Eqs. (9)−(13), (15)−(17), and (21)
(see Appendix B for details). The results are

νxx
T ∼

τ f

2(2π)3A2

∫
d3kφ11(k)

k2
y

k2
H

×
−

k2
y

k2
+

k2
z

k2
H

(
π

2
− tan−1 (a/

√
γ)

)2
 , (26)

Dxx
T ∼

τ f

2(2π)3A2

∫
d3kφ11(k)

k2
y

k2
H

[
π

2
− tan−1 (a/

√
γ)

]2
, (27)

to leading order in ξ � 1, with γ = k2
H/k

2
y and a = kx/ky.

Equations (26) and (27) clearly illustrate the strong reduction
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in momentum and particle transport due to shearing effect, with
the scaling νxx

T ∝ A−2 and Dxx
T ∝ A−2. The precise value

of their amplitudes, however, depend on the properties of the
forcing. For instance, in the case where the forcing is due to
the instability of the latitudinal differential rotation with fx = 0
(i.e., φ11 = 0), there is no vertical transport with Dxx

T = ν
xx
T = 0,

as expected. Besides this extreme case, Dxx
T and νxx

T seem to
have similar amplitude of the same order of magnitude. That
is, within this hydrodynamic turbulence model, particle trans-
port is comparable to momentum transport.

Let us examine, in some detail, other important implica-
tions of Eqs. (26) and (27), excluding the case where fx = 0.
First, Eq. (26) shows that turbulent viscosity can be either pos-
itive or negative depending on characteristic scales of the forc-
ing. In the 2D limit where kz → 0 (i.e. in the x − y plane), νxx

T
becomes negative, recovering the well-known result of inverse
cascade in 2D hydrodynamic turbulence due to the conserva-
tion of enstropy (see, e.g., Eq. (33) in Kim & Dubrulle 2001).
Negative viscosity means that turbulence acts as a source of
large-scale shear flow. Equation (26) clearly shows how this
negative viscosity becomes positive in 3D hydrodynamic tur-
bulence for kz >∼ ky, with turbulence now damping the shear
flow. Interestingly, the result νxx

T ∼ A−2 leads to a non-linear
equation for U0 in Eq. (5), with the possibility of causing
time-dependence in the evolution of the mean flow U0. Note
that time-dependence of the radial differential rotation can
also be caused by the interaction with gravity waves (Kim &
MacGregor 2001), with time variability being a generic fea-
ture of a nonlinear system. Furthermore, since turbulence (with
νxx

T > 0) becomes inefficient in smoothing out the profile of U0

as it develops larger gradient, the (angular) momentum trans-
port by turbulence within this hydrodynamical turbulence does
not seem to be easily reconciled with the apparent uniform
rotation in the solar radiative interior.

Secondly, Eq. (27) shows that turbulent diffusivity Dxx
T ∼A−1〈v2

x〉 is proportional to 〈v2
x〉, but with the proportional-

ity A−1, depending on A. That is, particle transport is not ex-
actly proportional to turbulence amplitude, as has often been
assumed. If turbulent flow has the characteristic velocity vx

with characteristic length scale lx and correlation time τx in
the x direction, one would expect that Dxx

T ∼ vxlx ∼ τxv
2
x.

The comparison with our result Dxx
T ∼ A−1v2

x then implies
that lx ∼ A−1vx and τx ∼ A−1. That is, the characteristic length
scale and correlation time of the turbulent flow are set by shear-
ing time A−1, both of them becoming shorter as A increases.
This is a clear manifestation that the decorrelation rate of two
near-by points in the fluid is enhanced by a shear flow (the so-
called enhanced decorrelation) with a shorter correlation length
(Biglari et al. 1990), as a result of tilting and distortion of ed-
dies. This point will again be emphasized in Sect. IV in consid-
ering particle transport in the horizontal plane (Dzz

T ).
Finally, we estimate the minimum velocity of forcing (e.g.,

the velocity of plumes) in order for the turbulent transport Dxx
T

to be at least larger than molecular value D ∼ 30 cm2 s−1. To
this end, we approximate Eq. (27) as

Dxx
T ∼

τ f 〈 f 2〉
A2

, (28)

where 〈 f 2〉 ∼ ∫
d3kψii(k)/(2π)3 is the amplitude of the forcing.

