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Geometric method for forming periodic orbits in the Lorenz system

S.B. Nicholson1 and Eun-jin Kim1

1Department of Applied Mathematics, University of Sheffield, Sheffield, S3 7RH, UK
(Dated: February 20th 2015)

The Observable Representation gives a geometric interpretation to the dynamics of a system. A
major limitation of this method in the past was that most of the results only held for reversible
systems. This problem was overcome by the extension to irreversible systems [1] where the non-
detailed balance Observable Representation (NOR) was proposed for non-equilibrium system. In
this paper we utilize this NOR in a continuous system, and as an interesting application of this
method, we illustrate how to control chaos in the Lorenz system by converting chaotic orbits to
periodic orbits. The distance used to find periodic orbits is constructed by translating trajectories
of a system into simple Euclidean distance from the sampling of the trajectories of a system for
a sufficiently long time. The key advantage of this control method is that it does not require any
information about the equations of motion of a system.

INTRODUCTION

Irreversible and complex systems are found in every
branch of science. One can look to biology and gene
expression [2] or examples in evolution itself [3]. At
larger scales we find complex irreversible systems such
as weather patterns [4], information transportation [5] or
turbulence [6–8]. These complex systems are not often
amenable to simple analytic solutions. Turbulent trans-
port is an ideal example where one is often forced to run
large simulations [9, 10] in an attempt to understand the
systems evolution. These difficulties arise from the many
degrees of freedom, the sheer size of many systems and
the fact that the equations of motion are often not known.
This makes statistical mechanics an alluring choice to try
and understand complex irreversible systems. Yet tradi-
tional equilibrium Boltzmann Gibbs theory is inadequate
for the job, thus requiring a non-equilibrium approach.

One such method is the Observable Representation
(OR) [11, 12] and its extension to irreversible sys-
tems, the non-detailed balance Observable Representa-
tion (NOR) [1]. This method is to represent the sys-
tem in a space generated from the left eigenvectors of its
transition matrix. Distances between points in this space
are directly related to transitions between states in the
original system. The OR was first proposed to under-
stand non-equilibrium phase transitions [11]. Since then
it has been applied to state space reconstruction [13],
Spin Glasses [14] and data representation [15]. In this
work we will show how the NOR can be used to form
periodic orbits in the Lorenz system while it is in the
chaotic regime.

Edward Lorenz showed in 1963 [16], that by truncat-
ing a set of first order differential equations which de-
scribed Rayleigh Benard Convection (see [17] and refer-
ences within) to just three variables, he could generate
non-periodic flows [18], i.e. chaotic trajectories. Despite
the Lorenz system being an approximation of true con-
vection it has continued to be applied to weather predic-
tion such as in [19]. The state variables of the system

xi, i = 1, 2, 3 has three parameters, σ, ρ and β. To-
gether they give the approximation of Rayleigh Benard
Convection [20],

ẋ1 = σ(x2 − x1),

ẋ2 = −x1x3 + ρx1 − x2

ẋ3 = x1x2 − βx3.

(1)

An orbit of this system at time t will be represented by
x(t) = {x1(t), x2(t), x3(t)}, and it is assumed that there
is a function which uniquely maps the initial position at
t0 to x(t), x(t) = f t(x, t0) though this function is not
known explicitly. For certain sets of control parameters
Eq. (1) is well known to be chaotic. There are many sim-
ilar definitions for chaos; here we will use two conditions:

1. The system demonstrates sensitive dependence on
initial conditions: given two initially close points,
the points will be iterated far apart.

2. The system is Topologically Transitive. Given any
two intervals P, Q, there is a positive number t,
such that, f t (P) ∩ Q 6= ∅, where ∅ denotes the
empty set.