We then let 〈 f 2〉 ∼ v2
f /τ

2
f with a typical amplitude of forcing

velocity v f and take A ∼ 3 × 10−6 s−1 and τ fA ∼ 10−2. Then,
Dxx

T ∼ D ∼ 30 cm2 s−1 (molecular diffusivity) gives the mini-
mum value of v f ∼ 10−3 cm s−1. The minimum value of the ver-
tical turbulent velocity can easily be found from 〈v2

x〉 ∼ ADxx
T

with Dxx
T = D to be vx ∼ 10−2 cm s−1. In this case, the horizon-

tal turbulent velocity becomes vz ∼ 0.1 cm s−1 for ky ∼ 10/H0

while vz ∼ 1 cm s−1 for ky ∼ 103/H0. Therefore, plumes with a
reasonably modest velocity v f > 10−3 cm s−1 are likely to en-
hance vertical diffusivity of particles over the molecular value.
However, if these plumes are rarely occurring with a very small
filling factor (Brummell et al. 2002; Rempel 2004), it is more
reasonable to take 〈 f 2〉 ∼ αv2

f /τ
2
f with a filling factor α and

typical plume velocity v f . Thus, Eq. (28) becomes

Dxx
T ∼

αv2
f

τ fA2
· (29)

For instance, for α ∼ 10−8, the minimum velocity of plume
for Dxx

T > D is increased to v f ∼ 10 cm s−1, which is still
modest. Thus, turbulence due to plume penetration can signif-
icantly enhance the total diffusivity of light elements over the
molecular value. In arriving at this conclusion, we have, how-
ever, implicitly assumed that plumes penetrate the entire layer
of the tachocline, which is unlikely to be the case in the Sun
(e.g., Brummell et al. 2002). To be precise, the filling factor α
should refer to those only which do penetrate the entire layer.
The probability of such events of large amplitude will of course
be small. We will discuss this point further in Sect. 4, where we
study the transport of particles by a meridional circulation and
its implications for mixing of light elements. Note that in the
absence of plumes, other mechanisms (such as gravity waves)
could mediate transport (see, e.g. García Lopez & Spruit 1991).

4. Effect of meridional circulation

So far we have focused on the effect of shearing by the ra-
dial differential rotation on turbulent transport and studied how
much reduction it causes in turbulence amplitude and vertical
transport of particle and momentum. In this section, we will
examine how the particle transport by meridional circulation is
affected by the radial differential rotation, assess its efficiency
compared to vertical turbulent transport of particles, and dis-
cuss the anisotropic transport of particles by computing hori-
zontal turbulent transport of particles. As noted previously, the
meridional circulation can be crucial to explaining the deple-
tion of light elements in the Sun or massive stars.

We assume the meridional circulation to take the form
Um = ∇ × ψ(x, z)ŷ = (−∂zψ, 0, ∂xψ) and include it in the
total velocity u = U0 + Um + u. The density perturba-
tion nm(x, z) due to meridional flow also contributes to the total
density n = n0 + nm(x, z) + n′. We denote the average over fluc-
tuations of total density and velocity by single angular brackets
〈〉 as before. That is

〈n〉 = n0(x) + nm(x, z), 〈u〉 = U0(x) + Um(x, z).
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To obtain the mean component n0 and U0, we introduce the
average over z in addition to that over fluctuations, denoting it
by double angular brackets:

〈〈n〉〉 = n0(x), 〈〈u〉〉 = U0(x).

Meridinal flow Um, together with nm, will lead to effective
transport of n0 with the effective diffusivity Deff as 〈〈Umxnm〉〉 =
−Deff∂xn0. On the other hand, the turbulence will transport nm,
as well as n0, with non-vanishing horizontal component of tur-
bulent diffusivity Dzz

T . That is, 〈vin′〉 = −Di j
T∂ j(n0 + nm). Note

that the interaction between U0(x)ŷ and Um(x, z) will generate
the zonal component δU0(x, z) depending on z, which will in
turn lead to non-trivial transport of U0 due to the interaction
with Um. However, this momentum transport by a meridional
flow turns out to have a similar behaviour to particle transport,
not particularly illuminating from the point of angular momen-
tum transport in the Sun which must be much more efficient
than particle transport. Furthermore, for the evolution of den-
sity, this perturbation δU0ŷ can be ignored. For this reason, the
momentum transport by a meridional circulation will not be
elaborated in this paper.

4.1. Effective particle transport by meridional
circulation

In order to compute Deff , we first obtain the equation for nm by
taking the average of Eq. (3) over fluctuations with the result:

[∂t + Um · ∇](n0 + nm) = ∂i[(D
i j
T + Dδi j)∂ j(n0 + nm)]. (30)

The average of Eq. (30) over z then gives us the equation for n0

as follows:

∂tn0 = ∂x

[
(Deff + Dxx

T + D)∂xn0

]
, (31)

with the effective diffusivity Deff due to meridional flow
(〈〈Umxnm〉〉 = −Deff∂xn0). A simple equation for nm follows
by subtracting Eq. (31) from (30), and then by assuming that
|Um · ∇n0| 	 |Um · ∇nm|:
∂tnm = −Umx∂xn0 + ∂i

[
(Di j

T + Dδi j)∂ jnm

]
. (32)

For simplicity, we assume a linear mean density profile n0 ∝
x and a steady meridional circulation with Um = Um(z)x̂ =
(2Vm) cos (pz)x̂. In this case, Eq. (32) can readily be solved with
the solution for nm as nm = −2Vm(∂xn0) cos (pz)/(Dzz

T + D)p2.
Then, by computing the average of Umnm over z, we obtain the
effective diffusivity Deff for the mean density n0:

Deff =
2V2

m

(D + Dzz
T )p2

∼ 2V2
m

Dzz
T p2

, (33)

for Dzz
T 	 D. Thus, the total vertical diffusivity Dtot = Deff +

Dzz
T + D of the mean density n0 becomes

Dtot =
2V2

m

Dzz
T p2
+ Dxx

T + D, (34)

where Dxx
T is given in Eq. (27) (or Eq. (31)). Eq. (33), show-

ing that Deff is inversely proportional to horizontal (particle)

turbulent diffusivity, demonstrates that strong horizontal turbu-
lence (to be precise, horizontal particle transport) with a large
value of Dzz

T works against the transport by meridional circu-
lation. Similar result was obtained previously by Chaboyer &
Zahn (1990). In contrast to most of the previous works which
crudely parameterized Dzz

T , we will compute it self-consistently
in Sect. 4.2, by taking into account shearing effect. We will then
estimate Deff and compare it with Dxx

T in Sect. 4.3

4.2. Horizontal turbulent transport of particles

We consider a quasi-linear equation for n′ as before, but includ-
ing nm. Eq. (8) thus takes the following form:

[∂t + U0(x)∂y + Umx∂x]n′ = −vi∂i(n0 + nm) + D∇2n′. (35)

Since Umx is very likely much weaker than U0(= −xA), we
ignore Umx in Eq. (35) and obtain the solution to ñ as

ñ(k(t), t) = −[∂i(n0 + nm)]

×
∫

dt1d3k1ĝ(k, t; k1, t1)e−DQ(t,t1)ṽi(k1, x, t1), (36)

which should be compared to Eq. (14). Here, Q(t, t1) =∫ t

t1
dt′[k2

x(t′) + k2
H] = [k3

x − k3
1x]/3kyA + k2

H(t − t1). Thus, by
using Eqs. (9)–(12), (15)– (17), and (21), and by a similar anal-
ysis as done before, we can obtain Dzz

T by computing 〈n′vz〉 =
−Dzz

T ∂znm:

Dzz
T ∼

τ f

(2π)3A2

∫
d3k

1
3
Γ

(
2
3

)  3A
2Dk2

y


2/3 k4

y

k4
H

×
φ22(k) +

k2
z

k2
H

[π
2
− tan−1 (a/

√
γ)

]2
φ11(k)