The average rate of divergence between two n-
dimensional orbits are approximated by the volume of an
n-dimensional parallelepiped [21]. Given a parallelepiped
whose edges are given by the vectors up, p = 1, 2, . . . n,
the p Lyapunov exponent is then defined as,

λp = lim
t→∞

1

t
log
(
V ol

(
J t(x)δx

))
, (2)

where ”V ol (J t(x)δx) is the p dimensional volume in
the tangent space” [21]. From [22] we know that p lin-
early independent vectors, up are guaranteed to exist
meaning,

λp =

p∑
i=1

λi, (3)
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V olp =‖ u1 ‖‖ u2 ‖ · · · ‖ up ‖, so to find the Lyapunov
exponents, we must simply integrate,

d

dt
J t(x) = A(x)J t(x), (4)

along the flow where J0 is the identity matrix, J0(x0) =
I. This allows us to find the vectors up, which can be
made orthogonal through Gram-Schmidt Orthogonaliza-
tion [23] when stretching in one direction becomes to
great. This means our final definition for λi is,

λi ≈
1

T

∫ T

0

dt log ‖ ui(t) ‖2 . (5)

Given an initially chaotic system, upon implementing
control if the system violates either condition (1) or (2)
then we have brought the system out of chaos. In what
follows we will form periodic orbits, but the Lyapunov
exponents will remain greater than zero. Before show-
ing chaos control, we first summarise the notation and
theory behind the NOR which will involve introducing a
matrix of transition probabilities Rij and the irreversible
extension Bij . The reason for defining Bij , as we shall
see, is that it allows us to define the space of left eigen-
vectors, the NOR with the desired geometric structure.
This space will be made up of m-tuples, whose distances
with respect to each other will allow us to form periodic
orbits.

NOTATION FOR B

Since we do not presume to know the form of f t(y, t0),
the system’s evolution will be approximated using a ma-
trix of transition probabilities Rij defined over one time
step as,

Rij = Pr [x(t+ 1) ∈ Ii|x(t) ∈ Ij ] . (6)

The system’s state space Ω will be broken up into coarse
grained states, Ii, i = 1, 2, . . . ,M . Orbits will evolve
between states Ij → Ii. Here Rij is a real non-negative
matrix, Rij ∈ RM×M . The major requirement on Rij is
that it is irreducible, meaning starting in any state Ii,
the system can get to any other state in maximum M−1
time steps. Mathematically this is given by,

(I +Rij)
M−1 6= 0, ∀ i, j, (7)

where I is the identity matrix. From the Perron-
Frobenius theorem [24], given our requirements of Rij
along with the usual normalization being fixed to unity,∑
iRij = 1, then Rij will have a unique positive station-

ary distribution p0(i) such that,
∑
j Rijp0(j) = p0(i). p0

is given by the zeroth right eigenvalue of Rij and corre-
sponding eigenvalue µ0 = 1. The zeroth left eigenvector

is simply A0 = 1. Currents of probability in our system
can be measured without summation by,

Jij = Rijp0(i)−Rjip0(j). (8)

When Jij = 0 the system satisfies detailed balance and
is considered in equilibrium due to equilibrium being de-
fined as a system that is time independent and reversible.
For a reversible system, “The microscopic equations of
motion describe reversible processes, i.e. don’t change
their form if time is reversed and if all quantities are
appropriately transformed” [25], therefore any detailed
balance system is in equilibrium. The reverse is not true
though, a stationary (time independent) system is not
necessarily reversible, thus Jij 6= 0 implies the system is
irreversible [26].

To deal with irreversible systems we must account for
this current of probability. In [1, 27] we introduced the
matrix, Bij such that,

Bij = Rij −
Jij

2p0(j)
. (9)

Bij has the properties that,
∑
iBij = 1, Bij is irreducible

if Rij is irreducible and Bij and Rij share the same sta-
tionary distribution. The left and right eigenvectors of
Bij are defined as,∑

i

Γα(i)†Bij = ναΓα(j),
∑
j

BijΦα(j) = ναΦα(i),

(10)
with the eigenvalue labelled as να and † denoting the
transpose. In Eq. (10) and throughout, subscripts in
vector quantities denote columns and arguments denote
rows. The reason for defining Bij is that just as was
done in [13] for the reversible case, we can relate dis-
tances formed from m-tuples of the left eigenvectors to
relations in B. For the t time step of the system the
DNOR distances is defined as,∑

u

∣∣∣∣∣Btui −Btuj√
p0(u)

∣∣∣∣∣
2
1/2

=

√∑
α

ν2t
α (Γα(i)− Γα(j))

2
.