 , (37)

in the strong shear limit ξ = Dk2
y/A � 1. Here, again

γ = k2
H/k

2
y and a = kx/ky. Note that the off-diagonal terms Di j

T
for i � j vanish for ψi j(ky) = ψi j(−ky) and ψi j(kz) = ψi j(−kz).
Eq. (37) demonstrates strong reduction in particle transport
in horizontal plane due to shearing, with the scaling Dzz

T ∝A−2(A/Dk2
y)

2/3 ∝ A−4/3. However, this reduction is less se-
vere than that in the radial direction, which is Dxx

T ∝ A−2 (see
Eq. (27)). That is, Dxx

T /Dzz
T ∝ (A/Dk2

y)
−2/3. For instance, for

parameter values of A ∼ 3 × 10−6 s−1 and D ∼ 30 cm2 s−1 in
the tachocline, Dxx

T /Dzz
T ∝ 10−4 for ky ∼ 10−7 cm−1 ∼ 103/H0

while Dxx
T /Dzz

T ∝ 10−7 for ky ∼ 10−9 cm−1 ∼ 10/H0. It is im-
portant to note that the anisotropy in particle diffusivity due
to radial shear, measured by Dxx

T /Dzz
T ∝ (A/Dk2

y)
−2/3, depends

onA itself, and can be much larger than that caused by Coriolis
forces alone (which is only a factor of 2). For instance, at the
poles, Coriolis forces alone would lead to Dxx

T (along the ro-
tation axis) which is twice larger than Dzz

T . This effect will,
however, be easily overwhelmed by a much stronger reduction
caused by radial shear with the result Dxx

T � Dzz
T .

Thus, shearing results in the anisotropy in particle trans-
port, as well as in turbulence intensity, with less transport in
the radial direction. Physically, this result makes sense since
it is only through diffusion that the radial shear has any effect
on the particle transport in the horizontal plane. In fact, in the
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limit D → 0, Dzz
T → ∞ as density fluctuation accumulates on

small-scales in the absence of diffusion while Dxx
T , suffering di-

rectly from shearing, remains finite. For finite D, the transport
in the horizontal plane is affected by shearing only through the
enhanced dissipation, and thus less reduced.

As previously noted, the anisotropy in the particle trans-
port Dxx

T /Dzz
T ∝ (A/Dk2

y)
−2/3 is, however, different from that in

turbulence amplitude 〈v2
x〉/〈v2

z 〉 ∼ (A/Dk2
y)
−1/3. Furthermore,

in comparison with Eq. (24), Eq. (37) indicates Dzz
T ∼

A−1(A/Dk2
y)

1/3〈v2
z 〉. Thus, the proportionality between Dzz

T

and 〈v2
z 〉 is not constant, but depends on A. We recall that we

have found a similar result for the transport of particle in the
vertical direction with Dxx

T ∼ A−1〈v2
x〉. To see how the shearing

affects the effective correlation time τz and length scale of tur-
bulent flow lz in the horizontal plane, we let the characteristic
velocity of turbulent flow vz in that plane. Then, by comparing
the conventional expectation Dzz

T ∼ lzvz ∼ τzv
2
z with our result

Dzz
T ∼ A−1(A/Dk2

y)
1/3v2

z , we obtain τz ∼ A−1(A/Dk2
y)

1/3 and
lz ∼ A−1(A/Dk2

y)
1/3vz. These results indicate that horizontal

turbulence is also subjected to the enhanced decorrelation by
shear flow, but only through dissipation (D � 0). This is also
true in the case of a purely horizontal forcing with fx = 0, sim-
ilarly to 〈v2

z 〉 (see the discussion before Eq. (25) in Sect. 3.1).
Therefore, while in the presence of non-vanishing dissipation
(D � 0), the shear flow shortens the effective length scale lz
and decorrelation time τz in the horizontal plane, the decorre-
lation time τz for horizontal turbulence is still larger than τx

for vertical turbulence for which the radial shear operates more
efficiently.