(11)
This shows that on the t time step of the system, if there
is a small distance between Γα(i) and Γα(j) then there
will be a corresponding small distance in Bui. Again if
the system is reversible then each term in Eq. (11) can
be substituted with its reversible equivalent, Btui → Rtui,
νtα → µtα and Γα(i)→ Aα(i). Here Aα(i) is the left eigen-
vector of Rij and µtα is it’s eigenvalue. The reason why
we must use Bij in place of Rij for irreversible systems
is that to derive Eq. (11) there must exist a similarity
transform between Bij and the symmetric matrix Sij ,

Sij =
1√
p0(i)

Bij
√
p0(j), (12)
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which is not guaranteed for Rij when Jij 6= 0. This
transform means that the eigenvectors of Sij and Bij are
related through, Ψα = Γα

√
p0 and Ψα = Φα/

√
p0. See

[13] or [1] for detailed derivations.

NOR space

Given Bij the NOR space (A) is a set of m-tuples,

A ≡

 {Γ1(x1), Γ2(x1), . . . Γm(x1)}
...

...
...

...
{Γ1(xN ), Γ2(xN ), . . . Γm(xN )}

 .

As an example of this, figure (1) shows the first three
dimensions, Γα, α = 1, 2, 3 for the Lorenz system. Each
point represents a coarse grained state of the system. The
distance between them is given by Eq. (11).
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FIG. 1: Γα for α = 1, 2, 3 are plotted for the Lorenz system.
This can be thought of as a three dimensional slice out of an
M dimensional system where each point represents a coarse
grained state.

CONTROL OF LORENZ SYSTEM

We will now give some examples of control for the
Lorenz system. For further details on forming Rij from
orbits see the appendices A and B. For a set of fixed pa-
rameters σ, ρ and β we have three free parameters to
form our orbits with. There is the number of dimensions
we use to construct A (m), the distance we can perturb
the orbit ε and the perturbation time τ , or how often we
change the orbit of the system. τ will most likely depend
on the specifics of the system under study such as how
expensive it is to perturb the orbit. Though we do not
have exact bounds on an ideal perturbation time for the
Lorenz system, if τ becomes too small, then the distance
the system travels will be less than ε and each pertur-
bation will land the system in the same state, which is

a trivial case. If on the other hand we let τ grow too
large, the system will not form a periodic orbit and re-
main chaotic.

Similarly ε will most likely depend on the system under
study and the precision of the coarse graining. The sim-
ulations presented below use M = 3176, reducing this
number reduces the effectiveness of the method, while
increasing the precision in general increases the effective-
ness. For most of these simulations we have found ε < 3
often does not form periodic orbits. As a result, the simu-
lations here use ε = 3 or ε = 4 obviously increasing ε > 4
will still form a periodic orbit. Due to the chaotic nature
of the Lorenz system the exact cut-off where ε, τ and m
fail to stop chaos are very hard to determine. During our
simulations we have found that using our given resolution
of R for τ > 0.4 the system usually remains chaotic.

To enact control of the system an orbit is evolved for
time τ , and then the state the orbit belongs to Il, is
found, along with the set of states I = {|Ik − Il|2 < ε},
k 6= l (| · |2 denotes the L2 norm). The state that we
perturb the orbit to is the state which satisfies,

min |DNOR(i, j)− γ|, ∀ i, j ∈ I. (13)

γ = (0.1)〈DNOR 6= 0〉l. (14)

Fig. (2) shows that small distances inAmost often corre-
spond to small distances between orbits evolved for time
t. When we perturb the orbit it is randomly placed in
its new state Ii. Fig. (2) was generated by first taking
an initial state Il and finding every corresponding state
in A within ten percent of the average in DNOR (10%
was simply chosen to ensure the distance is ”small”, any
small distance will work). For every state Il, we evolve
an ensemble of test orbits yi ∈ Il for time t, then calcu-
late the average final distance between all evolved orbits
and f t(y∗). To compare these distances we also choose
an equal number of states which were those closest to the
maximum DNOR distance between all states and Il. One
must remember that proximity, or lack of, in A gives no
guarantee of proximity, or lack of, on the attractor. Thus
we are not assuming the states in I will be close to each
other in A.