4.3. Estimates and implications for light element
burning

When turbulence is driven by plumes, Dxx
T � 0. In this case,

Eqs. (27), (29), (33), and (37) suggest that the transport by Um

dominates over the transport by turbulence (Deff > Dxx
T ) when

VmL >
√

Dxx
T Dzz

T ∼
αv2

f

τ fA2

 A
Dk2

y


1/3

∼
 ADk2

y


1/3

Dxx
T ∼

〈v2
z 〉
A · (38)

Here, L = 1/p is the characteristic scale of Um; Dxx
T /Dzz

T ∝
(A/Dk2

y)
−2/3 and 〈v2

x〉/〈v2
z 〉 ∼ (A/Dk2

y)
−1/3 were used.

Interestingly, Eq. (38) is easily satisfied asA (radial shear) in-
creases. This is basically because shearing reduces turbulent
particle transport, making it less important compared to the
transport by meridional circulation. Higher values of A (i.e.,
radial differential rotation) might be more easily realized in-
side massive stars or in the early evolution of the Sun owing
to fast rotation although there has been no observational evi-
dence for a radial shear layer in other stars, similar to the solar
tachocline. Furthermore, meridional circulation (Eddington-
Sweet circulation) itself becomes more efficient in fast rotating
stars. Therefore, the transport by meridional circulation could
play a crucial role in these stars.

To assess the importance of the transport by a meridional
circulation in the Sun, we takeA ∼ 3×10−6 s−1, ky ∼ 10/H0 ∼
10−9 cm−1, D ∼ 30 cm2 s−1, τ fA ∼ 10−2, and L ∼ H0 ∼
6 × 109 cm; thus A/Dk2

y ∼ 1011 and Dzz
T ∼ 107Dxx

T and
〈v2

z 〉 ∼ 104〈v2
x〉. Here, H0 cm is pressure scale height. We note

that in order to be consistent with the depletion of lithium,
the total (vertical) diffusivity of chemical elements near the
tachocline must be ∼20D ∼ 103 cm2 s−1 (Barnes et al. 1999).
Thus, by requiring that the maximum of Deff and Dxx

T be set by
this total diffusivity 20D, we can consider the following two
cases.

1. If lithium is mainly carried by a meridional circulation
[Deff ∼ 20D > Dxx

T ]: Dxx
T < 20D constrains the am-

plitude of turbulent velocity to be vx < 10−1 cm s−1 and
vz < 10 cm s−1 with Dzz

T < 1010 cm2 s−1, Equivalently, the
amplitude of forcing should be v f < 10−2/

√
α cm s−1 (see

Eq. (29)). For instance, v f < 10−2 cm s−1 for α ∼ 1 and
v f < 102 cm s−1 for α ∼ 10−8. Thus, Eq. (33) with p = 1/L
implies Vm < 106/L ∼ 10−4 cm s−1. The upper limit
on Vm is due to the fact that Deff increases for small Dxx

T
since Deff ∝ 1/Dzz

T ∝ 1/Dxx
T . On the other hand, in order

for Deff > D and Dzz
T 	 D, Vm > D/L ∼ 10−9 cm s−1 and

v f 	 10−6/
√
α cm s−1.

2. If lithium is mixed largely by turbulence [Deff < Dxx
T ∼

20D]: Dxx
T ∼ 20D gives vx ∼ 10−1 cm s−1, vz ∼ 10 cm s−1,

Dzz
T ∼ 1010 cm2 s−1, and v f ∼ 10−2/

√
α cm s−1 (see

Eq. (29)). For example, v f ∼ 10−2 cm s−1 for α ∼ 1 while
v f ∼ 102 cm s−1 for α ∼ 10−8. Thus, Eq. (33) with p = 1/L
implies Vm < 106/L ∼ 10−4 cm s−1.

Therefore, in both cases, the upper limit on Vm is of order
Vm ∼ 10−4 cm s−1 for the chosen parameter values while the
typical velocity of the forcing (i.e. plumes) determines whether
the transport is mainly via a meridional circulation or via tur-
bulence. However, given the uncertainties in the the amount
(filling factor) and strength of plumes penetrating into the
tachocline regime (e.g., Rempel 2004), it is not entirely clear as
to which of the two plays a more important role. Furthermore,
as noted previously, not all the plumes penetrate through the en-
tire tachocline to carry lithium near R ∼ 0.65 R�, which is little
below the bottom of the tachocline, for their destruction. The
filling factor α for those plumes may be very small. Note that
the estimates given above are based on the strong observational
constraint on the total vertical diffusivity of lithium (20 times
molecular value) in the case when turbulence in the tachocline
is driven by plumes only. If there is an additional forcing driv-
ing turbulence in the horizontal plane only, with no vertical tur-
bulent flow, the horizontal turbulent diffusivity DH due to this
forcing should be added to the total horizontal turbulent diffu-
sivity as DH + Dzz

T . Thus, there would be no restriction on the
amplitude of total horizontal turbulent diffusivity (and veloc-
ity), and the anisotropy would be enhanced as Dxx

T /(D
zz
T + DH)

as compared to Dxx
T /Dzz

T discussed above. Furthermore, if there
are mechanisms inhibiting the transport of lithiums (e.g. mag-
netic fields, density stratification, etc.), vertical turbulent veloc-
ity can take much larger value than the estimated one without
causing inconsistency with lithium depletion.
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5. Discussions and conclusions

We have presented a self-consistent theory of turbulent trans-
port in the tachocline by taking into account the effect of
shearing by the radial differential rotation. Under the physi-
cally plausible assumption that turbulence in the tachocline is
driven by plumes penetrating from the convection zone, or the
instabilities of latitudinal differential rotation, we have demon-
strated that shearing can cause significant reduction in the am-
plitude of turbulent flow and transport of particle and mo-
mentum. Specifically, the scalings of these quantities with the
shearing rateA (the radial differential rotation) are as follows:
〈v2

x〉 ∝ A−1, 〈v2
z 〉 ∝ A−1(A/Dk2

y)
1/3, νxx

T ∝ A−2, Dxx
T ∝ A−2,

and Dzz
T ∝ A−2(A/Dk2

y)
2/3. Note that Dk2

y/A � 1 is a small
parameter used to derive these results. The overall amplitude
of Dxx

T , νxx
T and 〈v2

x〉 vanishes if the forcing is due to the in-
stability of the latitudinal differential rotation with no verti-
cal component of the forcing ( fx = 0), which is incompress-
ible (∇ · f = 0). Therefore, for typical parameter values A ∼
3 × 10−6 s−1 and D ∼ 30 cm2 s−1,A/Dk2

y ∼ 106, Dzz
T ∼ 104Dxx

T

and 〈v2
z 〉 ∼ 102〈v2

x〉 for ky ∼ 10−7 cm−1 while A/Dk2
y ∼ 1011,

Dzz
T ∼ 107Dxx

T and 〈v2
z 〉 ∼ 104〈v2

x〉 for ky ∼ 10−9 cm−1. These
results indicate the following:

1. A careful distinction should be made between the ampli-
tude of turbulent flow and turbulent transport of particles
which have different scalings withA.

2. The degree of turbulence reduction differs in the horizon-
tal plane and in the vertical direction, with the resulting
anisotropy in both turbulence amplitude and particle trans-
port.

3. Anisotropy in the particle transport is stronger with the
scaling Dxx

T /Dzz
T ∝ (A/Dk2

y)
−2/3 than that in turbulence

amplitude 〈v2
x〉/〈v2

z 〉 ∼ (A/Dk2
y)
−1/3.

4. The turbulence quenching and anisotropy due to radial
shear can be significantly larger than those caused by
Coriolis force.

5. Anisotropic turbulence can be caused by radial differential
rotation alone in the tachocline even in the absence of
density stratification and magnetic fields.

6. The amplitude of Dxx
T and νxx

T is of similar magni-
tude, implying no significant disparity between particle
and momentum transport in the hydrodynamic turbulence
considered in the paper.

We have also investigated how the transport by meridional cir-
culation is affected by shearing, by self-consistently comput-
ing the horizontal turbulent diffusivity, and then assessed its
efficiency compared to turbulent transport. The results indicate
that the contribution from a meridional circulation to particle
transport increases for a larger shearing rate (i.e. radial dif-
ferential rotation). Thus, if fast rotating stars contain signifi-
cant radial shear in the interior, the particle transport by merid-
ional circulation could be crucial to mixing of lithium, and thus
to explaining Lithium dip in F stars (Zahn 1992; Schatzman
1993; Pinsonneault 1997). Whether a meridional flow can sig-
nificantly contribute to mixing at the present Sun or not is not
totally clear at the present time, given the uncertainties in the
amplitude of meridional circulation, and the scales, amount

(filling factor), strength, and depth of the penetration of plumes.
Further study on generation and characteristics of plumes pen-
etrating into the tachocline, in particular, a statistical study on
the probability distribution function of penetration depth and
strength of plumes, will shed some light on this issue.