The first example of control uses τ = 0.3, m = 4 and
ε = 4. Fig. (3) (a) shows two orbits that initially are
identical. The blue orbit is allowed to freely evolve ac-
cording to Eq. (1) while the red orbit is controlled. (b)
shows the time series for x1 and x2 of the controlled orbit
which helps to illustrate the periodic nature of the orbit.
(c) shows the Lyapunov exponents of the controlled orbit
which decrease in time, though λ1 and λ2 remain posi-
tive. (d) is the power spectrum from the Fourier trans-
form (FT) of x1 over the range T/2 ≤ t ≤ T . The large
peak proves this is a periodic orbit. If we instead plotted
the uncontrolled orbit we would see a large number of
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FIG. 2: given a state Il, sets of neighboring orbits within
distance γ in A are evolved along with a test orbit which
initially, yi ∈ Il for time t. The final average distance of this
ensemble from y∗ is shown in red. The black points are the
final distance between an ensemble of orbits whose distance is
large in A with relation to y∗, also evolved for time t. For the
vast majority of points, the initial small distance translates
into a small final distance.

frequencies all of which have substantial power, see Fig.
(6) (c) for an example. All power spectrums in this work
are obtained by using data from T/2 to T so as to not
include the initial chaotic orbit.
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FIG. 3: Example using τ = 0.3, m = 4 and ε = 4. (a)
shows the uncontrolled orbit in blue and the controlled orbit
in red. Both orbits started with identical initial conditions.
(b) gives the time series of x1 and x2 and we can clearly see the
periodic orbits. The system follows two, from 10 ≤ t ≈ 110
the orbit follows one path, then changes between a second
periodic orbit. (c) shows the Lyapunov exponents which are
λi = [0.235, 0.2,−14.13] for the final time step. (d) shows the
power spectrum from x1 and quantitatively shows these are
periodic orbits.

For the next example shown in Fig. (4), we increase τ
and m to τ = 0.4, m = 10, while keeping ε = 4. Again we
form a periodic orbit, though in this example we see that
the orbit may sometimes break from its periodic path,
only to return some time later as seen specifically in (b).
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FIG. 4: (a) is the uncontrolled orbit in blue and controlled
orbit in red. Both start from identical initial conditions. (b)
gives the time series of x1 and x2. The orbit becomes periodic
but occasionally jumps to a different orbit before returning.
(c) is the Lyapunov exponents at whose final values are λi =
[0.8768, 0.0119,−14.6352]. (d) is the power spectrum which
shows that this is a periodic orbit.

The final example shown in Fig. (5) emphasises the
case where the Lyapunov exponents remain positive yet
we have a very definite periodic orbit. Using τ = 0.8
with m = 56 and ε = 4, we see in Fig. (5) that the orbit
very quickly forms a long periodic orbit. Yet when we
look at (c) we see that λ1 is quite large having a final
value of λ1 = 1.205. The power spectrum in (d) gives us
reassurance that this is indeed a periodic orbit.

To check that our rule for forming periodic orbits, Eq.
(13) is actually responsible for the formation of periodic
orbit, we next compare this results with alternative rules.
Fig (6) (a) shows the power spectrum when we randomly
perturb our orbit to a new state in I. (b) shows the power
spectrum starting from an identical initial condition but
now choosing the state in I with the maximum distance.
(c) is the power spectrum from the freely evolved orbit
and (d) is the power spectrum using or normal rule for
perturbing the orbit. Both (a) (b) show a broad power
spectrum reminiscent of (c), while (d) shows the periodic
spectrum.
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FIG. 5: (a) is the uncontrolled orbit in blue and con-
trolled orbit in red. Both start from identical initial con-
ditions. (b) gives the time series of x1 and x2. The or-
bit becomes periodic but occasionally jumps into what ap-
pears a chaotic trajectory before returning to the original
orbit. (c) is the Lyapunov exponents at whose final values
are λi = [1.205, 0.0265,−14.9943]. (d) is the power spectrum
which shows the main periodic orbit along with the momen-
tary deviations into a separate orbit.

CONCLUSION

We have demonstrated that distances from the NOR
provides a valuable means of controlling chaos in the
Lorenz system. Due to the inherent chaotic nature of the
system and the large computational requirements to scan
the parameter space, the exact range where ε, τ and m
form periodic orbits is relegated to future work. Despite
not knowing these exact cut off’s we have found that τ
can form periodic orbits even for large τ , τ = 0.8. The
number of dimensions used also has a direct influence on
the effectiveness of this method and the orbits formed,
thus requiring future work. The size of γ was held fixed
in this work though changing it by a small amount does
not seem to affect the control. That said care must be
taken in both extremes since making γ too small may
result in I being empty while as we saw in Fig. (2) large
distances mean orbits end up far away from each other
also resulting in the control failing.