The results have very interesting implications for the mix-
ing and diffusion in the tachocline. Since the radial differential
rotation is largest near the poles and equator, the quenching of
the turbulent transport (such as diffusion of chemical elements)
will be most prominent near the poles and equator with the lati-
tudinal dependent diffusion and mixing. They may also have an
important implication for the long-term dynamics of the solar
tachocline. According to our results, a strong radial shear can
cause anisotropic turbulent transport of particles in that regime.
If similar anisotropy also develops in momentum transport (i.e.
eddy viscosity), it can in turn prevent the radiative spreading of
the region (Spiegel & Zahn 1992). That is, the radial shear may
have a positive feedback on keeping a strong radial shear in
the thin regime. In order to address this problem, the present
work should be extended to include the latitudinal differen-
tial rotation and to study horizontal turbulent transport of mo-
mentum. Of course, there are other alternative mechanisms for
maintaining thin tachocline. For instance, it may be through
Lorentz force in the case of magnetized tachocline (Rüdiger
& Kitchatinov 1996; Gough & McIntyre 1998; MacGregor &
Charbonneau 1999). Nevertheless, the aforementioned positive
feedback due to shearing can still play an important role in the
overall dynamics of the tachocline and thus should be investi-
gated. In the case where the tachocline evolves on a short time
scale of order of 1 yr (i.e. fast tachocline), for instance, due to
the instability of latitudinal differential rotation, (e.g. Gilman
& Fox 1997; Dikpati & Gilman 1999; Gilman & Dikpati 2000;
Cally et al. 2003), the overall angular momentum transport in
the tachocline should be closely linked to that in the convection
zone (Gilman 2000), and other physical effects not included in
the paper will play an important role in determining the thick-
ness of the tachocline.

Finally, we note that the analysis in the present paper was
limited to purely hydrodynamical turbulence without density
stratification and without Coriolis forces in the tachocline in
order to clearly identify the effect of radial differential shear.
While turbulence quenching and anisotropy in the tachocline
can be caused by shearing effect alone, it is important to in-
clude the effects of Coriolis forces, density stratification and
strong toroidal magnetic fields. Even if the reduction in the
transport and anisotropy caused by Coriolis forces alone is
likely to be much weaker as compared to those by the ra-
dial shear discussed in this paper, it is important to study how
Coriolis forces together with radial shear affect the overall dy-
namics of turbulence and transport in the tachocline. In par-
ticular, Coriolis forces may lead to the Λ effect, with an inter-
esting consequence in the angular momentum transport in the
tachocline. On the other hand, both density stratification and
magnetic fields would enhance the anisotropy in turbulence due
to radial shear found in the paper, by further reducing trans-
port in the radial direction. In fact, it is the density stratification
which is commonly thought to be responsible for anisotropic
turbulence in the tachocline. In addition to causing anisotropy,
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magnetic fields may also have different effects on the trans-
port of particles and momentum, which can have a significant
implication for explaining apparent, more efficient angular mo-
mentum transport than the mixing of lithium over the evolution
of the Sun. Note that within the hydrodynamical model con-
sidered in the paper, the transport of particle and momentum
appears to be comparable. Note also that there are alternative
mechanisms to explain these problems including gravity waves
(e.g., García Lopez & Spruit 1991). Furthermore, in the mag-
netized tachocline, the problem of transport of magnetic flux it-
self would become of considerable interest for solar dynamos.
The work addressing these issues is in progress and will be
published in the subsequent papers.
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Appendix A:

In this Appendix, we show how to derive Eqs. (11)–(14) from
Eqs. (6)–(8). By using Eqs. (9) and (10) in (6)–(8), we obtain
the following set of equations:

∂tv̂x = −ikx p̂ + f̂x, (A.1)

∂tv̂y − Av̂x = −iky p̂ + f̂y, (A.2)

∂tv̂z = −ikz p̂ + f̂z, (A.3)

0 = kxv̂x + kyv̂y + kzv̂z, (A.4)

∂tn̂ = −v̂x∂xn0. (A.5)

Here, ŵ for w = vi, n, p and f is defined as

ŵ ≡ w̃ exp [D(k2
Ht + k3

x/3kyA)], (A.6)

where k2
H = k2

y + k2
z . First, Eq. (A.5) can readily be integrated

to give Eq. (14). Now, to solve coupled Eqs. (A.1)−(A.4), we
introduce a new time variable τ = kx/ky +At and rewrite them
as:

A∂τv̂x = −iτky p̂ + f̂x, (A.7)

A∂τv̂y −Av̂x = −iky p̂ + f̂y, (A.8)

A∂τv̂z = −ikz p̂ + f̂z, (A.9)

0 = τv̂x + kyv̂y +
kz

ky
v̂z. (A.10)

A straightforward, but rather long, algebra then gives us the
solutions in the following form:

v̂x(τ) =
1

γ + τ2

∫ τ

dτ1h1(τ1) (A.11)

v̂z(τ) = −βτ
γ
v̂x +

∫ τ

dτ1
1
γ

[
h2(τ1) − β

γ1/2

(
tan−1 τ√

γ

− tan−1 τ1√
γ

)
h1(τ1)

]
, (A.12)

v̂y(τ) = −τv̂x(τ) − βv̂z(τ), (A.13)

where β = kz/ky, γ = 1 + β2, h1 = (1 + β2) f̂x − τ1 f̂y − τ1β f̂z,
and h2 = −β f̂y + f̂z. Finally, going back to the original variable
kx = kyτ, we obtain Eqs. (11)–(13).

Appendix B:

In this Appendix B, we provide a few key steps leading to
Eqs. (26) and (27). From Eqs. (9)–(13), (15)–(17), and (21),
we obtain

〈vxvy〉 = τ f

(2π)3

×
∫

d3kdt1d3k1e−2DQ(t,t1)ĝ(k, t; k1, t1)

{
−φ12(k1)

k3
ykz

k2k2
H

+φ11(k1)
k2
y

k2

−kxky
k2
+

k2
z kxky
k2k2

H

+
k2

z ky
|kH|3

(
tan−1

(
kx

|kH|
)
− tan−1

(
k1x

|kH|
))]}
· (B.1)

To evaluate the integral over time t1 in Eq. (B.1), we introduce
a new time variable τ = kx/ky = k1x/k1y +A(t− t1) and express

DQ(t, t1) = ξ[τ3/3 + γτ − (a3/3 + γa)], where γ = k2
H/k

2
y, a =

k1x/k1y, and ξ = Dk2
y/A. Then, by taking the limit ξ → 0

in the τ integral, by using 〈vxvy〉 = −νxx
T ∂xU0 = νxx

T A, and
by assuming ψi j(ky) = ψi j(−ky), we obtain Eq. (26) to leading
order in ξ � 1.

To obtain Eq. (27), we substitute Eq. (11) in (14) and
change the order of time integrals to obtain

n′(k, t) = − (∂xn0)
A

∫
d3kdt1d3k1e−DQ(t,t1)ĝ(k, t; k1, t1)

× ky
|kH|

[
tan−1

(
kx

|kH|
)
− tan−1

(
k1x

|kH|
)]

h̃1(k1, t1). (B.2)

Then, from Eqs. (9)–(11), (15)–(17), and (B.2), we obtain

〈n′vx〉 = −τ f (∂xn0)

(2π)3

∫
d3kdt1d3k1e−2DQ(t,t1)ĝ(k, t; k1, t1)φ11(k1)

× k3
y

k2|kH|
[
tan−1

(
kx

|kH|
)
− tan−1

(
k1x

|kH|
)]
, (B.3)

to leading order in ξ � 1. Again, t1-time integral in Eq. (B.3)
can easily be performed in terms of a new time variable τ =
kx/ky = k1x/k1y +A(t − t1), with the result given in Eq. (27).
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