The most significant advantage of this method is that
one does not need to know the equations of motion. To
form A only sufficient experimental data and the forma-
tion of an irreducible operator in state space is needed.
This then opens up many possible applications for our
method from biology [28] (see references within) to com-
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FIG. 6: (a) is the power spectrum from an orbit who is per-
turbed to random states within I. (b) shows the power spec-
trum of orbits that are perturbed to the maximum distance
in I. (c) is the power spectrum of a freely evolving orbit and
(d) is the orbit perturbed using the control method described
above. All orbits are evolved from the same initial conditions
and using the same τ , m and ε where applicable. (a) and
(b) are very similar to the freely evolved orbit while (d) is
markedly different.

bustion where the goal may be to find orbits that avoid
specific states [29]. For instance, one of the most dan-
gerous states in plasma fusion devices would be Edge
Localized Modes (ELMs) [30], which quickly degrades
plasma confinement. Due to the generality of our pro-
posed method, it could be utilised to find paths through
phase space that avoid instabilities responsible to ELMs
[31]. These possible applications are also needed to test
this method on real world systems. This though poses
computational challenges due to needing to diagonalize
R. Further theoretical work on the formation of periodic
orbits given distance relationships would thus be valu-
able.

APPENDIX

Appendix A

The Frobenius-Perron operator [32, 33], simply de-
scribes how a density p(x, t0) is evolved to a new density,
p(x, t), in time t > t0,

p(x, t) =

∫
Ω

δ(x− f t(y))p(y, t0)dy. (15)
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Since we will be approximating our continuous dis-
tribution with a piecewise constant distribution, p =∑N
i=1 p(j)χj , we will substitute the pulse function in Eq.

(15) for the delta function,

δn(x) =

{
n if x ∈ Ii,
0 else,

∫
Ω

δn(x)dx = n

∫
Ω

dx = 1.

χj is defined as the characteristic function which will help
us keep track of which orbits belong to which states,

χj =

{
1, if x ∈ Ij
0, else.

Applying this to Eq. (15) gives,

p(x, t) =
∑
j

p(j, t0)

∫
Ω

δn(x− f t(y))χjdy (16)

Next using the composition rule for delta functions we
have,

p(x, t) =
∑
j

p(j, t0)n

∫
Ω

δ(x− y)

|det J t(y, t0)|
χjdy. (17)

det J t(y, t0) is the determinant of the Jacobian resulting
from the orbit f t(y, t0). To use this equation in prac-
tice we must approximate the integral. This is done
by uniformly filling each state Ij with test orbits yk
k = 1, 2, . . . Nens (Nens ≈ 5000 in this work), and cal-
culate detJ t(y, t0) for each of them. If we assume each
test orbit initially occupies the same volume, then we can
define ∆v = Nens/V (Ij). This allows us to approximate
the FP operator in Eq. (17) by,

Rij = n
∑
yk∈Ij

δn(x− yk)

|det J t(yk, t0)|
∆v. (18)

This approximation reads, as taking all initial orbits be-
longing to Ij and counting only those that evolve to x
under x = f t(yk, t0).

Appendix B

As previously mentioned, given our state space Ω, we
divide it into disjoint sets, Il, l = 1, 2, . . . ,M . Since our
orbits are described by three variables x1, x2 and x3 it
is convenient to map the three dimensinal coarse grained
space, to a set of linear coordinates which will be used
in R. Dividing our state space up into x1×N

1i , x1×M
2j and

x1×P
3k each coordinate is mapped into Il by,

l = (k − 1)NM+ (jN −N + i). (19)

The inverse transform is simply given by,

i = l − floor

(
l − 1

N

)
N ,

j = 1 + floor

(
l − 1

N

)
− floor

(
l − 1

NM

)
M,

k = 1 + floor

(
l − 1

NM

)
. (20)

floor in the above equations rounds the argument down
to the nearest integer.
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